Google 



This is a digital copy of a book that was preserved for generations on Hbrary shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http : //books . google . com/| 



TX 512.1 .H913 
Hull. George W, 
Complete algebra : for hig^ schools, ai 



3 6105 04932 5942 




Pksssntbd by thb Publishbrs 



TEXT-BOOK COLLECTION 



Hi ^meiiiiii "iisifi 

SCHOOL OF EDUCATION 
LIBRARY 



TEXTBOOK 
COLLECTION 



STANFORD V^^ UNIVERSITY 
LIBRARIES 



1 



COMPLETE 



AL GEBE A 



FOR 



HIGH SCHOOLS, ACADEMIES. AND NORMAL SCHOOLS. 



GEO. W. HXJLL, M.A., Ph.D., 

Professor op Mathematics in the First Pennsylvania State Normal 
School, Millersville, Pa.; Author of Hull's Arithmetics. 



BUTLER, SHELDON & COMPANY 

PHILADELPHIA NEW YORK (?HI(:AG0 BOSTON 



\ 



629292 




OOPYBIGHT, 18^5, BY E. H. BUTLER & CO. 



Hull's Com. Alo. 
10 



DEPARTMENT OF EDUCATION 
lELAND STAUrOED JUNIOR UNIVEl 



PREFACE. 



The object of this work is to give a complete course 
in all those portions of Algebra which are required in 
our best High School^, Academies, and Normal Schools, 
and at the same time to meet the requirements of stu- 
dents preparing for admission to college. 

In the preparation of this work the aim has been to 
make the transition from Arithmetic to Algebra a natural 
and easy process; to illustrate and discuss each subject 
with clearness and sufficient fullness; and to so grade 
the exercises that the beginner will take up each new 
topic with increased pleasure and profit, and feel that 
he is both gaining power and mastering the subject. 

Great care has been taken in the selection of exam- 
ples — neither to make them too difficult, and thus dis- 
courage the pupil, nor too easy, and thus deprive him 
of the power that comes from patient effort. All such 
problems as merely consume time and do not develop 
power have been carefully omitted, and yet a sufficient 
number of well-graded examples will be found under 
each subject to fix it permanently in the mind of the 
student. 
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4 I'REFACE. 

Attention is called to the simple, clear, and concise 
method of presenting the subjects of Factoring, Highest 
Common Divisor, Binomial Theorem, Cube Root, Quad- 
ratics, etc. 

The Author returns his sincere thanks for the assist- 
ance which he has received from experienced teachers. 



GEO. W. HULL. 



M1LLEB8VILLE, Pa., 1 
Oct 1, 1896. f 



CONTENTS. 



I. INTRODUCTION. ^^^^ 

Exercises 9 

Solution of Problems by Algebra 12 

II. DEFINITIONS AND NOTATION. 

Definitions 17 

Symbols of Quantity 17 

Symbols of Operation 18 

Symbols of Relation 19 

Symbols of Abbreviation 19 

Algebraic Expressions 21 

Axioms 24 

III. FUNDAMENTAL PROCESSES. 

Addition 25 

Equations and Problems 31 

Subtraction 33 

Use of the Parentheses 37 

Transposition of Terms in Equations 39 

Multiplication 42 

Equations and Problems 48 

Division 51 

Special Method of Dividing a Binomial by a Binomial 57 

Review 60 

IV. COMPOSITION AND FACTORING. 

Composition 62 

General Application ^S^ 



6 CONTENTS. 

PAGE 

h'ticUtring 66 

To Fnctor MoiioniiulH 67 

T<» Kttctor HinoniialH 67 

To h'tii'.Uir TrinoinialH 74 

To Vttvior I'oiyiiofuialH 78 

in^lnrMt (Common DiviHor 82 

Lowc*Mt (!ofntnon Multiple 88 

V. FRACTIONS. 

I JifliiiitioiiH and Principles of Fractions r 93 

Kixhu'tion of Fnictions 95 

ClcarinK KipiationH of l^Vactions 102 

Addition and Subtraction of Fractions 105 

Multiplication of Fractions 109 

hivinion of Fractions 112 

Complex Fractions 116 

Review 118 

VI. SIMPLE EQUATIONS. 

Definitions 122 

Solution of Numerical {Equations 123 

Solution of Literal E(| nations 124 

Miscellaneous Examples 126 

Problems in Simple Equations containing One Unknown Quantity . . 127 

Simple Equations containing Two Unknown Quantities 139 

Elimination 139 

By Comparison ' . 140 

By Substitution 141 

By Addition or Subtraction 142 

Miscellaneous Examples 144 

Literal Simultaneous Equations 147 

Problems in Simple Equations containing Two Unknown Quantities . 151 

Equations containing Three or More Unknown Quantities 155 

Problems producing Equations containing One or More than One 

Unknown Quantity 158 



CONTENTS. 7 
VII. INVOLUTION, EVOLUTION, AND RADICALS. 

PAOE 

Definitions 161 

Involution of Monomials 161 

Special Methods of Squaring Polynomials . 163 

Special Methods of Cubing Polynomials 165 

The Binomial Theorem 167 

Evolution 171 

Evolution of Monomials 172 

Square Root of Polynomials 173 

Square Root of Numbers 175 

Cube Root of Polynomials 179 

Cube Root of Numbers 182 

Theory of Exponents . 186 

Radicals 196 

Reduction of 196 

Addition and Subtraction of 201 

Multiplication of 203 

Division of 205 

Involution of 206 

Evolution of 207 

Rationalization 209 

Imaginary Quantities 211 

Properties of Quadratic Surds 214 

Square Root of a Binomial Surd 215 

Radical Equations 216 

VIII. QUADRATIC EQUATIONS. 

Definitions . . .* 219 

Pure Quadratic Equations 219 

Afiected Quadratics 220 

First Method of Completing the Square 221 

First Method of Writing the Result by Formula 222 

Second Method of Completing the Square 223 

Second Method of Writing the Result by Formula 225 

Equations in Quadratic Form 228 



8 CONTENTa 

PAGB 

ProblemH producing AfTected Quadratics 231 

Quadratic K(|uation8 containing Two Unknown Quantities 234 

Theory of Quadratic Ec^uations 246 

IX. RATIO AND PROPORTION. 
Definitions • • . 252 

ProperticH of Proportion 253 

Additional Tlieorems 259 

X. PROGRESSIONS. 

Definitions 261 

Arithmetical Progression ; 261 

Table of Formulas 266 

Geometrical Progression 270 

Infinite Series 272 

Table of Formulas 275 

XL LOGARITHMS. 

Definitions 279 

Properties of logarithms 280 

Table of Common Logarithms • . 286 

Manner of Using the Table 286 

Applications of Logarithms 289 

Exponential Equations 291 

XII. APPENDIX. 

Generalization 293 

Negative Solutions 295 

Zero and Infinity 297 

Discussion of Problems 299 

Problem of the Couriers 300 

Indeterminate Equations 303 

Inequalities 306 

ANSWEB3 . . • ^ ^ ,»...• 311 



ALGEBRA. 



I. INTRODUOTION. 

1. The object of the following exercises is to lead the pupil 
by a natural and easy process from the definitions and opera- 
tions of Arithmetic to those of Algebra. 

EXERCISES. 

1. A has a certain sum of money, B has three times as 
much, and C four times as much as A; how many times 
A's money have B and C together? 

2. If in the above problem we let x represent A's money, 
what will represent B's money? C's money? B's and C's 
together ? 

Three times x is written 3a;, and is read tAree x ; four times x is written 
4j*, and is read fwir x ; a times x is written ax, and is read a. . . ,x, 

3. What is the sum of ^:x and 6ic? 

4. What is the sum of 2a, 3a, and 4a ? 

5. What is the sum of 2/, 42/, 62/, and 82/ ? 

2. The number or letter prefixed to a quantity, showing 
how many times it is taken, is called the Coeffloient. 

Thus, in ^Xy 4 is the coefficient of x ; and in ax, a is the coefficient of x. 
When no coefficient is expressed, 1 is understood ; thus, x — Ix, 

3. The Symbols of Operation used in Arithmetic to indi- 
cate addition, subtraction, multiplication, division, and equal- 
ity are also employed in Algebra. 

1. What is the sum of 3a; + 4a; + 5a;? 

2. What is the sum of 2y + 3y-]-4y? 

8. What is the sum of Sz -f 3z + 4z + 2z? 

4. What is the sum of 5a + 8a + 7a + a ? 
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6. A has X dollars, B has six times as much, and C twice 
as much as A ; what will represent B's money ? C's money ? 
The difference between B's and C's money ? 

6. What is the value of 8a; - 6a; ? 10a - 4a ? 

7. What is the value of 12m - 5m ? 18n — lOn ? 

8. What is the value of 8a; — 5a; when a; = 10 ? 

9. What is the value of 52/ + 83/ — 22/ when 2/ = 7 ? 
10. What is the value of 82 — 4^ + hz when 2 = 10? 

4. The product of two or more quantities expressed by let- 
ters is indicated by writing the letters side by side without 
the multiplication sign between them. 

Thus, ay^x = ax, and a x 6 x a; = ahx, 

1. A has X dollars, and B has a times as much ; how much 
money has B ? 

2. What is the product ofa;X2/? OfmXn? 

3. What is the product of m X n X :P ? Of aX6Xc? 

4. What is the value of m X n when m = 2 and n =4? 

6. What is the value of aXbXc when a = 3, 6 = 4, and 
c = 5? 

6. What is the value of xyz when x = 2,y = S, and 2 = 4? 

5. The quantities multiplied together are called Factors of 
the product. 

Thus, a and b are the factors of ab. 

6. The result obtained by using a quantity two or more 
times as a factor is a Power of that quantity. When the 
quantity is used twice as a factor the result is called the 
Square of the quantity ; when used three times, the Cube ; 
when used four times, the Fouiiih Power, etc. 

The Exponent is a number or letter, written slightly 
above the quantity on the right, to indicate how often the 
quantity is used as a factor. 

Thus, a X a = a^, read a square; a x a x a = a', read a cube; ax a 
X a X a =^ a*f read a fourth, etc. 
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1. What is the product of aXaXaXaXa? 

2. What is the value of a^ when a = 6? 

3. What is the value of ar* when x = 8? 

4. What is the value of oi^y'^ when a; = 3 and y = 2 ? 

6. What is the value of aV when a = 4 and 6 = 3? 

7. Division may be expressed in several ways. 

Thus, X divided by a is written a: -*- a, or - • 

a 

1. A has X dollars, which is a times B's money ; what is 
B's money ? 

2. What is the value of x-^y when x = FA) and y = 10? 

3. What is the value of ab-^-c when a = 8, 6 = 4, and c = 16? 

4. What is the value of oi?^y when a; = 10 and y = 25? 

5. What is the value of aW-i-x when a = 3, 6 = 6, and 
a; = 18? 

6. What is one of the two equal factors of 4 ? 16 ? 25 ? 
x'? 2/"? «'? 

7. What is one of the three equal factors of 8 ? 27 ? oi^? 
y"? a'? 

8. One of the equal factors of a quantity is called a Root 
of the quantity; one of two equal factors is the Square Root; 
one of three equal factors is the Cube Root, etc. 

The symbol of evolution is |/, called the Radical Sigrn. A 
number or letter, called the Index, is written in the angle of 
the radical sign to show what root is required. When no 
Index is used the square root is understood. 

Thus, V'¥ indicates the square root of 4. 
l/x indicates the cube root of x. 
\/y indicates the fourth root of y. 
j^x indicates the nth root of x, 

1. What is the value of Vl44 ? 1^216 ? 

2. What is the value of k'o^? VWo?? 

3. What is the value of Vx when a; = 64 ? when x ~ 100 ? 

4. What is the value of [/oB when d — S^^xvdLb=^'\ 
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5. What is the value of Vmn when m = 9 and n = 4? 

6. What is the value of vxy when x ^ 5 and y ~ 25? 

SOLUTION OF PROBLEMS BY ALGEBRA. 

9. Illustration. — B has five times as much money as A, 
and they together have $60; how much has each? 

Arithmetical Process. 

A*8 money + five times his money = $60. 
Hence six times A's money = $60. 
And A's money = one sixth of $60, or $10. 
And B has five times $10, or $50. 

Algebraic Process. 

Let X = A's money. 

And 5x = B's money. 

Then 6x = A's and B's money. 
Hence 6a; = $60. 

And X = one sixth of $60 = $10, A's money. 

5x = five times $10 = $50, B's money. 

10. An Equation is an expression of equality between two 
quantities. 

Thus, 2x4 = 8, 8 + 5 = 13, 6a; = 60 are equations. 
EXAMPLES AND PROBLEMS. 

Solve the following equations and problems : 

1. 8a: = 40. 6. 9y + Sy - Sy = 400. 

2. 10a: = 100. 7. 62 - 2z + 8z = 144. 

3. 4x + 3a; = 84. 8. 12a; + 16a; - 8a; = 220. 

4. 8a; -5a; = 120. 9. 83/ + lOy - 42/ = 280. 
6. 9a; + 2a; = 121. 10. a; + 11a; + 6a; = 360. 
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11. The sum of two numbers is 132, and the greater is ten 
times the less ; what are the numbers ? 

12. A is six times as old as B, and the sum of their ages is 
56 years ; what is the age of each ? 

13. M and N together own 850 acres of land, and M owns 
nine times as much as N; how many acres has each? 

14. A, B, and C together have $8,100 : B has twice as much 
as A, and C has three times as much as B ; what is the fortune 
of each? 

15. Divide $36,100 among R, S, and T, so that T shall have 
five times as much as S, and S three times as much as R. 

16. The difierence between two numbers is 120, and the 
larger is five times the smaller; what are the numbers? 









Process. 


Let 




X = 


the smaller number. 


Then 




6a; = 


■■ the larger number. 


And 


bx 


-x^ 


120. 


Or 




ix = 


= 120. 






X = 


> 30, the smaller number. 


And 




bx - 


■■ 150, the larger number. 



17. The difierence between two numbers is 150, and eleven 
times the smaller number equals the larger; what are the 
numbers ? 

18. Ten times a number diminished by three times the 
number equals 63; what is the number? 

19. If five times a number be taken from twelve times the 
number, the result will be 98; what is the number? 

20. A horse cost $120 more than a wagon ; what was the 
cost of each if the horse cost five times as much as the 
wagon ? 

21. A's house cost eight times as much as his barn ; what 
was the cost of each if the house cost $6,300 more thaw tVsa 
bam? 
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22. The greater of two numbers is four times the less, and 
their sum is 400; what are the numbers? 

23. A house and lot cost $1,900; what was the cost of each 
if the house cost $900 more than the lot?. 

Process. 
Let X =^ the cost of the lot. 

Then x + $900 = the cost of the house. 

And 1x + $900 - the cost of both. 

Hence 2x -I- $900 = $1 ,900. 
And 2a; = $l,900-$900-$l,000. 

X = $500, the cost of the lot. 
And X + $900 = $1,400, the cost of the house. 

24. A has $600 more than B, and they together have $2400 ; 
how much money has each ? 

25. A boy being asked how much money he had, replied, 
" Five times my money increased by $20 is $100 ;" how much 
money had he? 

26. C's horse and carriage cost $350 ; what was the cost of 
each if the horse cost twice as much as the carriage, plus $50 ? 

27. A and B enter into partnership with a joint capital of 
$3,500; what is the share of each if A owns seven times as 
much as B, plus $300? 

28. Divide the number 810 into three such parts that the 
second may be 50 more than the first, and the third 50 more 
than the second. 

29. If a number is multiplied by 8, and this product dimin- 
ished by 40, the result is 320 ; what is the number ? 

Pbocess. 
Let X = the number. 

Then 8a; -40 = 320. 

8a: = 320 + 40 = 360. 
a; = 45. 

30. A's house and barn cost $8,740 ; what was the cost of each 
if the house cost three times as much as the barn, minus $160? 
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31. Divide the number 640 into three such parts that the 
second may be 60 less than the first, and the third 100 more 
than the second. 

32. 8a: + 5a:-3a; + 90 = 240. 35. llx - 5a: + 18 -a; = 48. 

33. 9a; - 7a; + 12a; -75 = 205. 36. 14a; + 6a; -5a; + 12 = 117. 

34. 102/ + 82/ - 91/ - 63 = 72. 37. 2O2/ - 82/ - 42/ - 60 = 420. 

38. A horse and carriage coat $420 ; what was the cost of 
each if the carriage cost two thirds as much as the horse? 

Process. 
Let X = the cost of the horse. 

Then —x = the cost of the carriage. 

And a:+-a: = $420. 
3 

Or -a; = $420. 



And •ia; = $84. 



3 

1 
3 



X = $252, the cost of the horse. 

2 

-a; = $168, the cost of the carriage. 

o 

39. What number is that to which if its four fifths be 
added the sum will be 117? 

40. What number is that which being diminished by its 
two fifths equals 80? 

41. If from five times a number you subtract two thirds of 
the number, the remainder is 260 ; what is the number ? 

42. Five times the distance from Philadelphia to New York 
diminished by 2^ times the distance equals 240 miles; re- 
quired the distance. 

43. A farmer bought a horse and a cow for $360, paying 
five times as much for the horse as for the cow ; required the 
cost of each. 
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44. A pole, 120 ft. high, in falling broke into three unequal 
^arts: the longest piece was three times the length of the 
shortest, and the length of the other piece was two times the 
length of the shortest; required the length of each piece. 

4;"). What number added to six times itself, and 10 more, 
equals 108 ? 

46. Gilbert has five times as much money as Harold, and 
Harold has three times as much as Harry ; how much has 
each if Gilbert has $210 more than Harry? 

47. If four times a number increased by 17 equals 81, what 
is that number ? 

48. If M's age be increased by its three fourths and 9 years 
more, it will equal 51 years ; what is his age ? 

49. Four fifths of a sum of money, increased by three 
fourths of the same sum and $8 more, equals $101 ; what is 
the sum of money ? 

50. A watch and chain cost $120; what was the cost of each 
if the chain cost two fifths as much as the watch plus $5? 

51. Six times a certain number, plus five times the sum 
obtained by increasing the number by 5, equals 245; what 
is the number? 

52. A had twice as much money as B, and B had three times 
as much as C ; if they all had $200, how much had each ? 

53. A farmer, has 108 animals, consisting of horses, sheep, 
and cows : he has four times as many cows as horses lacking 
8, and five times as many sheep as horses lacking 4 ; how 
many has he of each kind? 

54. A, B, and C enter into partnership with a joint capital 
of $26,250 : B furnishes 2^ times as much as A, and C fur- 
nishes one half as much as A and B together ; how much did 
each furnish ? 

55. A man built a barn, a house, and a store for $65,000: the 
house cost three times as much as the barn, and the store 
cost three times as much as the house; what was the cost 
of each ? 
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11. Mathematics is the science of quantity. 

12. Quantity is the amount or extent of that which may 
be measured. It is of two kinds, Number and Extension. 

13. Number is quantity conceived as made up of equal 
parts, and answers the question, "How many?" 

14 Extension is quantity conceived as made up of equal 
parts, and answers the question, " How much ?" 

15. Arithmetic is the science of number. Geometry is the 
science of extension, 

16. Algebra treats of the investigation of quantity by means 
of general characters, called symbols, 

17. The Symbols of Algebra are of four kinds : 

1. Symbols of Quantity. 

2. Symbols of Operation. 

3. Symbols of Relation. 

4. Symbols of Abbreviation. 

SYMBOLS OP QUANTITY. 

18. The Symbols generally used to represent quantity are 
the figures of Arithmetic and the letters of the alphabet. 

19. Known Quantities are those whose values are given, 
and are represented by figures, 1, 2, 3, etc., or by the first 
letters of the alphabet, as a, b, c, etc. 

20. Unknown Quantities are those whose values are not 
given, and are represented by the final letters of the alphabet, 
as X, 2/, 2, etc. 

21. Zero, 0, denotes the absence of quantity, qv that which 
is less than any assignable quantity. 

2 U 
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22. The greater of two numbers is four times the less, and 
their sum is 400; what are the numbers? 

23. A house and lot cost $1,900 ; what was the cost of each 
if the house cost $900 more than the lot?. 

Process. 
Let X = the cost of the lot. 

Then x + $900 = the cost of the house. 

And 1x + $900 - the cost of both. 

Hence 2x -I- $900 = $1 ,900. 
And 1x = $1,900 - $900 - $1,000. 

X = $500, the cost of the lot. 
And X + $900 = $1,400, the cost of the house. 

24. A has $600 more than B, and they together have $2400 ; 
how much money has each ? 

25. A boy being asked how much money he had, replied, 
" Five times my money increased by $20 is $100 ;" how much 
money had he ? 

26. C's horse and carriage cost $350 ; what was the cost of 
each if the horse cost twice as much as the carriage, plus $50? 

27. A and B enter into partnership with a joint capital of 
$3.500 ; what is the share of each if A owns seven times as 
much as B, plus $300? 

28. Divide the number 810 into three such parts that the 
second may be 50 more than the first, and the third 50 more 
than the second. 

29. If a number is multiplied by 8, and this product dimin- 
ished by 40, the result is 320 ; what is the number ? 

Process. 
Let X = the number. 

Then 8a; -40 = 320. 

8a: = 320 + 40 = 360. 
a: = 45. 

30. A's house and barn cost $8.740 ; what was the cost of each 
if the house cost three times as much as the barn, minus $160? 
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31. Divide the number 640 into three such parts that the 
second may be 60 less than the first, and the third 100 more 
than the second. 

32. 8a; + 5a;-3a; + 90 = 240. 35. lla;-5a; + 18 -a; = 48. 

33. 9a; - 7a; + 12a; -75 = 205. 36. 14a; + 6a; -5a; + 12 = 117. 

34. 10i/+82/-%-63 = 72. 37. 202/ - 83/ - 42/ - 60 = 420. 

38. A horse and carriage cost $420 ; what was the cost of 
each if the carriage cost two thirds as much as the horse? 

Process. 
Let a;=the cost of the horse. 

Then — a; = the cost of the carriage. 

And a;+-a; = $420. 
3 

Or ^a; = $420. 



And 4^ = $84. 



3 

1 
3 



X = $252, the cost of the horse. 

2 

-a; = $168, the cost of the carriage. 

o 

39. What number is that to which if its four fifths be 
added the sum will be 117? 

40. What number is that which being diminished by its 
two fifths equals 80? 

41. If from five times a number you subtract two thirds of 
the number, the remainder is 260 ; what is the number ? 

42. Five times the distance from Philadelphia to New York 
diminished by 2^ times the distance equals 240 miles; re- 
quired the distance. 

43. A farmer bought a horse and a cow for $360, paying 
five times as much for the horse as for the cow ; required the 
cost of each. 
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42. Similar Terms are those containing the same letters 
affected by the same exponents. The coefficients and signs 
may differ. 

Thus, 4a6 and — 6ab are similar terms ; also, — 3a'6^ and 5a'^6' are 
similar terms. 

43. Dissimilar Terms are those containing different letters 
or different exponents. 

Thus, ab and cd are dissimilar terms; also, ax^ and a^x are dissimilar 
terms. 

44. The Degree of a term is determined by the number of 
literal factors it contains. 

Thus, 3a is of the first degree ; ia' or — 5a6, of the second degree 
2abCy a^by and c* are of the third degree, etc 

45. Homogeneous Terms are those which are of the same 
degree. 

Thus, Axyz and — 2x'^ are homogeneous terras. 

46. A Monomial is an algebraic expression consisting of 
one term; as, 3a6 or —box. 

47. A Pol3niomial is an algebraic expression consisting of 
more than one term ; as, a; + 2/, x^ + ^xy + y\ or x^ + ^x^y 

+ 3^2/' + 2/"- 

48. A Binomial is a polynomial of two terms ; as, a; + y, 

49. A Trinomial is a poljmomial of three terms; as, m' 
+ 27nn + n*. 

50. The Reciprocal of a quantity is 1 divided by that 
quantity. 

Thus, the reciprocal of a; is - • 

X 

51. The Absolute Value of a quantity is its value taken 
independent of its sign. 

Thus, + 5a and - 5a have the same absolute value. 

52. The Numerical Value of an algebraic expression is 
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11. Mathematics is the science of quantity. 

12. Quantity is the amount or extent of that which may 
be measured. It is of two kinds, Number and Extension. 

13. Number is quantity conceived as made up of equal 
parts, and answers the question, "How many?" 

14. Extension is quantity conceived as made up of equal 
parts, and answers the question, " How much ?" 

15. Arithmetic is the science of number. Geometry is the 
science of extension. 

16. Algebra treats of the investigation of quantity by means 
of general characters, called symbols, 

17. The Symbols of Algebra are of four kinds : 

1. Symbols of Quantity. 

2. Symbols of Operation. 

3. Symbols of Relation. 

4. Symbols of Abbreviation. 

SYMBOLS OP QUANTITY. 

18. The Symbols generally used to represent quantity are 
the figures of Arithmetic and the letters of the alphabet. 

19. Known Quantities are those whose values are given, 
and are represented by figures, 1, 2, 3, etc., or by the first 
letters of the alphabet, as a, ft, c, etc. 

20. Unknown Quantities are those whose values are not 
given, and are represented by the ^naZ letters of the alphabet, 
as X, 2/, 2, etc. 

21. Zero, 0, denotes the absence of quantity, pr that which 
is less than any assignable quantity. 

2 \l 
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33. Show that {x — yY = a;' — ^y + 2/"- 

34. Show that (a; + 2/)' = ar» + Z^y + Zxy" + ^. 

35. Show that (a; - 2/)' = af» - 3a;V + 3a:^ - 2/^. 

36. Show that - — - = a? — 1. 

a? + l 

37. Show that - — 7 = »* + a? + 1. 

ar — 1 

'T* 4- 1 

38. Show that — I^ = a:* - a;* + 1. 

af' + l 

^ -j 

39. Show that = a;* + a? + a;' + a? + l. 

a; — 1 

40. Show that ^^ = a;*-ar' + ar»-x + 1. 

a; + 1 

AXIOMS. 

54. An Axiom is a self-evident truth. The following ax- 
ioms, together with the preliminary definitions, form the 
basis of algebraic reasoning: 

1. If equals be added to equals, the sums will be equal. 

2. If equals be subtracted from equals, the remainders will 
be equal. 

3. If equals be multiplied by equals, the products will be 
equal. 

4. If equals be divided by equals, the quotients will be equal. 

5. If the same quantity be both added to and subtracted 
from another, the value of the latter will not be changed. 

6. If a quantity be both multiplied and divided by the 
same quantity, the former will not be changed. 

7. Like powers of equal quantities are equal. 

8. Like roots of equal quantities are equal. 

9. Quantities that are equal to the same quantity are equal 
to each other. 

10. The whole is equal to the sum of all its parts. 
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11. Mathematics is the science of quantity. 

12. Quantity is the amount or extent of that which may 
be measured. It is of two kinds, Number and Extension. 

13. Number is quantity conceived as made up of equal 
parts, and answers the question, "How many?" 

14 Extension is quantity conceived as made up of equal 
parts, and answers the question, " How much ?" 

15. Arithmetic is the science of number. Geometry is the 
science of extension. 

16. Algebra treats of the investigation of quantity by means 
of general characters, called symbols, 

17. The Symbols of Algebra are of four kinds : 

1. Symbols of Quantity. 

2. Symbols of Operation. 

3. Symbols of Relation. 

4. Symbols of Abbreviation. 

SYMBOLS OP QUANTITY. 

18. The Symbols generally used to represent quantity are 
the figures of Arithmetic and the letters of the alphabet. 

19. Known Quantities are those whose values are given, 
and are represented by figures, 1, 2, 3, etc., or by the first 
letters of the alphabet, as a, b, c, etc. 

20. Unknown Quantities are those whose values are not 
given, and are represented by the final letters of the alphabet, 
as X, y, 2, etc. 

21. Zero, 0, denotes the absence of quantity, pr that which 
is less than any assignable quantity. 

2 \l 
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22. The greater of two numbers is four times the less, and 
their sum is 400; what are the numbers? 

23. A house and lot cost $1,900; what was the cost of each 
if the house cost $900 more than the lot?. 

Process. 
Let X ^ the cost of the lot. 

Then x + $900 = the cost of the house. 

And 1x + $900 - the cost of both. 

Hence 1x -I- $900 = $1 ,900. 
And 2a; = $1,900 -$900 -$1,000. 

X = $500, the cost of the lot. 
And X + $900 = $1,400, the cost of the house. 

24. A has $600 more than B, and they together have $2400 ; 
how much money has each ? 

25. A boy being asked how much money he had, replied, 
" Five times my money increased by $20 is $100;'' how much 
money had he? 

26. C's horse and carriage cost $350 ; what was the cost of 
each if the horse cost twice as much as the carriage, plus $50? 

27. A and B enter into partnership with a joint capital of 
$3,500; what is the share of each if A owns seven times as 
much as B, plus $300? 

28. Divide the number 810 into three such parts that the 
second may be 50 more than the first, and the third 50 more 
than the second. 

29. If a number is multiplied by 8, and this product dimin- 
ished by 40, the result is 320 ; what is the number ? 

Process. 
Let X = the number. 

Then 8a; -40 = 320. 

8a; = 320 + 40 = 360. 
a; = 45. 

30. A's house and barn cost $8.740 ; what was the cost of each 
if the house cost three times as much as the barn, minus $160? 
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31. Divide the number 640 into three such parts that the 
second may be 60 less than the first, and the third 100 more 
than the second. 

32. 8a; + 5a;-3a; + 90 = 240. 35. 11a; - 5a; + 18 -a; = 48. 

33. 9a; - 7a; + 12a; - 75 = 205. 36. 14a; + 6a; -5a; + 12 = 117. 

34. 10i/ + 82/-92/-63 = 72. 37. 20^/ -82/ -4?/ -60 = 420. 

38. A horse and carriage cost $420 ; what was the cost of 
e^ch if the carriage cost two thirds as much as the horse? 





Procfss. 


Let 


X = the cost of the horse. 


Then 


-a; = the cost of the carriage. 



And 


a;+|a; = $420. 



Or 


^a;-$420. 



And 


•ia; = $84. 




X = $252, the cost of the horse. 

2 

-a; = $168, the cost of the carriage. 

o 

39. What number is that to which if its four fifths be 
added the sum. will be 117? 

40. What number is that which being diminished by its 
two fifths equals 80? 

41. If from five times a number you subtract two thirds of 
the number, the remainder is 260 ; what is the number ? 

42. Five times the distance from Philadelphia to New York 
diminished by 2^ times the distance equals 240 miles; re- 
quired the distance. 

43. A farmer bought a horse and a cow for $360, paying 
five times as much for the horse as for the cow ; required the 
cost of each. 



umn. 
The columns are added as in Art. 56. The 
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2. Find the sum of 2a — 36, bh - 6c, 4a — 5c, — a + 86, and 
2a-6-[-c. 

Process. For convenience in adding we write the quan- 

2a — 36 titles so that similar terms are in the same col- 

56- 6c 
4a - 6c 

- a + 86 
2a — 6 + c ^^^ ^^ ^^ fi^* column is 7a, of the second 

7a + 9(6 — 10c Awi. column is 96, and of the third column is — 10c. 

Hence the sum is 7a + 96 — 10c. 

From these examples we derive the following 

RULE. 

Write the quantities so that similar terms shall he in the same 
vertical column. Add each column separately^ and connect the 
remits with their proper signs. 





EXAMPLES. 




3. 


4. 


5. 


Ix — by 


5a6— Sxy 


a- 26 


-a: + 32/ 


— 3a6 -f- Axy 


+ 56 -4c 


Ax — y 


+ 2a6 — Wxy 


3a-46 


3a; + 42/ 


~ab— 2xij 


- a - 36 + 8c 



6. Add 3a - 56, 4a + 26, a- 36, 6a + 46, 14a - 26, and 4a 
-56. 

7. Add 2x — 3ay, llx -\-4ay, a — 8x + 5ayj Sa — 4x—7ay, 
and 7a; — 4 ay + 5a. 

8. Add 2a-36-c, 4a-5c, 56 + 8c, -6a-76 + 2c, and 
3a + 26 - 4c. 

9. Add 4:r' - 5a;' + 3a;, 6x^ + 23;^ - 5a;, Ta;" + 9a;' - lla;, -4x^ 

- 12a;' + 15a;, and 7^ + 20ar' + 6x. 

10. Add a' - 46d + c - 7, 6a' + bbd + lie + 2, - Qa^ - 3 
-4c-76rf, 14c -11 -8a', and 86^ + 4 + 2a'- 7c. 

11. Add 3a- + 42/ + 7z, 32 + 22/ + a;, — 4z -^ 7z - 5y, - 2x 

- 122 + 32/, and &i; - 3^/ + 92. 
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12. Add 2<i-36 + 4c-5^, cZ-f 26-3c, 3a-6d + c, -2a 

— 26 + 2d, a + 6 + c, and - 2a - 6 — c + 3d. 

13. Add a' + 6' - c* - (f , 3a' - 36' + 3^^, 46'^ - 4cP - 4a», 8c? 

— Sc* + 6a», 66' - Gc* - 6(f , and a' - 6' - c* - d'. 

14. Add a' - 3a'6 + 3a6' - 6», a' + 3a'6 + 3a6' + 6», and a» 

— 2a' - 6a6'. 

15. Add m* - 4m V + 6mW + Sn\ ^' -f 6mW - llwiV 

— 6yi^ 9m^ — 2mV-h4mV4-5< and — 16m* + 5mV+mV 

— 2n*. 

16. Add 2a?y^-5xy-a^y-xy'-^4xy-^7x'y'-Sx'y-h2a^if 
+ 2xy* + xy -\- ^]^ -\-xy — xy^ — 2xy + Ax^y, 

17. Add x'-Ax^y^&x'y'-Ax^-^y^ A^y ~ \2a?f - llxif 

— Ay\ Qxy — Vlxf + &y\ and Axf — 4y\ 

18. Add :x^-Sxy-y'-yz-\-y*, 22/^ -h 7a;y + 3y' - 9, 4yz 
+ 3 + 3a:» - Si/* + 3a;y , 2v'-6xy + 22/, - 31/2 - a^'i/' + ^2/', 6 

— 5y', and - 4a;» + 32/« - 32/' - 32/. 

19. Add 7 vy- 4(a + 6), 6 Vy-^ 2(a + 6), 2 V^^ (a + 6), 
Vy- 2(a + 6), 8 VY+ 12(a + 6), 9 Vy- 5(a + 6), - 11 V^ 

— 10(a + 6), and V^- (a + 6). 

20. Add 8(a - x) + 9(x + y) - Vx, 4(a - x) - Q(x + 2/) 
+ 41^ - 5(a - a;) - 20(a: -^ y) - 7Vx, 9(a - a;) + 7(a; + y) 
-\-SVx; 9(a-x)-(x-\-y)~5Vx; 7(a-x)-8(x-^y)-U 
Vx^ and — 10(a — x) — 4(x -\-y) — Vx^ 

21. Add 6(a -x)-{- 5(x - yf - 4(a + a;) + Z(x - a) + 14(a + x) 

— lb(x - yy - 3(a - a;) - 4(x - a) - 5(a + a;) - 3(a; - a) + 
20(a; - 2/)' - 9(a -x)- 10(a: - 2/)' - 14(a + a;) + 4(a; - a). 

22. Add a:' + 2xy + 2/^ ^^ "~ 2a^ + 2/') ^'^ + icy + 2/^., x' — xy 
+ 2/', a;' + 4xy — 2/', a;' — 5xy — 2/', — 9a;' — Qxy — 9y', 16a;' — Sry 
+ I62/', 6a;' - 12xy + 63/', 10a;' + lOxy - ICy , 4a;' - a?i/ - 2^4' .-socA 
3«' -f 2x1/ -f 3y. i 
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23. Add x + 2V^-hy, x — 2V'xy + y, 6x + Ty, ^Vxy-'Ay^ 

— bx-\- Vxy, 3a; — 3 Vxy -f ^y, 4:c + 8 Vxy -f- 41/, — « + 10 V^xy 

— Sy, x-\- Vxy, y — V^, and 5a; + 10 Vxy + 5y, 

24. Add K + a;2/ + i2/', i^' - ^y -^ \y\ W-Sxy-2y\ K 
+ 5^ -H i2/', ix' — Axy- 12/', fa;-' — i^^t/ " %'> '"^^ - Sar* + 3x2/. 

25. Add 4 l/aTT^ + 6c — a, 3a — 5 l/a=R> — 46c, 8 l/aT6 - be, 
5a + 106c, 4a 4- 3 l/aT6 - 76c, 4a-QVaTl-bc, 9Va^^ 

— a + 36c, 5 Va'Vb — 8a + 56c, and 96c — 8 VaTl - 7a. 

58. Dissimilar Terms having a common factor may be added 
by taking the algebraic sum of the dissimilar parts, inclosing 
it in parentheses, and prefixing it to the common factor. 

EXAMPLES. 

1. Add ay^, by^, and cy*. 

Pbogess. 

« It is evident that the sum of a times y' plus 6 

by^ times y* plus c times y® is a + 6 + c times y*, or 



^ 



(a + 6 + c)y^. 



(a 4- 6 -I- 0)3/*, ^rw, 

2. Add 3a;^ ax\ 4x\ bx\ 2ax\ and 36a;'. 

3. Add 2aa;, 36a;, 4ca;, — 5aa;, — 6a;, and ex, 

4. Add 2 Vox, bVcuc, cVax, — Vax, and — 2c Vox. 

5. Add SaVx + y, 2Vx + y, bVxTJ, 2aVx-\-y, and 

— Vx-]-y. 

6. Add 4(a'^ - 60, a(^d? - 6^, - 5a(a' - 6^, and 2(a' - 6^. 

7. Add aVx — y, 6 Vx — y, 3 Vx — y, — 2a Vx — y, and 
46 Vx — y, 

8. Add 3(a + 6 - 2), a(a + 6 - 2), 6(a + 6 - 2), - 2(a + 6 

— 2), - 6(a + 6 - 2), and (a + 6 - 2). 

9. Add 4Va^^, bVa^^, cVa^^, —2Va^h, —2bVa—b, 

— ScVa — b, 3 Va — 6, and cV^a — 6. 
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EQUATIONS AND PROBLEMS. 

59. Review the definition of an Equation, Art. 10. 

4a; 4- 2a; = 12 is an equation. 

The Solution of. an equation is the process of finding the 
value of the unknown quantity. 

60. A Problem is a question to be solved. The solution of 
a problem is the process of finding the required result. 

EQUATIONS. 

1. Solve the equation 2a; + 8a; — 3a; + 6a; = 156. 

Solution. 

2a; + 8a; - 3a; + 6a; = 156. 
Uniting the terms, 13a; = 156. 
Dividing by 13, x = 12, Ans, 

Solve the following equations : 

2. ^a; + 8a; — 5a; -- 45. 7. 5a; + 8a; = 16 + 10. 

3. 11a; - 5a; + 6a; = 144. 8. 40a; - 16a; = 70 + 74. 

4. lOx + 14a; — 7a; = 170. . 9. Uy + Sy-2y=110, 

5. 15y-10y + ISy = 92. 10. llOy - 45y = 80 -f 180. 

6. 202/ -f 402/ - 1^2/ = 1^0- H- 1^0^ + 105a; = 295 - 40. 

12. 4a; + 8a; + 16a; — 10a;-20a; = 200-60. 

13. 40a; - 12a; + 13a; - 10a; = 200 -h 311 - 170. 

14. 31a; - 15a; - lOr + 50a; - 2a; = 102 + 168. 

15. 5a; -f 20a; - 14a; + 12a; — 16a; = 480 - 60. 

16. 22a; - 4a; + 32a; - 10a; = 500 - 70 + 10. 

17. 47a; - 20a; = 9 X 120. 22. 8a; + 31a; = 81 ~ 159. 

18. 500a; - 46a; + 90a; = 1,088. 23. 12a; + 14a; - 8a; = 540. 

19. 4212/ + 5161/ = 10,307. 24. 48a; - 12a; + 20.i; - 112. 

20. 125a; - 40a; -22a; = 252. 25. 902/ + 6O2/ + I82/ --- 672. 

21. 65a; '• 32a; = - 15 - 7. 26. UOy - ?ai| - \) =\?.^^- 
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PROBLEMS. 

Solve the following problems : 

27. The sum of two numbers is 560 ; what are the numbers 
if the larger is six times the smaller? 

Solution. 

Let X = the smaller number. 

Then 6x = the larger number. 

And X + Qx = their sum. 

By the conditions, a; + 6a; = 560. 
And 7x = 560. 

X = 80, smaller. Am, 
6x = 480, larger, Ans. 

28. Divide 240 into two such parte that the larger may be 
five times the smaller. 

29. Divide the number 120 into three parte, so that the 
first shall be twice and the second three times the third. 

30. Divide the number 250 into three parts, so that the 
first shall be two times and the second three times the third. 

31. A and B together have $10,000; how much has each if 
B has four times as much as A ? 

32. Arthur has six times as much money as Horace, and 
the difference of their fortunes is $2,550 ; how much has each ? 

33. A farmer bought a horse, a cow, and a sheep for $264: 
the cow cost eight times as much as the sheep, and the horse 
three times as much as the cow ; required the cost of each. 

34. A bought two farms, paying eleven times as much for 
the first as for the second ; what was the cost of each if both 
farms cost $8,800? 

35. A drover bought 20 sheep, 10 cows, and 5 horses for 
$1,250 ; what was the cost of each if a cow cost three times 
and a horse fifteen times as much as a sheep? 

36. A employs 12 boys, 30 women, and 40 men, whose daily 
wages are $96 ; what is the daily wages of each if a woman 
receives twice and a man three tinges as much as a boy? 
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SUBTRACTION. 

61. Subtraction is the process of finding the diflferenoe 
between two quantities. 

The Minuend is the quantity from which we subtract. 
The Subtrahend is the quantity to be subtracted. 
The Remainder is the result obtained by subtracting. 

62. Tp subtract when the terms axe positive. 

1. Subtract 5a from 9a. 

Process. Ji jg evident that nine times a quantity minus five times 

g^ that quantity equals four times that quantity. Hence 9a 

4a Ans. minus 5a equals 4a. • 

2. Subtract 9a from 5a. 

Process. 5gj equals 9a — 4a ; 9a subtracted from 9a 

9a = 9a ~ ^ — 4a leaves — 4a. Hence 9a subtracted from 



- 4a - 4a, Ans. 5a leaves - 4a. 

3. Subtract m-\-n from a. 

If m is taken from a, the remainder is a — m ; 

but we wish to subtract m increased by n from a ; 

^ , ^ we have therefore subtracted n less than is required, 

a — m — n Ans * remainder, a — m, is n too large. Taking 

n from a — rrij the true remainder is a — m — n. 

From these examples we see that if we change the signs of 
the subtrahend and then add, we shall obtain the same result 
as given in the solution. Hence the 

RULE. 

Conceive the signs of the subtrahend to be changed, and proceed 
as in addition. 



EXAMPLES. 




e by subtraction — 






4. 5. 6. 


7. 


8. 


Sx Sx UaT^ 


bay? 


10a;'^+ 42/* 


ar 8a; bax^ 


14ax^ 


\of ^\^ 


3 
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9. Prom 8mx + 2ny take 7mx + 8ny. 

10. From Sa-tb + c ttike a -h 26 4- 2c. 

11. From a' + b' take a' + 2a6 + b\ 

12. From Sajy + 82' take 5a:y + ^«'- 

13. From 5w*^ + 4mn take 3m* + 6mn + n\ 

14. From 126 + d + a' take 4a* + 66. 

15. From a* + 3a6 + 6' take a* + 2a6 + 6'. 

16. From 9mp* + Snq take 4wip* + &nq. 

17. From 6n + m + a take 8n + 8a + ^. 

18. From a;* + T^f + 2/* take x' + 2a;*2/* + y*. 

19. From Sar' + x' + riJ+l take Sar' + a^^ + fl^ + S. 

20. From 9m* + 5mn + 2n* take 8m* + 5mn + w** 

21. From a;* + Sar' + 4a; + 1 take a;* -f 4ar' + 6a: + 4. 

22. From 15xy + 9a;*2/' + 2a: take 15a;*2/* 4- lOxy, 

23. From 3m*n + Srnn* + 2n' take m' + 3m*n + 3mn» + n\ 

24. From 18a*ar' + 12ay + lOy'z take 12a*a:* + 9yh. 

25. From 80m* + 60mn + 70n* take 79m* + 62m?i -h 69ri'. 

63. To subtract when some of the terms are negative. 

1. Subtract — m from a. 

Process. ^ equals a + m — m; - m taken from a 

^ = ^ m-m + m-m leaves a + m. Hence — m sub- 



a-\- m a + m Ans, tracted from a leaves a-\- m, 
2. Subtract m — n from a. 
Process. 



a 

m — n 



If /n is taken from a, the remainder is a — m ; 

but we wish to subtract m diminished by n from a ; 

we have therefore subtracted n more than is required, 

a — m + n Ana *"^ ^^^ remainder, a — m, is n too small. Adding 

n to a — m, the true remainder is a — m + n. 

From these examples we again see that if we conceive the 
signs of the subtrahend changed, and then add, we shall 
obtam the same result as given in the solution. Hence the 
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RULE. 

Conceive the signs of the subtrahend to be changed^ and proceed 
as in addition. 





EXAMPLES. 








3. 4. 


5. 


6. 


7. 


From 


a a 


— a 


— a 


14a 


Take 


c —c 


c 


— c 


9a 




8. 9. 


10. 


• 11. 


12. 


From 


9a - 14a 


-9a 


-14a 


-9a 


Take 


-14a 9a 


14a 


— 9a 


-14a 




13. 


14. 




15. 


From 


a' + 2a6 + b^ 


a — b + c 


a' 


+ 6^ 


Take 


a' - 2a6 + 6' 


a-\-b — c 


a^- 


-2ab + b' 



16. From a^ + 2xy + y* take x^ — 2a:^ — 2/^ 

17. From a+ 6 + c take 26 + 2c + d. 

18. From ai^ -\-y* take af* — 2a:y — 2/*. 

19. From 4x* + 42/* take 4a;*— 2a;*2/* + V- 

20. From a** + 2/* take a** — n2/ + 2/*"- 

21. From a' + a + 1 take a' — 3a + 2. 

22. From ^a' + 16' take K - 16' - 4. 

23. From 2x — ^y-\-6 take ^x-y — 8. 

24. From af^ + x'^y'* + 2/"* take a:"" - 3a;"'2r — ^. 

25. From a' 4 Sa'^ft + Sah' + 6' take a' - Sa'^ft + 3a6'' - b\ 

26. From the sum of a^ + 2a6 — b^ and 3a6 — 26^^ + c take a* 
+ 5a6-36*-c. 

27. From the sum of af*** — 4a;"2/" + 2/^** and af"* + iafif 4- 2/'" 
take 4afy" — Sy^"", 

28. From 31^ — 4a;*2/* — 2/^ minus — Sx*y* — 22/® take 4a;y -16. 

29. From the sum of a' + Sa'b + Sab^ -h 6' and a' - 3a'/; 
-I- 3a6' — 6' take their difference. 
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30. From the sum of rn? -f Smn - n^ and m' — 4mn + n' take 
m' + 5mn ~ ?l^ 

31. From the sum of a* + b* and 4a'6 + 6a'6* + 4a6' take 
a* - ia'b + Ga'^ft' - 4a6' - b\ 

32. From the difference of a* + 6® and 4a'6* — 4a*6' take 
a' - 4a'6* - 4a'b' - b\ 

33. From of" + Bt? -{ 4x' -\- Ba? -^ 23^ + x + 1 take iB» + 5/ 
+ 4a:* - ac* + 2x^ - a: + 1. 

34. From a;** - 3a:^ + 2«'* - a?** 4- 2a:' - 3x" + 5 take a;** + 3a?^ 
-2a:'"-af + 2a:' + 3a:'-f 8. 

35. From 8(a + bf - 5(a + 6)» + 12(a + 6) + 10 take 6(a + bf 

- 5(a + by + 12(a + 6) - 18. 

36. From the sum of 5l/a' -af - QVb^ - 3/* and 7l/a'-a^ 
+ 4l/6'-2/Uake lOVa'-x"- lOl/ft'^-j/'. 

37. From the sum of 2 v'af^ - 2/' + 3 1/a:* - ^ and 31?''?^=^ 

- 2 1/a;'^ - 2/' take 6 iV - 2/'^ - 5 l/ar^-t/^. 

38. From ma; + ny take aa; — 61/. 

Process. a times a; from m times a; is evidently 

mx + ny (m — a) times ar, or (m - a)a;. The dif- 

ax — 6,v ference between n times y and ~ 6 times 

(m - a)x -\- (n + 6)y, -47w. 2/ is evidently (n + 6) times y, or 

39. From ax + 6^/ ^^^® ^^ ~ ^y- 

40. From mx^ — wi/' take j^ar* — qy^. 

41. From m(a: — a) — n(2/ — 6) take (x~a)-{- (y — 6). 

42. From a Vx + y ^- 6 Vx — 2/ take 6 l/a: + 2/ — « T/« — y. 

43. From m(p? + 2a; + 1)' take n(x^ + 2x + 1)\ 

44. From a^x"^ + xy -\- y'y take — b(x^ -^ xy A- 2/)'. 

45. From (a' + // + 0^)2; take (a' i-b'-c'-^- 2)y. 

46. From (a;' + y')a - (x' - y')b take (a;^ + 2/')^ + C^*' - 2^)0. 

47. From ^a\/'xy + Ab\/xy take Aa\/xy — Zb'i^'xy, 
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USB OF THE PARENTHESES. 

64. The Parentheses are so frequently used in algebra 
that it is important that the principles which govern their 
use should be well understood. 



PRINCIPLES. 

1. Parentheses preceded hy a plus sign may he removed withxM 
changing the signs of the inclosed terms. 

The expression 

4a — 6 + (mx -^ xy — y*) 

indicates that mx-^a^ — y^ is to be added to 4a — 6. Adding 
these quantities, by Art. 56, Case 2d, we have 

4a — 6 + mx i- xy — y\ 

It is seen that the signs of the terms within the parentheses 
are unchanged when the parentheses are removed. 

2. A quantity may be inclosed in parentheses if it is preceded 
by the plus sign, without changing the signs of the inclosed terms. 

This is evident, being the converse of Prin. 1. 

3. Parentheses preceded by a minus sign may be removed if the 
sign of each inclosed term be changed. 

The expression 

4a — 6 — {mx -^ xy — y*) 

indicates that mx-\-xy — if is to be subtracted from 4a — 6. 
Subtracting these quantities, by Art. 63, we have 

4a - b — mx ~ xy + y*. 

It is seen that the signs of the terms within the paren- 
theses are all changed when the parentheses are removed. 

4. A quantity may be inclosed in parentheses when it is pre- 
ceded by the minus sign, if the sign of ea^^h term inclosed be 
changed. 

This is evident, being the converse of Ptm. ^. 
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65. KxpresKioiiB 8oiijetiiiii*s occur containing two or more 
Hifim of aggregation ; as, a \b - (c - rf -i- e) { • 

Such KignH may be removed in euccession, by banning 
with the in«i(le pair or with any pair. 

After the signs are removed, the terms should be collected. 

EXAMPLES. 

1 . liemove the parentheses from 

X - (a + 6) 4- (c — d) — (m — n). 

By Akt. G4, Prin. 1 and 3, the expression becomes 

x-a-b-\-c— d — m-\-n, 

2. Simplify a- {6 + (a- 6"^=^ I . 

We remove the vinculum first, and then the parentheses, and finally the 
bmceH. 

a- {6 + (a- 6- c)\ 

= a~ {6 + (a-6 + c){ 

-a- {6+ a — 6 + cJ 

=-a— 6— a+6-c. 

Collecting, equals — Cy Ana, 

Kcduce the following expressions to their simplest forms: 

3. -{(-a); -(-a); +(a-6); -(a-6). 

4. ai(--b)] a — (—6); x--(x — y). 
.*>. x — {—x — y)] x + y — (—x-i-y), 

0. a -f-6-(-a + 2); a;-2/ - (- 6 — 3). 

7. 3a; -f 2a - (2a: - 3a + 5). 

8. 7a; — 4?/ + 2— (—6a; -51/ — 2). 

9. r)a -}- (- 26 + a) - (6a - 46 - 2). 

10. 1 - (1 - a;) + (a; - af*) - (2a; - Sa^). 

11. — (a — b -Fc) ; + (a — 6 — c). 

12. a — (- 6 — c^=^) ; a — (6 + c — 6). 
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13. -(-a-^); -(+a^=^); -(-aT5). 

14. a—\b — c-\-(a — b — h — e)l. 

15. x-(Aa + b - \6b - (-8d + 2b -3b - a)}]. 

16. -[2a- J6 + (3c--26 + c-a-6)}]. 

17. a; - [- 4a - } —66 - (- 8(Z + 66-a + d)}]. 

18. -(4x-7i/ + 4)-{-2« — (3y-42/ — a; + 4)}. 

19. 8m — [a — 6 + {m + a — (6 — m) + 6} — m — 6]. 

Express the following in binomials, and then in trinomials : 

20. a-2b-^3c-5d + x — y. 

Thus, in binomials, (a - 26) 4- (3c — 6d) + {x — y). 
And, in trinomials, (a — 26 + 3c) - (5d — x-^y), 

21. —m^-n —p + 7q — Sd + Aw. 

22. 4a-36-2c- d-e-Sf, 

23. 2a; - 32/ + 2z - t; + 5w; - 2. 

' 24. d'-b'-c' + d^-e'-f. , 



25. (3a-\-4b — x-~y — e^—m + n + (?. 

Express a—b-\-c — d~e+f—g — h — i —j + A — Z in 
parentheses, preserving the order of the letters — 

26. Taking the terms iivo together. 

27. Taking the terms three together. 

28. Taking the terms four together. 

29. Taking the terms six together. 

TRANSPOSITION OF TERMS IN EQUATIONS. 

66. The First Member of an equation is the quantity on 
the left of the sign of equality. 

67. The Second Member of an equation is th^ o^^T^^i^-^ 
on the right of the sign of equality. 
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68. Transposition is the process of changing a quantity 
from one member of an equation -to the other. 

69. From the axioms of Art. 54 we derive the following 
General Principle : Both members of an equation may be in- 
creased^ diminished^ midtiplied^ or divided by the same quantity 
without destroying tlie eqvnlity. 



1. Solve the equation 8a; — 5 = 6a; + 7. 

Adding 5 to both members of the equation, we 



Process. 

8a; - 5 = 6a; + 7 

+ 6 = +5 heive 8a; = oa; + 7 + 5. 

8a; = 6a; + 7 + 5 Subtracting 6a; from both members of this equft- 

^^ = ^^ tion, we have 8a; - 6a; - 7 + 6. 

8a; - 6a; = 7 + 5 

Collecting the terms of this last equation, we have 

By examining this process we see that in changing —5 
and + 6a; from one member of the equation to the other, their 
signs are changed. Hence we have the following 

RULE. 

A term may be transposed from one member of an equation to 
the other if at the same time the sign be changed. 

EXAMPLES. 

Transpose and find the value of x in the following equations : 

2. x-^S = 10. 10. 9a; - 8 = 64. 

3. 5a;-4 = 6. 11. 6a; = 5a; + 4. 

4. 6a;-12 = 24. 12. 7a; = 18-2a;. 

5. 9a;— 4 = 32. 13. 5a; = 12 + 4a;. 

6. 10a; +14 = 44. 14. 12 = 4a; -8. 

7. 12a; -20 = 40. 15. 3a; + 4 = 2a; + 6. 

8. 8a;- 5 = 35. 16. 5a;-6 = 3a; + 4. 

9. 7a; + 5=40. 17. 6a; - 4 - 2a; = 20. 
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18. Sx = 5z-i-A0-x. 23. 20a;- 120= — 20 + 8x. 

19. 6a; + 5 = 4a; + 7. * 24. 140 - 9a; = 12ic - 7. 

20. 7a; — 5 = 3a; — 1. 25. 4a;- 8 + 6a;-52 = 0. 

21. 10a;-8 = 9a; + 7. 26. 12- 2a;-6 = 22-4a;. 

22. 15a;-8 = 6a; + 64. 27. 9a; + 18 = 27 -fl; + 1. ^ 

PROBLEMS. 

Solve the following problems : 

28. Five times a number increased by 17 equals nine timee 
the number diminished by 27 ; what is the number ? 

29. Three cities, A, B, and C, together have a population of 
49,500 ; what is the population of each if B has 5,500 more 
inhabitants than C, and A has 5,500 more than B? 

30. A man being asked his age replied that if his age were 
doubled, and then diminished by 46 years, it would be four- 
score and ten years ; what was his age ? 

31. Divide $270 between A, B, and C so that A shall have 
three times as much as B, lacking $10 ; and C shall have four 
times as much as B, plus $40. 

32. The sum of three numbers is 450 ; what are the num- 
bers if the first is five times the second, and the third is 10 
more than the first? 

33. A retired farmer deposited his fortune of $62,000 in 
three different banks ; how much is deposited in each bank 
if there are $5,000 more in the second than in the first, and 
$7,000 more in the third than in the second? 

34. A horse, carriage, and harness together are worth $440 ; 
what is the cost of each if the horse cost fifteen times as 
much as the harness, and the carriage cost $180 less than 
the horse ? 

35. Divide the number 594 into three such parts that the 
second shall be 10 more than the first, and the third shall be 
18 less than the sum of the other two pai\E. 
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MULTIPIilCATION. 

70. Multiplication is the process of taking one quantity as 
many times as there are units in another. 

The Multiplicand is the quantity taken. 

The Multiplier is the quantity which indicates how often 
the multiplicand is taken. 

The Product is the result of the process. 

The multiplicand and multiplier are jdcUyrs of the product, 

PRINCIPLES. 

71. — 1. The product of two or more factors is the same in what- 
ever order they may be taken. 

It is proved in arithmetic that 3x5 and 5x3 are each equal to 15. In 
like manner, in algebra, we have a x b and b x a each equal to ab. Hence 

ab = ba. 

2. Multiplying any factor of a qv/intity multiplies the quantity. 

Thus, four times 6x3 equals 4x6 times 3, or six times 3 x 4, all of 
which equal 72. Also, five times 3a is 15a. 

3. The exponent of a letter in ilie product is equal to the sum of 
its eocponents in the two factors. 

Since the exponent of a quantity indicates the number of times it is to 
})e used as a factor (Aet. 6), then 

a^ = axaxaxa^ and a^ = ax a. Hence 
a^ X a^ =* aaaa x aa = a*. 
And in general, a*^ x a*^ = a^-^ "•. 

4. The prodmt of two factors having like signs is positive^ and 
having unlike signs is negative. 

Four possible cases may arise. 

1st. Multiply + a by -}- h. 

This means that + a is to be taken b times. Since multiplication is an 
abbreviated form of addition, and the sum of any number of positive quan- 
tities is positive, then a x 6 is + ab. 
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2d. Multiply —ahyb. 

This means that - a is to be taken b times. Since the sum of any 
number of negative quantities is negative, then — a x 6 is — ab. 

3d. Multiply a by — 6. 

This means that a is to be taken b times, and the product is to be taken 
negatively, a x 6 is aft (Case 1), and taken negatively is — ab, 

4th. Multiply — a by — 6. 

This means that — a is to be taken b times, and the product is to be 
taken negatively. — a x b is —ab (Case 2), and taken negatively is 
- (- ab) = + ab, , 

Hence the product of 

Like signs gives + ^ and of 
Unlike signs gives — . 

5. Multiplying each term of a quantity multiplies the entire 
quantity. 

Thus, (a + 6)2 = (a + 6) + (a + 6) ; or, removing the parentheses^ we 
have a -^ a -\- b -^ by which equals 2a + 26. 

And in general (a + b)n — an -{■ bn. 



72. To multiply when the multiplier is a monomial. 

1. Multiply Aa^x by 2a^. 

Process. '^^ multiply 4a^x by 2a' we must multiply by 2 and a\ 

4a^x Two times 4a^x is Sa^x (Prin. 2 and 4). 

2a' a' times 8a»a; is Sa^x (Prin. 2 and 3). 

Sa^Xy Ana. Therefore, 4a^x multiplied by 2a' is 8a*a;. 

2. Multiply 3a' - 2a'b' by 3a'6. 

Process. Since multiplying each term of a (luantity miil- 

3a' — 2a*6' tiplies the entire quantity (Prin. 5), we multiply 

3a'6 each term of 3a' - 2a*b' \iy ^a>b, «?cA ^^XsIyo. 

9a*6 - 6a*d*, Ans, 9a^b - 6a*6* (Ex. IV 
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From these examples wo derive the following 

RULE. 

MuUifiit/ each term of the multiplicand fry the multiplier. To the 
jiwdurt of the awjlicients annex the literal factorSy giving each letter 
an cxponvnt equal to the sum of its exponents in both factors. Make 
the produet ptmtice when the factors have like signs, and negative 
uhen they have unlike signs. 







EXAMPLES. 






111 ti ply — 










8. 


4. 


5. 


6. 


7. 


4 


-4 


4 


-4 


X 


2 


2 


-2 


-2 


-2 


8. 


9. 


10. 


11. 


12. 


x' 


af 


-a"^ 


-^ 


m* 


X* 


-a? 


a* 


-f 


m" 


18. 


14. 


15. 


16. 


17. 


Tf" 


— a** 


-a** 


— aT 


3^ + s 


-tT 


a*' 


20. 


21. 


!r 


18. 


19. 


22. 


-a""^* 


ic*-' 


2/"-' 


^a»' 


tT' 


a*"-' 


-^^^ 


y« 


a-* 


or' 



Multiply — 

2J3. ^y" by - ac'y. 30. (a + 6)* by (o + 6)'. 

24. - Ba'^b' by - iab\ 31. - (a; - y)* by (x - y)«. 

25. ac" by - a^, 32. (m + nf by - (m + n)*. 

26. -4a?7i" by — Sa'^m^ 33. (a — xy by — (a — re)*. 

27. 6x7/" by - 5jfy, 34. 6x*" " » by - 2x'-\ 

28. - Sa*"-* by - Sa"* + '. 35. 7a'-» by 5a» + \ 

29. 2(x + yy by - 4(x -j- 3/)'. 36. - i(x + 3/)* by ^x + y)«. 
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Find the value of— 

37. -a?X—a?X-a'. 

38. -aX— a'X— a'X-a*. 

39. —J'X—o^X—x'X-afX-a?. 

40. -2/*X-2/'*X-2/*'X-2/*X-2/"X-2/*. 

41. — a"X — a'»X-a'-X -a^^X -a^. 

42. a(jii + ny X a\m + n)'^ X a\m + n)^ 

43. a" + ' X - a""* X a**"' X - a" + * X a'^ 

44. (a + a;)"' + ' X (a + a;)"* - * X (a + a;)"* + ?. 

45. 3*X3' + 'X3'-'X3'-*X3*-^ 

46. 4'* X —4'*' X 4^" X —4*- X 4^ X -4*^. 





EXAMPLES. 






Multiply — 


- 






47. 


48. 


49. 


50. 


3a:^-2y 


a-\-h — c 


2m' - n' 


^-2/' 


-2a; 


-Zahc 


4mn 


33^^ 



— 6a;* + 4a;2/> ^^• 

5L a» + 6' — c* by 4ac'. 63. x' -2xy + y' by 3an^. 

52. a;* + 2/" by Sa;^. 64. a;* + a; + 1 by — 4a;*. 

53. a" — 6" by 4a"6". 65. a' — 3 + a' by na\ 

54. 3a;' — 21^ by 6a,Y. 66. a" - aft + 6" by a'"^*". 

55. a;" + a;y + 2/" by 2a;y. 67. a;* — x'^y* + 6* by — a;y . 

56. 4aar* - 3y by - 2a;»2/*. 68. f-Sf-yhy-4i/'. 

57. a' + 2ab + 6' by a'6'. 69. ar* + a;' - a; by a7^, 

58. T^^ + f^'hy- b:^y''. 70. a* — a'6' + 6* by - aft. - - 

59. m* — mV + n' by mr?. 71. 3a;** - af'i/^ - / by 2a;"2r. 

60. T^ — y'^-z^hyT^yz', 72. K " i^ + i2/' ^.Y 6^'- 

61. a;* - 2/* by 4a;*2/'. 73. 4a;' - 3aa; - 2a' by - 3a'a;'. 

62. or - 6" by 3a'6'. 74. 5a^ — 4a]bA^^\)^ Xi^ — ^oh. 
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73. To multiply when the multiplier ia a polynomial. 

1. Multiply 2a - 36 by a + 26. 

pRocc»8. a + 26 times 2a — 36 equals a times 2a 

2a - 36 - 36 plus 26 times 2a — 36. a times 2a — 36 

7^-r^iK- is 2a» - 3a6 (A rt. 72), and 26 times 2a - 36 is 

2a* - 3a6 

-I- 4af) _ 5^2 4a6 — 66'. Adding the partial products, we 

2a'' + ab~^6b\ Am. have 2a* + a6 - 66*. 
From this example we derive the following 



RULE. 



k.'* 



Multiply each tenn of the multiplicand by each temi of the mid- 
tiplier, and add the partial products. 



EXAMPLES. 




3. 


4. 


m —n 


m +w 


m —n 


m —n 


m' — mn 


m* + mn 


— mn + n* 


— mn — V? 


m? — 2mn + n^ 


m* — n* 



2. 

m +n 
m 4-n 

m^ + mn 

mn H- ^fc* 

m^ -f- 2mn + n*, -4ns. 

5. 6. 

tt' + a6 + 6^^ 
a^ -ah -¥h^ 
a* + a«6 + a^h^ 
- a'b - a'b' - ab' 

aW + ab' + 6* 

a* +d'b' +6* y? +x* +1 

Multiply— 

7. x + yhy x — y, 11. 3a; — 2y by 2a; + Sy, 

8. x'-y^hyy^ + y'. 12. 4a; + 3i/ by 4a? - 32/. 

9. X + 2/ by a; -f 2/. 13. 5x + 22/ by 5x + 22/. 
10. x — yhyx — y. 14. 2x — 3a by 2x + 3a. 



a;*-ar' + l 






K* + a;" + 1 






if — of + x* 




+ 3/'-X* 


+ 3? 




X* 


3? 


+ 1 
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15. 5x + 2a by 5x + 2a. 21. a* + a + 1 by a - 1. 

16. a* - b* by a» - 6*. 22. a' - a + 1 by a + 1. 

17. ax + ay by oa; — ai/. 23. x^ + a;^i/^ + i/* by re* — y\ 

18. 3x + 2i/ by 4x - Sy. 24. a' + a* + a' by a - 1. 

19. a' + af^ by a'-a;*. 25. a*- a* + a* by aH- 1. 

20. a* + 2/'by a« + 2/'. 26. a^ + ab-\-b^hy a-b. 

27. a* + a* + a' by a' - 1. 

28. a* - a'6' + b* by a'^ + b\ 

29. a' + a + l bya'-a-fl. 

30. af^ — a:y + I/* by a;* + a:y + 2/*. 

31. 1 - 2a + 4a'' by 1 + 2a + 4a'. 

32. «* + ar' -f a; -f 1 by a; - 1. 

33. a;* - ar» -f x' -« + 1 by a; + 1. 

34. x^-x'y' + ^hyT^ + y'. 

35. a^ + ax + x^ by a^ — ax + oi?. 

36. a;' + X* + ar' + a;* + a; + 1 by a; - 1. 

37. a** - ^'^ by a" + 6". 42. a' — b' by a* + b^. 

38. a;" + 2/" by a:** — y**. 43. nT — n" by nT -f n*. 

39. af* - 2/" by x" — 2/". 44. a" + ' + 6"-' by a" + * — 6"'' 

40. a" + 6" by a" + 6". 45. a;*" — i/'" by x^ — y\ 

41. a;" - 2/"* by a:*" + y\ 46. 2/^* + a:*" by 2/^ + «*". 

47. a;*-a;Y + 2/*bya;* + 2/'. 

48. af^ + a:2/ + ^ by a;' + a:y — 2/*- 

49. a:'" — af*2/" + 2/'** by a:'^ + ^y^ + j/**. 

50. a" + " — &"•-" by a* + •* + 6"'-^ 

51. a" + '^ + ft"-''bya'* + '-6* + l 

52. af»-" — 2/"' + "by af»-"4-2r'*'". 

53. a"' + " + ^ + 6"' + "-^ by a*^*^^— b'*^'""^* 
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Expand the following : 

54. (m — a) (m-\- a), 

55. (m ~ a) (m -f- a) (m* -f a*). 

56. (m + a) (m' + a*) (m — a) (m* + a*). 

57. (n* — np + p*) (n* + rip -f- p"). 

58. (a; + 2/) (a^-y) (« + 2/) (a^'-2/)- 

59. (a» + a + l) (a^'-a + l) (a + 1) (a-n. 

60. (a* - ay + I/O (a' + y^). 

61. (x*-a; + l) (rc^ + « + l) (a;*-ar^ + l). 

EQUATIONS AND PROBLEMS. 

74 A Numerical Eqiiation is one in which the known 
quantities are expressed by numbers; as, 

3a; + 4 = 2a; + 12. 

75. A Literal Equation is one in which some or all of the 
known quantities are expressed by letters ; as, 

4a; - 2a; = a + 4. 
Or, 4x •¥ 2x = a + b. 

76. An Identical Equation is one in which the two mem* 
bers are the same, or will become the same when the opera- 
tions indicated are performed; as, 

X + z = x-^ z. 
Or, Z(x + 5) = 3a; + 15. 

77. The Root of an equation is the value of the unknown 
quantity. 

The root is said to be verified, and the equation to be satis- 
fi>ed, when the value of the root is substituted for the unknown 
quantity and the equation is reduced to identity. 

Thus, in the equation 2a; + 6 = 16, 5 is the root. If 5 be substituted for 
X, the equation will become 10 + 6 = 16, an identical equation. Here the 
k root is verified; and the equation is satisfied. 
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78. Solve the following equations, and verify the result : 

1. 5(x + 6) = 3(a; -f a). 

Solution. 

d(x + b) =-S(x + a). 
Expanding, 6a; + 56 = 3a; + 3a. 

Transposing) 2a; = 3a — 5b. 

Dividing by 2, x = ^^ ~ ^^ , Ans. 

2. 6(a;- 2) =30. 7. 4(x - 3) = 3(a; - 2) + 2. 

3. 4(3a; + 5) = 80. 8. 4(2a; - 5) = 2(3a; - 7) + 10. 

4. 3(2a; - 4 + a;) = 69. 9. 3(a; - a) = 4(a; + n). 

5. 4a; = 48 - 3(a; + 2). 10. 3(a; + 2) = a; + 5. 

6. hx - 2(2a; - 8) = 12. 11 . 4(x - 3) = 2(a; + 6). 

12. (a;-2)(a; + 2)=a;'-a; + 12. 

13. 4(a; + 12) + 3(2a; - 9) = 61. 

14. 3a; + 5(a; + 8) - 12 = a; 4- 56. 

15. (a; + 2)(a;-3)=a;'-4x + 12. 

16. 4(a; - 3) + 6 = 1 - 10(2a; - 4). 

17. (x + 4)(a;-5)-f 14 = (a; + 8)(x-7) + 30. 

18. (2a; + 8) (3a; - 14) - (6a; + 2) (a; - 4) + 40. 

19. (a;-2)(a; + 3)-(a; + 4)(a;-5) = a; + 17. 

20. (4a; - 2) (4a: - 2) - (8a; - 5) (2a; + 7) = - 209. 

PROBLEMS. 

Solve the following problems, and verify the result : 

21. The sum of two numbers is 105 ; what are the numbers 
if the first is nine times the second, increased by 5 ? 

22. A, B, and C own 350 acres of land : if B had 10 acres 
more, A would have two times, and C three times, as much as 
B would then have; how many acres has eack*? 

4 
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23. Eight men hire a coach to ride to Lancaster ; but be» 
fore starting two of them decline going, by which the expense 
of each is increased $2 ; what do they pay for the coach ? 

Solution. 

Let X = what each paid by the first condition. 

Then 8a; = the cost of the coach. 

Let a; + |2 = what each one paid by the second condition. 

Then Q(x + $2) = the cost of the coach. 
Then ' 8a; = 6(x + |2). 

Or 8a; = 6a: + ?12. 

And 2a; = $12. 

x = ^6. 
Whence 8a; = |48, the cost of the coach. 

24. Twelve men hire a boat for sailing; but before start- 
ing five of the company decline going, by which the ex- 
pense of each is increased $5; what do they pay for the 
boat? 

25. A company of twenty persons engage a dinner ; but be- 
fore paying the bill eight of the company withdraw, by which 
each person's bill is increased $4 ; what do they pay for the 
dinner? 

26. Thirty persons chartered a car for $600 to visit the 
World's Fair; but by adding a certain number of persons 
to the company, each person's expenses were diminished $5 ; 
how many persons were added ? 

27. A man gave some beggars 6 cents each, and had 12 
cents remaining: if he had given them 8 cents, he would 
have had no money remaining; how many beggars were 
there ? 

• 

28. If a square field were 5 feet longer, it would contain 425 
square feet more surface ; what is its length ? 

29. B gave some poor families $5 each, and had $24 re- 
maining : if he had given them $7 apiece, he would have had 
$16 remaining; how many families were there? 
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DIVISION. 

79. Division is the process of finding how many times one 
quantity is contained in another. 

The Dividend is the quantity to be divided. 
The Divisor is the quantity by which we divide. 
The Quotient is the result of the process. 

PRINCIPLE I. 

80. Taking a factor out of a quantity divides the quantity by 
that factor. 

If X is taken out of Zxy we have 3^, which is Sscy divided by x, since 
3^ multiplied by x equals Sxy. 

PRINCIPLE II. 

The exponent of a factor in the quotient eqaala its exponent in 
the dividend minus its exponent in the divisor. 

Thus, 

Hence 

Also, 

And, in general, a"* -5- a** ^^ a' 





= aa = a} (Pnn. 1). 

Qxxa 




a^ ^ a^ mm a*-' = a\ 




aW-^ a* = a*<>-* = a*. 



*» — n 



PRINCIPLE III. 

The quotient is positive when the dividend and divisor have like 
signs, and negative when they have unlike signs ; or, in general, the 
quotient of like signs gives plus, and of unlike signs, minus. 

Thus, + a6 -5- 6 = + a, since -fax + 6 = + aft. 

— a6 -5- 6 = — a, since — a x + 6 = — ab. 

■V ah -. — 6 = — a, since —ax — 6 = + ab. 

— ab -^ -6= +a, since + a x — 6 = — ab. 

PRINCIPLE IV. 

Any quantity whose exponent is zero is equal to 1. 

Thus, !^* = a* - ♦ = ao (Prin. 2). 
a* 

~ = 1. Hence a<> = 1 (Art. 54, A.x. ^V 
a* 
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From these examples we derive the following 

RULE. 

Multiply each temi of the multiplicand by the multiplier. To the 
product of th^ coefficients annex the literal factors, giving each letter 
an exponent equal to the sum of its exponents in both factors. Make 
the product positive when the factors have like signSy and negative 
whe)i they have unlike signs. 



iilt'i'nl V — 




EXAMPLES. 






. Ill vl M'^ V 

3. 


4. 


5. 


6. 


7. 


4 


4 


4 


-4 


X 


2 


2 


-2 


-2 


-2 


8. 


9. 


10. 


11. 


12. 


a? 


^ 


-a^» 


-y" 


m* 


X* 


T» 


a* 


-f 


m" 


13. 


14. 


15. 


16. 


17. 


Tf 


-a^ 


€^ 


— a;" 


y. + » 


-^ 


a** 
19. 


a^ 


21. 


-2r 


18. 


20. 


22. 


-a""^* 


tT-^ 


2/""' 




X-* 


a"*-' 


-af' + « 


r-' 


— a** 


— a;** 



Multiply — 

23. ^y" by - Sar'y*. 30. (a + 6)" by (a + hj. 

24. - 5a«6^ by - 4a6*. 31. -{x — y)* by (a; - yj. 

25. ac" by — cue*. 32. (m + n)^ by — (m + n/. 

26. — 4a?M" by — 3a"•m^ 33. (a — a;)" by — (a ~ «)"•. 

27. ^^f by - 5a;"2/- ^- 6a:'" " ' by - 2a;'^- ". 

28. -Sa'^-'^by -5a"' + '. 35. 7a'' " " by 5a' + ". 

29. 2(a; + yj by - 4(a: + yj. 36. - i(a; + yj by K^ + 2/)'. 
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Find the value of— 

37. -a?X—a?X-a\ 

38. -aX— a'X— a'X— a*. 

39. -a?X—o^X—3i?X-a?X-a?. 

40. -2^X-2/"X-2/"X-2rX-2/"X-2/^ 

41. - a" X - a'" X - a'- X -- a*" X - a^. 

42. a(r/i + n)' X a^m + ny* X a'(w + n)^ 

43. a" + 'X-a"-*Xa'*"-'X-a" + *Xa'". 

44. (a + a;)"' + »X(a + a;)'"-*X(a + a;)"'"'?, 

45. 3'X3' + *X3'-'X3'-*X3*-^ 

46. 4" X —4'* X 4^" X -4*- X 4^ X —4*'. 





EXAMPLES. 






Multiply — 


- 






47. 


48. 


49. 


50. 


3a:'-2y 


a-\-b — c 


2m' - n' 


^-y' 


2x 


— Sabc 


4mn 


3a- 



— 6a;* 4- 4xy, Ans. 

51. a' + 6' — c^ by 4ac'. 63. a;*' - 2xy + y' by 3an^. 

52. a^ + y^hy5xy. 64. af' + a; + 1 by - 4a;*. 

53. a" - ft** by 4a"6". 65. a* - 3 + a' by na^ 

54. 3a;' — 2f by Bar'^/'- ^- «"-«& + ^" by a'"^*". 

55. x^ + xy + y"" by 2a:y. 67. x^ — a;y + 6* by — a;y . 

56. 4aa;' - 3y by — 2ar*i/*. 68. f-Sf-yhy -4^. 

57. a' + 2a6 + 6' by aW, 69. ar* + ar^ - a; by aaf'. 

58. a;*** + 2/'" by - 5.x"?/". 70. a* — a'fe' + 6* by -^ ab, ' 

59. m* — mV + n' by mr?. 71. 3a;" — a^y^ — y*" by 2af i/"- 

60. af^ — 2/* + 2' by a; V- 72. ^a;' - ^ari/ + ^2/' by 6a;2/^ 

61. a;* - y' by 4a;*2/*- 73. 43;^ - 3aa; - 2a' by - 3aV. 

62. or - 6" by 3a'6'. 74, 5a^ - 4al)A^^\r \i^ — ^ob. 
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73. To multiply when the multiplier is a polynomial. 

1. Multiply 2a - 36 by a + 26. 

Process. a + 26 times 2a — 36 equals a times 2a 

2a - 36 - 36 plus 26 times 2a — 36. a times 2a — 36 

^, "^ *^^, is 2a2 - 3a6 (A rt. 72), and 26 times 2a - 36 is 

+ 4a6 — 66* ^^^ ~ ^6'. Adding the partial products, we 

2a^ ^ ab ~ 66«, Am. have 2a* + a6 - 66*. 

From this example we derive the following 

RULE. 

Multiply each tenn of the multiplicand by each term of the mul- 
tiplier, and add the partial products. 

EXAMPLES. 

2. 3. 4. 

m +n m — n m 4-n 

m 4-n m —n m —n 



m^ + mn m^ — mn m^ + m.n 

mn H- ?fc* — mn + n' — mn — n'^ 

m^ + 2mn + n*, -4n8. m* — 2mn + n^ m* — n* 

5. 6. 

a' + a6 +6^^ x'-s^ + l 

d'-ab +6' x* + a;' + l 



a' + a'6 + a"^6' x« - a;« + a;* 

-a^b-a'b^-ab' +^-x' + x 



,2 



aW + a6' + 6* 2;*-a;^ + l 



a* +a^6'' +6* t? -\-x* +1 

Multiply— 

7. a; + 2/ by a; — 2/. 11. 3a; — 2y by 2a; + 3y. 

8. x'-y^hya^ + y\ 12. 4a; + Zy by 4a; - Zy. 

9. X + 2/ by a; + 2/- 13. 5a; + 2y by 5a; + 2y. 
10. z — y by x — y, 14. 2a; — 3a by 2x + 3a. 
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15. 5x + 2a by 5x + 2a. 21. a^ + a + 1 by a — 1. 

16. a*-b'hy a^-b\ 22. a'-a + 1 by a + 1. 

17. ax + ai/ by ax — ay. 23. x* + a;^i/^ + 2/* by a:* — y*. 

18. Sx + 22/ by 4x - 3y, 24. a* + a* + a' by a - 1. 

19. a' + a^ hy a"" - x\ 25. a*-a* + a* by a + 1. 

20. a* + 2/«by a« + 2/'. 26. a' + a6 + 6'by a-6. 

27. a^'-i-a^^ a' by a' - 1. 

28. a'-a'b'^b*hya^-i-b\ 

29. a'^ + a + 1 by a' — a -f 1. 

30. af^ — a:y + J/'' by a:* + a:y + 2/*. 

31. 1 - 2a + 4a'' by 1 + 2a + 4a'. 

32. ar* + a:'' + a; + 1 by a; - 1. 

33. x^-a^-j-x'-x + lhyx + l, 
M.x^-a^y' + ^hyx' + y'. 

35. a^ + ax-{- x* by a^ — aa; + a:*. 

36. a;' + x* + af»H-a;* + a: + lbya; — 1. 

37. a" — b"" by a" + b\ 42. a' — 6» by a* 4- ^>«'. 

38. a;" + 2/" by a;" — 2/". 43. m*" — n** by m"* + n". 

39. af» — 2/"by X" — 2/". 44. a" + * + 6"-^ by a'*+' — 6"^' 

40. a" + 6"by a" + 6". 45. a;'" — y'" by a;'" — 2/**. 

41. af — 2/*" by a:*" + 2/"- '^^^ 2/*** + ^*" 1^7 2/*" + ****• 

47. X* — a;'2/* + 2/* by a;* + 2/*. 

48. af^ 4- a:2/ + 2/* by a:* + art/ — 2/*. 

49. a:^** — afy^ + 2/^ by a;'^ + a;"2r + 3/**- 

50. a"* + " — ^"•-"by a'^ + ^ + ft"'-". 

51. a" + ' + ft"■^'bya•* + *-6" + ^ 

52. af»-" — 2/"*'^"by af»-'*4-2r'*'^ 

53. a"* + « + i + 6"' + *-^ by a"'^*^^— b'*^'""^* 
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Expand the following : 

54. (m — a) (m-\- a), 

55. (m — a) (m -f- a) (m* -f a'). 

56. (m + a) (m' + a*) (m - a) (m* + a*). 

57. (n* — np + p') (n' + np + p*). 

58. (x + 2/) (a;-2/) (a: + 2/) (x-y). 

59. (a' + a + 1) (a' - a + 1) (a + 1) (a - 1). 

60. (a* — ay + 2/*) (a' + 2/'). 

61. (x*-a; + l) (x' + x-{-r) (x^-x' + l). 

EQUATIONS AND PROBLEMS. 

74 A Numerical Equation is one in which the known 
quantities are expressed by numbers; as, 

3a; + 4 = 2a; + 12. 

75. A Literal Equation is one in which some or all of the 
known quantities are expressed by letters ; as, 

4a; - 2a; = a + 4. 
Or, 4a; + 2a; = a + 6. 

76. An Identical Equation is one in which the two mem- 
bers are the same, or will become the same when the opera- 
tions indicated are performed; as, 

X -{■ z = x + z. 
Or, S{x + 5) = 3a; + 15. 

77. The Root of an equation is the value of the unknown 
quantity. 

The root is said to be verified, and the equation to be satta- 
fi^d, when the value of tlie root is substituted for the unknown 
quantity and the equation is reduced to identity. 

Thus, in the equation 2a; + 6 = 16, 5 is the root. If 5 be substituted for 
Xf the equation will become 10 + 6 = 16, an identical equation. Here the 
root is verified; and the equation is satisfied. 
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78. Solve the following equations, and verify the result: 

1. 5(x + 6) = 3(x 4- o). 

SoLxmoN. 

b(x -^b) ^'S(x + a). 
Expanding, 6a; + 56 = 3a; + 3a. 

Transposing, 2a; = 3a — 6b, 

Dividing by 2, a; = ?«^^ , Ana. 

2. 5(a?-2)=30. 7. 4(a; - 3) - 3(x - 2) + 2. 

3. 4(3a; + 6) = 80. 8. 4(2a; - 5) = 2(3a; - 7) + 10. 

4. 3(2a; -4 + x) =^ 69. 9. 3(a; - a) = 4(x -r n). 
5o 4a; = 48 - 3(a; + 2). 10. 3(a; + 2) = a; + 6. 

6. 5x - 2(2a; - 8) = 12. 11. 4(a; - 3) = 2(a; + 6). 

12. (x-2)(a; + 2)=a;»-a;+12. 

13. 4(a; 4- 12) + 3(2a; - 9) = 61. 

14. 3a; + 5(a; + 8)-12 = a;4-56. 

15. (x + 2) (a; - 3) = a:* - 4a; + 12. 

16. 4(a; - 3) + 5 - 1 - 10(2x - 4). 

17. (x + 4)(a;-5)-f 14 = (a;4-8)(x-7) + 30. 

18. (2a; + 8) (3a: - 14) - (6a; + 2) (a: - 4) + 40. 

19. (x-2)(a; + 3)-(a; + 4)(a;-5) = a; + 17. 

20. (4a; - 2) (4a: - 2) - (8a; - 5) (2a: + 7) = - 209. 

PROBLEMS. 

Solve the following problems, and verify the result : 

21. The sum of two numbers is 105 ; what are the numbers 
if the first is nine times the second, increased by 5 ? 

22. A, B, and C own 350 acres of land : if B had 10 acres 
more, A would have two times, and C three times, as much as 
B would then have ; how many acres has eacVv'l 

4 
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2^ Eight meo hire a coach to ride to Lancaster ; but be- 
ton* :?tarting two of them decline going, by which the expense 
of each is increased $2 : what do they pay for the coach ? 

SoLunox. 

Let X = what each paid br the fiist conditioD. 

Then ^ur = the cv«t of the coach. 

Lei X - f:^ = what eaidi ooe paid br the second conditicHL 

Then 6 X ' $:i = the cot^ of th« coadi. 

Then 5ur-^x-$2.. 

And ir $1± 

x = |e. 
WheiH?e Sx = f4i\ the c«et of the coach. 

24. Twelve men hire a boat tor sailing; but before start- 
ing five of the comj>ai\y decline going, by which the ex- 
jnnise of each is increased $5; what do they pay for the 
boat? 

2(k a comjvany of twenty persons engage a dinner ; but be- 
fort^^ jxiying the hill eight of the company withdraw, by which 
each jH^rsonV bill is increaseil $4 : what do they pay for the 

dinner? 

:!t». Thirty ^vrsons chartered a car for $600 to visit the 
Worlds Fair: but by adding a certain number of persons 
to the ci^n\|^un\ each jH^r^on s exjvnses were diminished $5 ; 
how many jvrsons were added? 

27. A man pwe some bt^ggar? t> cents each, and had 12 
cents remaining: if he had given them S cents, he would 
have had no money r^nuaining: how many beggars were 
there ? 

2&. If a square field were 5 feet longer, it would contain 425 
square feet more sur&ce : what is its length ? 

2&. B gave ?*:»me poor families $5 each, and had $24 re- 
maining : if he had given them $7 apitw, he would have had 
$16 rem^dning; how many fiunilit^ were there? 
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DIVISION. 

79. Division is the process of finding how many times one 
quantity is contained in another. 

The Dividend is the quantity to be divided. 
The Divisor is the quantity by which we divide. 
The Quotient is the result of the process. 

PRINCIPLE I. 

80. Taking a factor out of a quantity divides the quantity by 
that factor. 

If X is taken out of Sxy we have 3^, which is dxy divided by x, since 
Sy multiplied by x equals Sxy. 

PRINCIPLE II. 

The exponent of a factor in the quotient equals its exponent in 
the dividend minus its exponent in the divisor. 

Thus, — = = aa = or (rnn. 1}. 

a" aaa 

Hence c^ -i- a^ ^ a*-' = a*. 

Also, dy^ ^ a* = a^o-* = a*. 

And, in general, a** -f- a** =» a* 



»m — f» 



PRINCIPLE III. 

The quotient is positive when the dividend and divisor have like 
signs, and negative when they have unlike signs ; or, in general, the 
quotient of like signs gives plus, and of unlike signs, minus. 

Thus, + a6 -^ 6 = + a, since -fax + 6 = + ah, 

— ab -^ b === — a, since —ax + 6 = — ab, 

+ a6 -J- — 6 = — a, since —ax — 6 = + ab, 

— ab -i- - b = + a, since + a x — 6 = — ab, 

PRINCIPLE IV. 

Any quantity whose exponent is zero is equal to 1. 

Thus, ^* = a* - * = ao (Prin. 2). 
a* 

^ = 1. Hence a^ = 1 (Art. 54, Ax. ^V 



a' 



I 
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PRINCIPLE V. 

Any qicantity, with either a negative or a positive exponent, is 
eqiial to the reciprocal of itself with the sign of its exponent changed. 

Thus, ^* = a*-« = a-2 (Prin. 2) ; and ^* = \i dividing by a*. 

a a CL 

Hence «-* = — (Art. 54, Ax. 9). 

a' 

Also, ^* ^ a«-* = a" (Prin. 2) ; and ^ - -J- , dividing by a«. 
a* a^ a-^ 

Hence a' = (Art. 54, Ax. 9). 

PRINCIPLE VI. 

Dividing each term of a quantity divides the quantity. 
Since (a + 6) c = ac + 6c, it follows that {ac + be) -s- c = a + 6. 

81. To divide when the divisor is a monomial. 

1. Divide 6a' by 2a'. 

Process. To divide 6a^ by 2a', we must take out the factors 2 

2a»;6as and «» (Prin. 1). 

Sa\ Ans, 6 divided by 2 equals 3, and a^ divided by a' equals 
a^ (Prin. 2). 
Hence 6a^ divided by 2a' equals 3a'. 

2. Divide 9a'b' - Qa'b' by Sa'b\ 

Process. Since dividing each term of a quantity 

3a'^6 V9a°6' - 6a*b^ divides the quantity (Prin. 6), we divide 

3a» - 2a''6', Am. each term of 9a^b^- 6a*6* by 3a«6', and 

obtain 3a» - 2a''6'. 

From these examples we derive the following 

RULE. 

Divide each term of the dividend by the divisor. To the quotient 
of the coefficients annex the literal quantities^ giving each letter an 
exponent equal to its exponent in the dividend minus its exponent in 
the dii^isor. Make the quotient + when the dividend and divisor 
have like signs, and — when they have unlike signs. 
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EXAMPLES. 

3. 4. 5. 6. 7. 

V± 2;- 4 -VA. -2 ;- 4 a)a* 

8. 9. 10. 11. 12. 

a:'^ -a:*^ t ^J-x' -a'}^ - n V-n^° 

13. 14, 15. 16. 17. 

18. 19. 20. 21. 22. 

Divide — 



— n 



23. 8aV by 4aa:*. 40. (a + 6)« by (a + 6)~. 

24. 12nV by - Mx. 41. (a; + y)"* "" " by (a: + yY 
25.' - 9a;y by - ^T^y". 42. (a - 6)' " » by (a - 6)' + \ 

26. - 10i/*a« by by'a\ 43. 8a'6» - 12a6' by Aah 

27. 15aWc* by ZaVc. 44. 16aW - 2aaW by - 5al 

28. - 8a«6" by - 4a*6l 45. 42xy - l^^y" by &xY. 

29. 26mV° by 5mn*. 46. 8m*n — Bmn* by — 2mn. 

30. 18a:'2/'^ ^^y " 6^^. 47. 7af^ - 5aJ* - 4ar' by - a;^. 

31. - 15nV2/* by SnV 48. 34a;y - 51a:y by 17a;y. 

32. 12xy2' by - &xz\ 49. 100a;'' - 50a; by 25a;. 

33. — a** by a"*. 50. x^ + 2xy + y7? by — a;. 

34. a"* + " by a'^. 51. m^n + mn* + n' by — n. 

35. X"*-** by af*-**. 52. 12a;W — &x'n by Sar^nl 

36. a;^-* by — a;*-"*. 53. 16aW + lOaW by ^aW. 

37. 12af + " by - 2a;~ - ".^ 54. ^ay — 6a%* by — Jay. 

38. a'*"6*" by — tt*6*'^"'. 55. 6m V — 8m"n" by ^mSi*. 

39. (a + 6)' by {a + ft)'. 56. BOii^to? - ^x'x^ V3 -^ov'* 



* i 
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57. 18a^6V'» - 24a*6V - SOa'bY by 6aVc. 

58. ary + 2x1/^ 4- 3xy* — 4r'i/' by — xy. 

59. a:« + ar^ + X* + x* 4- a:* + a; + 1 by a:*. 

60. 6a*" ~ 12a'- + 18a*" - 24a- + 30 by Sa**. 

61. 2/" "^ * — y" "^ ' + 3/* "^ * + 2/* "^ * + 2/ by y. 

62. a?" + » + a:" ■" ' + X- + » + x» + * by a;*. 

63. 6(a + 6) - 18(a + by + 12(a + 6)* by - 3(a +6)'. 

64. 3a(x + yy + 6a(x + 2/)'" - a(x + y)*" by a(x + y)\ 

82. To divide when the divisor is a polynomial. 

1. Divide a» + 3a'6 + 3a6' 4- 6' by a + 6. 

Process. 

i g + 6, Diviso r. 
a» + 3a^6 + Sab^ + 6» I a' + 2a6 -t- 6«, Quotient 
a^+ a}b I 

2a*6 + 3a6« 

2a*6 + 2a6» 



ab^ + 6» 
a62 + 6» 

For convenience of multiplying, write the divisor at the right of the 
dividend, and arrange botli dividend and divisor according to the descend- 
ing (or ascending) powei's of a. 

Since the first term of the dividend, a", is equal to the product of the 
first term of the divisor, r/, by the first term of the quotient, we can find 
the first term of the quotient by dividing a' hjr a. a is contained in a', 
a' times ; a^ times a + 6 equals a^ + d^b. Subtracting, and bringing down 
the next term, we have 2a*6 + 3a6^. 

Since the first term of this new dividend, 2a*6, is equal to the product 
of the first term of the divisor, a, by the second term of the quotient, we 
can find the second term of the quotient by dividing 2a'6 by a. a is con- 
tained in 2a'6, 2a6 times ; 2a6 times a + 6 equals 2a*6 + 2a6*. Subtract- 
ing, and bringing down the next term, we have db^ + 6'. 

Since the first term of this new dividend, a6', is equal to the product of 
the first term of the divisor, a, by the third term of the quotient, we can 
find the third term of the quotient by dividing ab^ by a. a is contained 
in a6*, 6* times ; 6' times a -\- b equals ab'^ + 6'. Subtracting, there is nc 
remainder. Hence the quotient is a^ -h 2a5 + 6^ 
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From this example we derive the following 

RULE. 

Arrange both dividend and divisor according to the ascending 
or descending powers of a common letter. 

Divide the first term of the dividend by the first term of the 
divisor for the first term of the quotient 

Multiply the divisor by the first term of the quotient^ and subtract 
the product from the dividend. 

Treat the remainder as a new dividend, and proceed as before. 

Continue the process until the remmnder does not contain the 
leading letter. 

If there^ is a remainder after the last division, write it over the 
denominator and annex it with its proper sign to the quotient. 



EXAMPLES. 



2. a'-b' 
a'-a'b 



a —b 



a*-i-ab + 6* 



a'b - 6» 
a'b - ah* 



3. «* — a* 

x* — oi?a 



ab'-b' 
ab'-b^ 

X —a 



a^ + a^g + xd^ + a' 



Q?a — a^ 
7?a — a^a' 



a^o? — at 
a^a*-xa^ 



xcf — a* 



a,** + ayy -f- y* 



4. a^ + 7?y^ + y* .^ 

— a?y + y* 

— a?y— a^y^ — xy^ 

x'y' -{-xy^ + y* 
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5. ar-b' 



a: 



-ar-^b 



a — b 



a"- ' + a** - '6 + a** -»6'+ etc. 



a"-'6-6*» 



a 



n-l] 



a 



n -2M 



ar-V-b'' 



a 



n-8W 



y — 6*, etc. 



Divide — 



6. x^ + 2xy + 'if by x + y. 

7. a' - 3fx'6 -f 3a6'' - 6' by a - 6. 
S. a^-6ax -h 97? hy a — Sx. 

9. 16x* - Sx'a'' + a* by 4a;' - a\ 

10. a' + a'6 + ab^ + 6' by a + 6. 

11. 7?-^x*y + xy^ + 'i/^hyx + y. 

12. a' + 6' by a + 6, and a* + 6*^ by a + 6. 

13. m' — n' by m^ + mn + r?, 

14. a' + 4a*2/ + 4a2/* + 2/* by a + y. 

15. a' - 6' by a^^ab^ b\ 

16. a* + 6* by a* - a'6' + 6*. 

17. 81a* - 166* by 3a - 26. 

18. a;^ + 1 by X + 1. 

19. 16a* + 4aV + x' by 4a* + 2aa: + «*. 

20. 12«' + Vls^y + 26x2/* + Iby' by 4x + 3?/. 

21. 16m* - 19m'n + bw? + M - 3n by 6m' - 3n. 

22. 24a;' + 2%3yy + 80:2 + 82/' + Ayz by 8a; + Ay. 

23. a« - 3a*6' + 3a'6* - 6« by a? - 3a'6 + 3a6' - b\ 

24. a* - 9a'6' + 24a6'* - 166* by a^ + 3a6 - 46'. 

25. a* + 46*bya' + 2a6-f.26'. 

26. m^ + iv" by 7/1 f n. 
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27. x^ — y"^ hy X — y. 

28. m'° + n'* by m' + n'. 

29. a'" + 2a"6'' + 6*» by oT + b\ 

30. a» + 6' + c* - 3a6c by a + 6 + c. 

31. of + 2/* by X + 3/ to five terms. 

32. a*" + a'"2/** + 2/*" by a^ - a"?/** + 2/"^. 

33. a;* — Ibyx — Ito five terms. 

34. a^ — 'i^hyar — y\ 

35. a}' + 6" by a* + b\ 

36. 27a' + 6' by Oa'' - Safe + b\ 

37. ai^ + a;* — x' + ic*+lby«' + aj + l. 

38. a;« + 10a;-33by 3 + a:' — 2a;. 

39. 2^ + x'y' + y*hyx' — xy + y\ 

40. m* + m* — 2m — 27n^ by m* + m. 

41. 13a; + 15ar^-17a;'-3by6x*-'4r + 3. 

42. «* + af* + 7«* + 6ar* by a; — a?. 

43. a;* - 2/« by ar^ + 2a:'2/ + 2a??/' + 2/^. 

44. a^ + i^ by x* — a^y + o^y^ — ajt/* + i/*. 

45. l-9/-8/by 1 + 22/ + ?/'. 

SPECIAL METHOD OP DIVIDING A BINOMIAL BY A 

BINOMIAL. 

83. The Division of a Binomial by a binomial is greatly 
abbreviated by the following method: 

1. Divide a» + 6» and a* + 6^ by a + 6. 

By actual division^ 

a' + 6' 



a + 6 



a« - a6 + 6'. 



And ^^^i-^ - a* - a»6 + d?b^ - a6» + 6\ 

a + 6 



\ 
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Expand the following : 

54. (m — a) (m-\- a). 

55. (m — a) (m -[- a) (m* 4- a*). 

56. (m + a) (m* + a*) (m — a) (m* + a*). 

57. (n' — np -f j9*) (n* + np + 1}^). 

^- (a^ + 2/) (aJ — 2/) (« + 2/) (a^-2/)- 

59. (a' + a + 1) (a'-a-\- 1) (a + 1) (a - 1;). 

60. (a* - ay + 2/0 (a* + 2/'). 

61. (x* - a: + 1) (ar» + a; + 1) (a;*-a;' + 1). 

EQUATIONS AND PROBLEMS. 

74 A Numerical Equation is one in which the known 
quantities are expressed by numbers; as, 

3a; + 4 = 2a; + 12. 

75. A Literal Equation is one in which some or all of the 
known quantities are expressed by letters ; as, 

4a; - 2a; = a + 4. 
Or, 4a; + 2a; = a + 6. 

76. An Identical Equation is one in which the two mem* 
bers are the same, or will become the same when the opera- 
tions indicated are performed; as, 

X -{■ Z = X '\- z. 
Or, S{z + 6) = 3a; + 15. 

77. The Root of an equation is the value of the unknown 
quantity. 

The root is said to be verified, and the equation to be satis- 
fisd, when the value of the root is substituted for the unknown 
quantity and the equation is reduced to identity. 

Thus, in the equation 2a; + 6 = 16, 5 is the root. If 5 be substituted for 
Xj the equation will become 10 + 6 = 16, an identical equation. Here the 
root is verified; and the equation is satisfied. 
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78. Solve the following equations, and verify the result: 

1. 6(x + 6) = 3(x -h o). 

SoLxmoN. 

b{x + 6) =-S{x + a). 
Expanding, 5a; + 56 = 3a; + 3a. 

Transposing, 2a; = 3a — 56. 

Dividing by 2, a; = ^^ ~ ^^ , Jiw. 

2. 5(a? - 2) = 30. 7. 4(a; - 3) = 3(a; - 2) + 2. 

3. 4(3a; + 6) = 80. 8. 4(2a; - 5) = 2(3a; - 7) + 10. 

4. 3(2a; - 4 + a;) - 69. 9. 3(a; - a) = 4(a; + n). 

5. 4a; = 48 - 3(x + 2). 10. 3(a; + 2) = a; + 6. 

6. h% - 2(2a; - 8) = 12. 11. 4(x - 3) = 2(a; + 6). 

12. (a;-2)(a; + 2)=a;'-a;-hl2. 

13. 4(a; 4- 12) + 3(2a; - 9) = 61. 

14. 3a; + 5(a; + 8) - 12 = a; + 66. 

15. (x -f 2) (a; - 3) = a:* - 4a; + 12. 

16. 4(a; - 3) + 5 = 1 - 10(2x - 4). 

17. (x-f4)(a;-5) + 14 = (a;4-8)(a;-7) + 30. 

18. (2a; + 8) (3a; - 14) - (6a; + 2) (a; - 4) + 40. 

19. (x-2)(a; + 3)-(a; + 4)(a;-5) = a; + 17. 

20. (4a; - 2) (4a: - 2) - (8a; - 5) (2a; + 7) = - 209. 

PROBLEMS. 

Solve the following problems, and verify the result : 

21. The sum of two numbers is 105 ; what are the numbers 
if the first is nine times the second, increased by 5 ? 

22. A, B, and C own 350 acres of land : if B had 10 acres 
more, A would have two times, and C three times, as much as 
B would then have ; how many acres has ea.cVv*l 

4 
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23. Eight men hire a coach to ride to Lancaster ; but be* 
fore starting two of them decline going, by which the expense 
of each is increased $2 ; what do they pay for the coach ? 

Solution. 

Let X = what each paid by the first condition. 

Then 8a; = the cost of the coach. 

Let X -\- $2 = what each one paid by the second condition. 

Then 6(a: + $2) = the co8t of the coach. 
Then 8a; = 6(a; + $2). 

Or 8a; = 6a; + ?12. 

And 2a; = $12. 

a; = $6. 
Whence 8a; = $48, the cost of the coach. 

24. Twelve men hire a boat for sailing; but before start- 
ing five of the company decline going, by which the ex- 
pense of each is increased $5; what do they pay for the 
boat? 

25. A company of twenty persons engage a dinner ; but be- 
fore paying the bill eight of the company withdraw, by which 
each person's bill is increased $4 ; what do they pay for the 
dinner? 

26. Thirty persons chartered a car for $600 to visit the 
World's Fair; but by adding a certain number of persons 
to the company, each person's expenses were diminished $5 ; 
how many persons were added ? 

27. A man gave some beggars 6 cents each, and had 12 
cents remaining: if he had given them 8 cents, he would 
have had no money remaining; how many beggars were 
there ? 

28. If a square field were 5 feet longer, it would contain 425 
square feet more surface ; what is its length ? 

29. B gave some poor families $5 each, and had $24 re- 
maining : if he had given them $7 apiece, he would have had 
$16 remaining; how many families were there? 
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DIVISION. 

79. Division is the process of finding how many times one 
quantity is contained in another. 

The Dividend is the quantity to be divided. 
The Divisor is the quantity by which we divide. 
The Quotient is the result of the process. 

PRINCIPLE I. 

80. Taking a factor out of a quantity divides the quantity by 
that factor. 

If a; is taken out of Sxy we have 3^, which is ^xy divided by Xy since 
Sy multiplied by x equals Zxy. 

PRINCIPLE II. 

The exponent of a factor in the quotient equals its exponent in 
the dividend minus its exponent in the divisor. 



Thus, 


a' 


= aa = or (irnn. l ). 

aaa 


Hence 




a^ -^ a^ ^ a*-' = a*. 


Also, 




aio-j-a* = ai<>-* = a«. 


And, in 


general, 


a** -^ a** =' a**-*. 



PRINCIPLE III. 

The quotient is positive when the dividend and divisor have like 
signs, and negative when they have unlike signs ; or, in general, the 
quotient of like signs gives plus, and of unlike signs, minus. 

Thus, + a6 -J- 6 = + a, since -fax + 6 = + ab, 

— a6 ^ 6 =» — a, since —ax + 6 = — a6. 

+ a6-5 — 6=— a, since —ax — 6 = + a6. 

— a6 -^ - 6 = + a, since + a x — 6 = — ab, 

PRINCIPLE IV. 

Any quantity whose exponent is zero is equal to 1. 

Thus, ^* = a* - * = ao (Prin. 2). 
a* 

~ = 1. Hence a^ = 1 (Art. 54, Ax, 9). 
a* 
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PRINCIPLE V. 

Any quantity ^ with either a negative or a positive exponent, is 
equal to the reciprocal of itself toith the sign of its exponent changed. 

Thus, ^ = a*-« = a-2 (Prin. 2) ; and ^* = \y dividing by a*, 
a' a' a^ 

Hence «-'* = — (Art. 54, Ax. 9). 

Also, ^ = a«-* = a^ (Prin. 2) ; and ^' - -^ . dividing by a«. 
a* a* a"^ 

Hence a' = (Art. 54, Ax. 9). 

a~'^ 

PRINCIPLE VI. 

Dividing each term of a quantity divides the quantity. 
Since (a + b)c = ac + be, it follows that (ac + be) -i- c = a 4- 6. 

81. To divide when the divisor is a monomial. 

1. Divide 6a' by 2a\ 

Process. To divide 6a* by 2a^ we must take out the factors 2 

2a»;6a* and a' (Prin. 1). 

3a*, Ans. 6 divided by 2 equals 3, and a* divided by a' equals 
a* (Prin. 2). 
Hence 6a* divided by 2a' equals 3a'. 

2. Divide 9a'b' - &a*b' by Sa'b\ 

Process. Since dividing each term of a quantity 

3a'6 V9a*6' - 6a^6* divides the quantity (Prin. 6), we divide 

3a' - 2a^b^y Am. each term of 9a^b^ - 6a*6* by 3a«6^ and 

obtain 3a' - 2a''6'. 

From these examples we derive the following 

RULE. 

Divide each term of the dividend by the divisor. To the quotient 
of the coefficients annex the literal quantities, giving each letter an 
exponent equal to its exponent in the dividend minus its exponent in 
the dimsor. Make the quotient + when the dividend and divisor 
have like signs, and — when they have unlike signs. 



DIVISION. 53 

EXAMPLES. 

3. 4. 5. 6. 7. 

V± 2;- 4 -2J4_ -2 ;- 4 aja' 

8. 9. 10. 11. 12. 

a:'^ -a:*^ t^ J-x' -a«J^ - n V-n^° 

13. 14. 15. 16. 17. 

ar )—d^ —x^)-^^ — a'^Ja^ '^)lL^l -^V_^ 

18. 19. 20. 21. 22. 

Divide — 



23. 8aV by 400^. 40. (a + hy by (a + 6)**. 

24. 12nV by - Mx. 41 . (x + y)"* + " by (« + y)" " ". 
25.' - ftry by - ^7^1/. 42. (a - 6)' " •^ by (a - 6)' + ^ 

26. - lOi/V by by^a\ 43. 8a'6» - 12a6'' by .4a6. 

27. 15a'6»c* by SafeV. 44. 15aV - 20aW by - 5a^ 

28. - 8a«6" by - 4a*6^ 45. 42x»2/' - l^^y" by Gxy. 

29. 25mV° by 5mn*. 46. 8m*n — Bmn* by — 27nn. 

30. 18x*2/'* by - Bay. 47. 7ar* - 5aJ* - 4ar' by - a;^. 

31. - 15nV2/* by 6n*;c. 48. 34a;«y - b\xSf by 17a;y. 

32. 12a;yz' by - &xz\ 49. 100a;* - 50a; by 25a;. 

33. — dr by a"*. 50. x^ -{- 2xy -\- y^ hy — x, 

34. a* "^ ** by a^. 51. m'^n + min? + n' by — n. 

35. a;" - '^ by of - *. 52. 12a;'n* — &x'n by 3a;'7il 

36. a;^-* by — a;"-*. 53. IGaW + lOaW by ^W. 

37. 12af ■" *• by — 23;"—".^ 54. ^ay — 6a%* by - Jay. 

38. a'*"6*" by - tt*6'"'. 55. (wji'V - 8m"7i" by im^l^ 

39. (a + 6)* by (a + ft)'. 56. 50ii\ia? - ^x'-x* \i^ - V^^'^e . 



.2n 
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57. lSa'b*c^ - 24a*b'c - SOa'bY by ea'b'c. 

58. a^y + 2xif + Sxy^ — 4u^y^ by — xy, 

59. x'^-^a^ + x*-\-y^-\-x'-\-x + lhya^, 

60. 6a*" ~ 12a'" + 18a*^ - 24a" + 30 by 6a' 

61. ?/» + * — 2/" + ' + 2/'*"^' + 2/""^^ + 2/by 2/- 

62. a:" + ^ + af» + ' + x" + ' + a;" + *by ar*. 

63. 6(a + 6) - 18(a + by + 12(a + 6)* by - 3(a +6)1 

64. 3a(a; + y)" + 6a(a; + 2/)'" - a(x + y)'" by a(a; + y)". 

82. To divide when the divisor is a polynomial. 

1. Divide a' + 3a*6 + 3a6* + 6' by a + 6. 

Process. 

a + bj Diviso r. 



a» + Sa^b + 3a62 + b^ 
a»+ a^b 



a* + 2ab + b\ Quotient. 



2a^b + Zab^ 
%a^b + 2a6' 

ab^ + 6» 

a6« + 6» 

For convenience of multiplying, write the divisor at the right of the 
dividend, and arrange both dividend and divisor according to the descend- 
ing (or ascending) powers of a. 

Since the first term of the dividend, a*, is equal to the product of the 
first term of the divisor, «, by the firat term of the quotient, we can find 
the first term of the quotient by dividing d^\i^ a. a is contained in a^, 
a' times ; d^ times a + 6 equals o^ + d?^b. Subtracting, and bringing down 
the next term, we have 2a*6 + 3a6'. 

Since the first term of this new dividend, 2a'^6, is equal to the product 
of the first term of the divisor, a, by the second terra of the quotient, we 
can find the second term of the quotient by dividing 2a*6 by a. a is con- 
tained in 2a^6, 2a6 times ; 2a6 times a + 6 equals 2a*6 + 2a6^ Subtract- 
ing, and bringing down the next term, we have a6^ + 6'. 

Since the first term of this new dividend, a6*, is equal to the product of 
the first term of the divisor, a, by the third term of the quotient, we can 
find the third term of the quotient by dividing a6* by a. a is contained 
in a6'^, 6*'* times ; 6^ times a + 6 equals a6* + 6'. Subtracting, there is nc 
remainder. Hence the quotient is a* + 2a6 + 6*. 
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From this example we derive the following 

RULE. 

Arrange both dividend and divisor according to the ascending 
or descending powers of a common letter. 

Divide the first term of the dividend by the first term of the 
divisor for the first term of the quotient. 

Multiply the divisor by the first term of the quotient^ and subtract 
the product from the dividend. 

Treat the remainder as a new dividend^ and proceed as before. 

Continue the process until the remmnder does not contain the 
leading letter. 

If there'^ is a remainder after the last division, write it over the 
denominator and annex it with its proper sign to the quotient. 



EXAMPLES. 



2. a»-6» 
a'^-a^b 



a —b 



a' -h a6 -h 6» 



a'b - 6» 
a^b - aV 



3. «* — a* 

x^ — Q?a 



ab^-V 
ab' - V 

X —a 

a? -{■ 7?a -^ xa^ -^ cf 



7? a — a* 
7?a — o?of 



a; V — a* 



4. a;* + 0^2/' + 2/* - ■ --.v ■ m 

9 A. 



xa' — a* 
xc? — a* 



a.** + an/ + y* 



ar'2/ + 2/* 
— oi?y — x^y^ — xy^ 



ar'2/' + ay + 2/* 
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5. or 
or 



a 



n-1] 



a — b 



a 



n — 1 



+ a'»-'6 4-a*-W+etc. 



ct« - ifc _ fen 

ar-^b^-b'' 



a 



n — 2 



¥ - or - •& 



a 



n-ZlA 



V - 6^ etc. 



Divide — 



6. a^ + 2xy + y^hy x + y. 

7. a' - Sa'b + Sab' -b'hya-b. 

8. a* — 6aa: + 9ic* by a — 3a;. 

9. 16a;* - Ss^a? + a* by ^c* - a\ 

10. a» + a'6 + oft* + 6' by a + 5. 

11. ar^ + a;*!/ + a;y* + y* by a; + 2/» 

12. a' + 6' by a + 6, and a* + 6* by a + 6. 

13. m' — n' by m'^ + mn + n*. 

14. a? + 4a'2/ + 4a2/* + y* by a + y. 

15. a' - 6' by a* + aft + 6'. 

16. a« + 6« by a* - a'6' + 6*. 

17. 81a* - 166* by 3a - 26. 

18. a;' + 1 by a; + 1. 

19. 16a* + 4aV + a;* by 4a' + 2aa; + a:*. 

20. 12:r» + ITa:'^ + ^W + 15y'hy4x + 3y. 

21. 15m* - 19m'n + 5m' + 6n' - 3n by 5m' - 3n. 

22. 24a;' + 2Sxy -{■8xz + Sy' + 4yz by 8a; + iy^ 

23. a» - 3a*6' + 3a'6* - 6« by a!" - 3a'6 + 3a6' - 6». 

24. a* - 9a'6' + 24a6^ - 166* by a' + 3a6 - 46'. 

25. a* + 46* by a' + 2a6 + 26'. 

26. m* + 71* by m i ?i. 
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27. Q^ — y^ hy X — y, 

28. m'* + n'* by m' + n^ 

29. a»* + 2a"6» + 6^*^ by d^ + b\ 

30. a' + 6' + c* - Zabc by a + 6 + c. 

31. of* + 1/* by a; + 2/ to five terms. 

32. a*** + a'^y** +' 2/*" by a"" - ary"" + 2/**. 

33. af — Ibyo; — Ito five terms. 

34. ix^ — i^ hy af — y\ 

35. a" + 6" by a* + b\ 

36. 27a» + 6' by 9a' - 3a6 + 6^ 

37. Tf-i-x'-a^ + x' + lhya^ + x + l. 

38. a:* + 10a; - 33 by 3 + a;' — 2a?. 

39. a;* + ar*2/' + 2/* by af^ - a;2/ + y\ 

40. m* + m*^ — 2m — 2m' by m' -h m. 

41. 13a; + 15ar»-17a;'-3by5a;»-'4a; + 3. 

42. a:' + af' + 7a;* + 5a:' by a; — ar*. 

43. a:* — 2/^ by ar' + 2a;'2/ + 2a:3^ + 2/"- 

44. a;* + 2/* by a:* — a:*^ 4- ^y^ — X'tf + y^. 

45. l-92/'-82/*by 1 + 22/ + 2/'. 

SPECIAL METHOD OF DIVIDING A BINOMIAL BY A 

BINOMIAL. 

83. The Division of a Binomial by a binomial is greatly 
abbreviated by the following method: 

1. Divide a? + 6' and a*^ + 6* by a + b. 

Bj actual division, 



a^- ab + b\ 



And <^_±^ ._ ^4 _ ^85 _^ ^,52 _ a6» + 6*. 



a + 6 
a + 6 
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2. Divide a' — b^ and a* — 6* by a — b. 
By actual division^ 



a - b 

a*-b* 
a — b 



And ^*~^* = a» + a«6 + a6« + h\ 



By examining these results we perceive that — 

1. When the divisor is a + b^ the signs of the quotient are aUer- 
nately plus and minus, 

2. When the divisor is a — b^ the signs of the quotient are all 
positive, 

3. The first term of the quotient is found by dividing the first 
term of the dividend by the first terra of the divisor. 

4. Any succeeding term of the quotient may be found by dividing 
the term of the quotient last found by the first term of the divisor, 
and multiplying the result by the second term of the divisor. 

3. Divide a« 4- 6* by a^ + b\ 



a2 + 62 



= a* - a'6« + 6*. 



Since the divisor is a* + 6^, the signs of the quotient are alternately plus 
and minus. 
The first term of the quotient is a* -5- a* = a*. 
The second term is (a* ^ a*) 6* = a%\ 
The third term is (a«6« -h a'^jd^ - 6*. 

4. Divide Saf' - 272/" by 2x — 3y. 
6. Divide a^' + b'' by a' + b\ 
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EXAMPLES. 

Divide the following binomials : 



6. 


a^ V 


a — b 


7. 


a' V 


a + 6 


8. 


a»-h6' 


a + 6 


9. 


a? b' 


a — b 


10. 


a'-b' 


a + b 


11. 


a* 6* 


a — b 


12. 


a'-\-b' 


a-\-b 


13. 


a'-b' 






a — b 


14. 


a'-b' 


a + b 


15. 


a" b' 


a' b' 


16. 


a« + b* 
a' + 6' 


17. 


a' 6' 


a — b 


18. 


a' + 6' 


a + b 


19. 


a»-6» 


a + b 


Oft 


a^-b" 



a — b 



21. 



22. 



23. 



24. 



25. 



26. 



27. 



28. 



29. 



30. 



31. 



32. 



33. 



34. 



35. 



x — y 

^ + f 
x + y 

a^ + jf 

x — y 

a;4-2/ 

x'^ + y'^ 

^ + 2/^ 

a* + a;* 

a?' + 2/' 
^ + 2/^* 



^80 _ ^5 



wr —n 
l-rc« 



l-x 

64a;^ - 27y^ 
Ax — 83/ 

^ 729a=^ . 
ar' H- 9a ' ' 



36. 



37. 



38. 



39. 



40. 



41. 



42. 



43. 



44. 



45. 



46. 



47. 



48. 



49. 



50. 



g'-l 
a-l' 
m» - 125 

m — 5 
Six* - 16 

ac + 2 
a^-1 



a-l 
1-n' 
1-n' 
729a:' + y" 
9a;' + 2/' * 
243^-6^ 

3a-6 
27a^6^ + ^<? 
Zab + 2c ' 

256a:* - a* 

-^^^— ^— — ^— — ^— ^— . 

4a; — a 
625m* - 71* 

5m H- 71 
512a;^ - Sy' 

8a; - 2y 
32a;^ - 243y^ 

2x-Zy 
\—xf 
l-x' 



«**- a" 



x + a 



x'^-a'' 



X — a 
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REVIEW. 

84—1. Add 2a + 36-4c, 5a-76 + 5c, -3a-46-8(?, 10a 
4- 46 + 6c, 11a - 146 - c, and 11a - 5c + 26. 

2. Add a? + 2a6 + 6^ a^ - 2ab + b\ 3a' - 6a6 + 36', 4a* 
+ 4a6-46^ 5a'' + 6a6 + 46^ 8a'-4a6 + 6^ and 10a' -8a6 
- 66^ 

3. Subtract 8m' — 6mn - 5n' from 12m' + lOmn — 6n'. 

4. Subtract 19x' + 12an/ - 6^/' from 25a:' - Uy^ - 8xy. 

5. Multiply a' + 2a6 + 6' by a + 6. 
G. Multiply m' — n' by 7?i' + n'. 

7. Divide a* - 6« by a' + 6'. 

8. Divide a'' - 6' by a' - 6. 

9. Solve8a;-6 + 5a:-9 = 4a; + 30. 

10. Solve 11a; - 14 - 5a; = 18 - 7a;;+ 7. 

11. Divide x' — y^* hy x — y^, 

12. Divide 7?y — xy* by ofy — xy^, 

13. Multiply (a - 6) (a + 6) (a' + 6'). 

14. Add airi' — bn^ — 14mn, — cmi^ + c?n' + 12mn, 6m* + an' 
+ dmn, and {c-~ b — a)m^ — (d — b + a)n^ + mn. 

15. From a(a - a;) + 6 V¥^=l? + 4 take al/c?^^ — 3(a -x) 
-5. 

16. Multiply 7? — xy-^ifhy 7? -^ xy-^if, 

17. Divide Ax' - bxY + 2/* by 2a;' - 3a;2/ + 2/"- 

18. Find the value of a + 3(a - 6)' - a + {46 - 2(6 - a)'| . 

19. Expand (a — 6 + c) (a — 6 — c). 

20. Add a*-2a' + 3a', d^ + d?-{-a, 4a* + 5a^ 2a'-h3a-4, 
and — 3a' — 2a — 5. 

21. From 9>Vx — ZVf — 2Vx~Vy take bVx — aVy 

+ 5VxTy. 

22. Multiply (m - a + 6) by (m + a + 6). 

23. Divide 4a;* -\- y' - bxY by 2a;' + 2/' + Zxy. 
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24. Find the value of — \a-i-b — la — (a — b — c) + 6] — J 
+ c{. 

25. Expand (af^ — if") (pif^ + y^). 

26. Divide x' — y' hy x — y, 

2:7. Add 5xy-10 + SVx, lOxy + i-SVx, 8-12xy + 9Vx 
+ a, Vx—12 — Sxy — 2a, and 10 — 5 V^. 

28. From 2 Vx^-\- xy — V^take Vx'— bxy — a Vyl 

29. Find the value of 4a - [2a — (6a - 10a - 2a)]. 

30. Multipl}'' af" — ar?/ + 2/" by af* + xy + 2/"- 

31. Divide m* — 6m' — 7m* — 6m by m' -h m* + wi. 

32. Add ax + by + cz, mx — my —pz, — 2ax — by + ic-i- p)z^ 
and (n + d)x -- (m — a)y — 2cz. 

33. From a" — a*-^ H-a*"* — a'^-' + a**"* take a**"* — a"~' 
+ a'*-*-a. 

34. Multiply af + 1^ by af - 2/». 

35. Divide a** -f a*»2/'" + 2/** by a** + a V + 1/^. 

36. Find the value of a; - |3a; + 5a; - [&c - (&c - &c)]|. 

37. Expand (3a; + 5) (3a; - 5) (9a^ + 25). 

38. Divide a'* + b'* by a« + b\ 

39. Multiply (a - 3) (a - 3) by (a -f 3) (a + 3). 

40. Divide a' + 12a«a; + 54aV + 108aV + 81a;* by a' + Qx" 
+ ea'x. 

41. Find the value of 2a; - {3a + (2y -4a -6a;)} - {3a 
+ (5a;-8a-5y)}. 

42. Expand (7? + i^y and (a? - ny. 

43. Divide a*" + 6*» by a** + 6^. 

44. Multiply a;* + x* + 1 by a;* - a;* + 1. 

45. Divide x^ — y^ hy o^ — y\ 

46. Expand (a^ + f)(sx^- ^y^ + y% 

47. Divide a'° + 6'* by a» + 6». 



IV. COMPOSITION AND PAOTORINa 



COMPOSITION. 

85. Composition is the process of forming composite quan- 
tities. 

86. A Composite Quantity is the product of two or more 
quantities. 

PRINCIPLE I. 

The square of the sum of two quantities is equal to the square of 
the firsts 'plus twice the product of the first and second^ plu9 the 
square of the second. 

Thus, by multiplication, a + 6 

g-f 6 
a* + ab 
+ a6 + 6« 





a« + 2ab + 6» 






Also, 


(m + ny = m' + 2mn + n*. 




And 


(2a + 36)« = 4a» + 12a6 + 96*. 






EXAMPLES. 






^rite by inspection the values of the 


following : 


1. (a + xy. 


11. (3x + 4)^ 


21. 


(a"» + ^ + 6* + T' 


2. (a + ny. 


12. (5 + 2zy. 


22. 


(2f + 2/*/. 


3. (c + dy. 


13. (iSx-\-5yy. 


23. 


(3a^ + 4y^y. 


4. (r-i-sy. 


14. (a' + ar»y. 


24. 


(x^''' + 2a^'''}\ 


5. (a + 3)^ 


15. (2a;' + a0l 


25. 


Qnx^ + mj/*)*. 


6. (x + 2)^ 


16. (m + 4ny. 


26. 


(ay" + 62/*)'. 


7. (5 + yy. 


17. (a -h 1)'. 


27. 


(aa;** + by"*y. 


8. S(a' + by. 


18. (a^ + Si**/. 


28. 


(x^ f-y. 


9. (2x + Syy. 


19. (a;^'* + 2/*")'. 


29. 


(A' + B'y. 


10. (2c + 5d).' 


20. (2a;» + 3ar7. 


30. 


(m** + n'^y. 
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PRINCIPLE II. 

The sqvjare of the difference of two quantities is eqical to the 
square of the first, minus twice the 'product of the first and second, 
phis tlie square of the second. 

Thus, by multiplication^ a — h 

a — h 





a^ - ab 




-ab + b^ 




a* - 2ab + 6« 


Also, 


(m — ny ^ Tin? — 2mn + n'. 


And 


(2a - 36)' = 4a« - 12a6 + 96*. 



EXAMPLES. 

Write by inspection the values of the following : 



1. (a- 


-xy. 


11. 


(2x - Zyy. 


21. 


(X* - yj. 


2. (m- 


-a)\ 


12. 


(3a 66)'. 


22. 


(n» m»)'. 


3. (a;- 


-ly. 


13. 


(6a: - 8j/)'. 

• 


23. 


(2a;* - 3a;')'. 


4. (6- 


-2)». 


14. 


(.a-lOyy. 


24. 


(a» - 6»)*. 


5. (r- 


-«)*. 


15. 


Up - &qy. 


25. 


(a" - 6")'. 


6. (p- 


-9)'. 


16. 


(2a' - Bar")'. 


26. 


(a;*- - 2/-)'. 


7. («»■ 


-ff- 


17. 


(^ - fy. 


27. 


(a- + 1 j,« + !•)._ 


8. (a- 


-sy. 


18. 


(4*' - sfy. 


28. 


(a" - ' - 2/" - ')'. 


9, (x- 


-4)^ 


19. 


{ax' - bfy. 


29. 


/^.t» + n ^ni + n\1 


10. (a'- 


- b'y. 


20. 


(4 - 3?y. 


30. 


(a:" - * — 2/'» - ^)'. 



PRINCIPLE III. 

The product of the sum and difference of two quantities equals 
the difference of their squares. 

Thus, by multiplication, a + 6 

a— b 

a'+ ab 
-ab-b^ 



Also, 
And 



a' - 6' 

(m + n) (7W - n) = m^ — n\ 
(2a + 36) (2a - 36) = ^a? - 9b*. 
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EXAMPLES. 

Write by inspection the values of the following : 



1. { 


^a + x) (a — x). 


n. (a^-yOCa' + S/'). 


2. { 


[m -\-x) (m — x). 


12. (3m + 4n)(3m— 4n). 


S. { 


[x + y)(x-' y). 


13. (3a - 5c) (3a + 5c). 


4. { 


[c +d){c- d). 


14. (a» + 6**) (a* - 6*). 


6. 1 


[x + 3) (a; - 3). 


15. (32;* - 40 (^ + 40. 


6. { 


:3 - a:) (3 + a;). 


16. (c** + cf ") (c** - cP"). 


7. { 


:x-l)(x + l). 


17. (oaf + 6ar) (oai* - fee"). 


8. 1 


Ca + 26) (a - 26). 


18. (a"» + " + 6'" + *)(a* + * — 6* + *) 


9. { 


[a - 8a;) (a + 8a;). 


19. (or' - 6'"*) (or' + 6**). 


10. ( 


C3a; - 7) (3a; + 7). 


20. (af + 2/')(af-2/'). 

PRINCIPLE \V. 



The product of two binomials having a common term equals the 
square of the common term^ plus the algebraic sum of the other two 
terms into the common term, and the product of the unlike terms. 

Thus, by multiplication, x + a 

x + b 



x^ + ax 

+ bx + ab 

x^ -¥ {a -{• b)x + a6 

Also, (m + a;) (m + y) = m* + (a; + y)m + xy. 

And (m + a;) (m — y) = m* + (a; - y)m — xy. 

And (m — x){m - y) = m^ — (x -\- y)m + acy. 

And (m + 6) (m - 2) = m« + 4m - 12. 

EXAMPLES. 

Write by inspection the values of the following : 

1. (a; + 1) (a; + 2). 4. (a; - 2) (a; - 5). 

2. (a; + 4) (a; - 1). 5. (m + 5)(m-8). 
8. (a; - 4) (a; + 3). 6. (a;-7)(x + 5). 
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7. (a - 8) (a + 9). 14. (x -b)(x- e). 

8. (x - 5) (a; - 10). 15. (2x + 1) (2x + 3). 

9. (a + 5) (a - 16). 16. (x'^ - 4) (x' - 6). 

10. (71 - 10) (n + 1). 17. (7y - 4) (7y - 8). 

11. (3a: - 5) (3a; -h 2). 18. (4a - 2b) (4a - 3c). 

12. (a + 6) (a + e). 19. (a" - 6) (a** — e). 

13. (a; -a)(x-j- c). 20. (3a;** - m") (3a;'» + n"»). 

GBNBRAIi APPLICATION. 

87. These principles may be applied with great conven- 
ience in finding the product of three or more binomials or 
the product of certain polynomials. 

1. Expand (a - 6) (a + b) (a? + b'). 

By Prin. III., (a - 6) (a + 6) = a« - b\ 

Applying Prin. III. again, (a« - 6«) (a« + b^) = a* - 6*. 

Hence, (a - 6) (a + 6) (a« + 6*) = a* - 6*. 



2. Expand (a + 6 — c) (a -h 6 -h c). 

By Prin. III., this equals (a + 6)* - c«. 

By Prin. I., (a + 6)* - (^ = a^ -\- 2ab + 6« - c«. 

Hence, (a + 6 - c) (a + 6 + e) = a^ + 2ab + 6* - c*. 

Also, (a — 6 - c) (a + 6 + c) = (a - 6 + c) (a + 6 + c) 

= a'^ - (6 + c)2 = a^ - 6« - 2bo - c\ 



Expand- 



EXAMPLES. 

3. (l-a)(l+a)(H-a»). 

4. (aJ - 2/) (« + 2/) (a^ + 2/")- 
6. (a + 3)(a-3)(a' + 9). 

6. (m + n) (r)i — n) (m* — n'). 

7. (a H- 3) (a + 3) (a + 3). 

8. (a + 6) (a + 5) (a + 6). 
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J— I— : ^•— 1— :- 



*J "~ V « 



II. .'/ — •;. f. — f " ■Hi" — WA — »^ 

1:3- .- — r, — T -r — r?i — V* . 

I-:.. ->r — -:o — ^ -x:" — -xs — 1^. ■ 

!•>. '■■■. — 'i. ■ '. - '•■ VI,- — ft^ ^jfi* — »*>. 

17. I - : : - .: : - y 1 - .1*^ .^1 - df). 

lif. ; — 3 — ''4 - •* 5 — 5 — B4 — fl\ 

j;. .: — "u — : — % s — 'ft — 5 — 14 '. 

il. I* — 5* :' - : ' :^ - :^^ v** - 4*). 

±i. V — %*-:'-r* J* — '*• — &•- jr\ 

FACTOBING. 
88. Factoring is :hf i r:«.ir${? o: nrtsolving a composite qnan- 

Tl-r F:x -A o: a <.*-: :iLr-:i5::e qu^rtuity are the quantities 
■arL::! ^hrr. ni'iliiplir-i :.>pe:hrrr will produce it. 

%i A Prime Quantity is c::e th:;: cannot be produced by 

•:.e rr.::!:: ' /.: :-*i:: :r. o: rrhrr qiiai.t:::-^^ : a<, 17. '.?. •! — 6, orfl* — 6*. 

' I:, -eikir.z :■: rrlnir •::*j;:\r.:::its in Algebra we must ex- 

... :'- :.r'r.z l-j n:r:ins of /••^.T^. .'i^i' ^.7''^fwwfe aud imag- 

:':>:* .rth-rrwis^f many quantities r^arded as 

- T • ■ J 



f^jT. = *- — C *T - *l 6 — 6 . 



etc 



ri' - K' = 'i - l'\ - 1 '1 -h\ - 1 
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90. By Art. 8, one of the two equal factors of a quantity is 
its square root. 

Thus, 2a is the square root of 4a*. 

I. TO FACTOR MONOMIALS. 

91. The prime factors of monomials may be obtained by 
inspection, and therefore need no further consideration. 

Thus, the prime factors of 6a*6' = 2 x Saabbb, 

II. TO FACTOR BINOMIALS. 

92. When the binomial is the difference of two squares. 

1. Factor a' - b' and At?- 9y\ 

Referring to Art. 86, Prin. III., we see that such binomials are th« 
product of the sum and difference of two quantities. 

Hence a^ — 6' = (a + b) {a - 6). 

4a:a - 9^« = {2x + 3^/) (2x - 3^). 

Therefore, to obtain the factors use the following 

RULE. 

Extract the square root of each term of the binomial, and make 
their sum one factor and their difference the other factor. 

Note. — This is one of the most general and useful cases of factoring, and 
should always be used first when applicable. 

EXAMPLES. 

Factor — 

2. m^-n\ 9. 4a* -9^'. 16. a' -a?. 

3. c*-cP. 10. 16m'-25n^ 17. m'^'-n'^ 

4. a^-y". 11. 3.6a:*-49a^ 18. x'^-'i^. 

5. p" - q\ 12. 36P - 64l7l^ 19. a^" - 6'*". 

6. af^-1. 13. :^f-a^b\ 20. 9a*'" - 166^ 
7.'4-2/'. 14. m'-n\ 21. a'*-//. 

8. Q^ - Ay". 15. a' - b\ 22., x*^^ - ij^ . 
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23. ia;^ iif. 

24. 225x^2/' -9. 

25. 289a;''» - 12hf\ 



26. 81??i' - 10071*. 29. 144 — aV*. 

27. aW-c^cf. 30. a'^ - 6^\ 

28. iVa;* - 1. 31. a'*" - 6*«». 



The same principle may be applied to the following bino- 
mial forms: 

32. Factor a' - (6 + c)'. 

1st factor = [a 4- (6 + e)] = (a + 6 + c). 
2d factor = [a — (6 + c)] = (a — 6 — c). 

33. Factor (a + bf - (c + d/. 

Ist factor =• [(a + 6) + (e + d)] = (a + 6 + c + d). 
2d factor = [(a + 6) - (c + rf)] = (a + 6 - c - d). 

(x + 2/)' - (2 + vy. 

(m + 7?)* — (a; — y)'. 

(m — n)^ — (p — qy. 
(x + 2/)' — (x — yy. 
(a - 6)'*- (a + 6y. 
(2a - cy - (36 - a;)«. 
(2x - 4)^ - (« - 4)'. 
(bx^2yy-(b-Zyy. 

{X - \y - (2/ + \y. 

{ax + ^2/)^ — (ax — hyy. 

(m' + ny - (ce - by. 

Polynomials can sometimes be arranged in the form of the 
difference of two squares, and factored like the preceding 
examples. 

58. Factor x' + ^xy + f- z\ 

This may be arranged and factored as follows : 

x''-\-2xy + y^-z'^'' {x-\-^y - z^ ^ {x -\- y ^ z) {x -\- y - z). 



34. (a-\-by-e. 


46. ( 


35. {m + ny—f. 


47. 


36. {x^yy-z\ 


48. (( 


37. m^ — (x — yy. 


49. (' 


38. (a-by-c". 


60. (. 


39. a^-(c-{-xy. 


61. ( 


40. 4 -(a -6)1 


62. ( 


41. (x-yy-9. 


63. ( 


42. m* - (m' - 1)1 


54. ( 


43. x'-ix + yy. 


55. 


44. (Sx-dy-ix". 


56. ( 


45. m« - (m' + 1)1 


57. (' 
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59. Factor a* + y-c*-cf-2cd-2a6. 

This may be factored thus : 

a« + 6* - c« - d« - 2cd - 2ab 
= a^-2ab + b^-c^-2ed-cP 
= (a* -2ab + b^) - (c» + 2cd + (P) 

= {a- by - (c + dy 

= [(« - 6) + (c + d)] [(a - 6) - (c + d)] 

= (a - 6 + c + d) (a - 6 - c - d). 

60. a' + 2a6 + 6*-c'. 67. a* - 3/^ + 6' - 2a6. 

61. a^-2xy + f-z\ 68. 0^ - 2yz + y" - ^. 

62. x^-a^-2ah-b\ 69. m' - 2mn + n» - /. 

63. 2/' — m* + 2mn — n^ 70. m^ — n^ + 2pn — p\ 

64. 1— m* — n' — 2mn. 71. rn? — n^ — 2pn — p\ 

65. 2a6 - a* - 6* + 1. 72. m* + 7i' -p' + 2mn. 

66. a^-2xy-x'-f. 73. «* - 1 + 3/^ + 2an/. 

74. a' + 2a6 + 6'-af' + 2a:2/-2/'- 

75. m* — 2mn + n* — p* — 2pg — ^. 

76. a' - 2/' - 6' + x' - 2aa; + 263^. 

77. a' - 92/' - 6^:2/ + 46' — 4a6 - a;*. 

78. a" - 92/'^ + 9a;' -4z^ + V2yz + Gcuc. 

79. m' — 2a:2/ + n' — a;* + 2mn — 2/'. 

Sometimes a quantity may be both added to, and subtracted 
from, a polynomial, and the terms then arranged in the form 
of the difference of two squares and factored like the preced- 
ing examples. 

80: Factor x* + a;Y + 2/*. 

Since oc^ + x^^ + y* lacks x^y^ of being a perfect square, if x^^ be 
added to the expression and then subtracted from it, the value will wq»1 
be changed (Abt. 54^ Axiom 5). 
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Adding and subtracting x^y'^y the expression becomes 

= (a;' + 0:3/ + y'^) (x* - xy-\-y^), 
81. Factor a' ^ a^ ^ 1. 
Adding and subtracting a'^, 

a* + a* + 1 = a* + 2a* + 1 - a* 

= (a2+ 1)2 -a« 

= (a* + a + 1) (a« - a + 1). 

82. m* + mV + n*. 92. 9a* + Ua^b^ + 25ft*. 

83. 1 + 2/' + 2/*- 93. 25a* + aV + x*. 

84. ft* + hV + c*. 94. 25x* - l^xY + 492/*. 

85. a* + aV + x\ 95. 25a* - 41a'ft' + 16ft*. 

86. X* - 3xy f 2/*. 96. 4x* - 37x^2/* + 92/*. 

87. tt* - ^aV + n*. 97. 49m* - llmW + 25n*. 

88. a'-lq^Y^y'. 98. 36a;* - 16x^2/' + 492/*. 

89. m' - 21 mV + n*. 99. 81a* + 20a'ft* + 4ft*. 

90. /* - 38f^w; + m*. 100. 25a* - 49ay + %*. 

91. 4x* - 16xy + 92/*. 101. 4x* - 28x^a* + 9a*. 

102. a* + 4. 105. 4a* + 16x*. 108. x* + 1024. 

103. X* + 64. 106. x« + 324. 109. x" + 2500. 

104. a* + 4x*. 107. a*ft* + 4c*. 110. aV + 4ft*. 

93. A Theorem is 11 truth to be demonstrated. A Demon- 
straiion is a course of reasoning employed in proving a 
theorem. 

94. When the binomial is the sum or difference of 
any powers of two quantities. 

This case relates to binomials of the form of a? — ft', a' + ft'j 
a* - ft*, a' -\ b\ a' \ ft«, a' f b'\ etc. 
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THEOREM I. 



The difference of any 'powers of two quantities is divisiile by the 
difference of the same roots of those powers. 

Illustration. 

(a« - 6«) - (a - 6) = a^ + a6 + 6'-'. 

(a« - 6«) ^ (a" - 6«) = a« + a'ft^ + 6*. 

(a* - 6") ^ (a - 63) = a'' + a%« + a6« + 6». 

Demonstbation. — Let a** — 6** be the difference of any powers of two 
quantities, and a — b the difference of the same roots of those powers. 
Then is a** — 6** divisible by a — b. 

Dividing until several remainders are obtained, we have 



Qn ^ (jn- 1^ 



a ~ h 



a*»-i + a*»-*6 



IstEem. = a*»-^6 - b*" 



2d Rem. = a** - ^b^ - 6* 
nth Rem. = a** ~ **6'* — 6** 
= a«6** ~ 6*» 
= &»» - d" = 0. 



It is seen that the first term of the first remainder is a** " ^6 ; of the 
second remainder, a**~*6*; of the third remainder, a^ — %^; of the fourth 
remainder, a**""*6*. Hence the nth remainder will be a**~"6**; but a**""** 
= a® = 1 (Art. 80, Prin. 4). Therefore, the first term of the wth remainder 
reduces to 6**. 

Since the second term of the zith remainder is — 6", the nth remainder 
is 6** - 6** = ; that is, there is no remainder, and the division terminates. 
Therefore, a* — 6" is divisible by a — 6. 



EXAMPLES. 

Factor — 

1. a»-6». 6. af-j/'. 11. m»-125. 

2. a* -6*. 7. T^-y". 12. n^-32. 

3. a* — 6*. 8. a?-y'\ 13. 12S — a\ 

4. a'-bl * 9. x'^'-y'K 14. a" - 1. 
6. a" - 6". 10. 7? - y'\ ir>. rf" — b^ 
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THEOREM II. 

The difference of any powers of two quantities is divisible by the 
sum of the same even roots of those powers. 

Illustration. 
(a« - ft'') - (a + 6) = a - 6. 
(a^ - 6*) ^ (a^ + 6) = a« - a*6 + a«6« - 6». 
(a* - 6") ^ (a 4- 68) = a« - a»6» + a6« - &•. 

Demonstration. — Let a** — 6* be the difference of any powers of two 
quantities, and a + 6 the sum of the same even roots of those powers. 
Then is a** — 6** divisible by a + 6. 

Dividing until four remainders are obtained, we have 



a" - 6*» 

0" + a«-i6 



a + h 



a»-i - a«-26 + a^'-^b^ - a»*-*6» 



Ist Rem. = - a" - ^6 - 6" 

- a" -^6 - a"-262 



2d Rem. = -f a'^-W - b"" 



3d Rem. = - a» " »6' - 6* 



4th Rem. = + a»»-*6* - 6* 

If n is eveUf the nth Rem. = + a** -"6** — 6* 

= + a06» - 6* 
= 6»* - 6»» = 0. 

It is seen that the first term of the odd remainders is — , and of the 
even remainders is +. Hence if n is even, the first term of the nth 
remainder is + a~-«6»»; but a**-" = a^ = 1 (Art. 80, Prin. 4). There- 
fore, the first term of the nth remainder reduces to 6**. 

Since the second term of the nth remainder is — 6**, the nth remainder 
is 6" — 6" = ; that is, there is no remainder, and the division terminates. 
Therefore, a" — 6" is divisible by a + 6 if n is even. 



Factor — 




EXAMPLES. 






1. a' b\ 


6. 


16 a\ 


11. 


81-2/*. 


2. a*-b\ 


7. 


a' 1. 


12. 


aV — 2/". 


3. x' b\ 


8. 


x' 1. 


13. 


x'' f\ 


4. a« b\ 


9. 


a* b'\ 


14. 


a^ - b*^. 


5. m'^'-n'''. 


10. 


a*b' 1. 


15. 


x^ — 2/***. 
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THEOREM III. 

The sum of any powet^s of two quantities is divisible by the sum 
of the same odd roots of those powers. 

Illustration. 
(a» + 6») ^{a +b) =- a" - ab + b\ 
(a* + b^^) -^ (a + b^) = a* - aJ^b^ + a^b* - ab^ -^ b\ 
(a« + 6«) -5- (a^ + b^) = a* - a'b^ + 6*. • 

Demonstration. — Let a** + 6** be the sum of any two powers of two 
quantities, and a + b the sum of the same odd roots of those powers. Then 
is a" + 6** divisible by a + 6. 

Dividing until four remainders are obtained, we have 






a + 6 



a*-^ - a»»-»6 + a^'-^b^ - a'^-^b^ 



Ist Rem. = - a'»-^6 + 6* 



2d Rem. = a« - *6* + 6»» 



3d Rem. = - a« - '6» + 6» 



4th Rem. = a*» - ♦ft* + 6* 

If n is ode?, the nth Rem. = — a** -"6* + 6** 

-= - a«6» + 6« 
= - 6* + 6* = 0. 

It is seen that the first term of the odd remainders is — , and of the even 
remainders is + . Hence if n is odd the first term of the nth remainder 
is -a»-"6«; but a**-** = a^ = 1 (Art. 80, Prin. 4). Therefore, the first 
term of the nth remainder reduces to -- 6**. 

JSince the second term of the nth remainder is + 6", the 7ith remainder 
is — 6** + 6** = ; that is, there is no remainder, and the division termi- 
nates. Therefore, a* + 6* is divisible by a + 6 if n is odd. 

EXAMPLES. 

Factor — 

1. a* + a?. 6. «" + 2/". IL a'* + n\ 

2. a' + y\ 7. a" + 2/"- 12. n^ + 27. 

3. a* + W 8. x"^ + y^\ 13. a' + 6 V. 

4. a* + n\ 9. a" + x\ 14. 1 + n\ 

5. n'° + m^\ 10. m* + u', 1^. of* WJ^ • 
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9. (x — y + z)(x — y— z). 

10. (a^ -ab-V V) (^a? + a6 + 6*0. 

11. {m^ -\- mn + n^) (m^ — ran + n^), 

12. (a' + a + l)(a'-a-l). 

13. (i^-xy-^f)(^x' + xy-\-y'). 

14. (1 - n + nO (1 + n + n'). 

15. (3a' + 3a - 1) (3a' - 3a + 1). • 

16. (m — n) (m + n) (m' + n') (m* + n*). 

17. (l-a)(l + a)(l + a')(l + a0(l4-a0. 

18. (a - x) (a + x) (a' + x") (a* + a;*) (a« + a^). 

19. (a -f- 6 + 771 + n) (a + 6 — m — n). 

20. (a -f m — 6 — n) (a — m — 6 — n). 

21. (a** - 6") (a" + 6") a'" + 6'") (a*" + 6'"). 

22. (a* — 2/** + 6" + a;**) (a"— 2/" -6*- af*). 



FACTORING. 

88. Factoring is the process of resolving a composite quan- 
tity into its factors. 

The Factors of a composite quantity are the quantities 
which when multiplied together will produce it. 

89. A Prime Quantity is one that cannot be produced by 
the multiplication of other quantities ; as, 17, a^a-^b, or a' + 6*. 

* In speaking of prime quantities in algebra we must ex- 
clude factoring by means of fractional exponents and imag- 
innry quantities;* otherwise many quantities regarded as 
prime could be factored. 

For example, a — 6 = (a + b ) (a — b ). 



Or, 



= (a* - 6*) (a* + aV + b\ etc 
a" + b' = (a + bV-'T) {a. - bV^^T). 



An imaginary quantity is the indicated even root of a negative quan' 



•in, 



tity ; as, 1/ - a, or i^ - a. 
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90. By Art. 8, one of the two equal factors of a quantity is 
its sqiiare root. 

Thus, 2a is the square root of 4a^ 

I. TO FACTOR MONOMIALS. 

91. The prime factors of monomials may be obtained by 
inspection, and therefore need no further consideration. 

Thus, the prime factors of 6a^6' = 2 x Saabbb, 

II. TO FACTOR BINOMIALS. 

92. When the binomial is the difference of two squares. 

1. Factor a^ - V and 4^^ - Ot/l 

Referring to Art. 86, Prin. III., we see that such binomials are th« 
product of the sum and difference of two quantities. 

Hence a^ - b^ = (a + 6) (a - b). 
Therefore, to obtain the factors use the following 

RULE. 

Extract the square root of each term of the binomial^ and make 
their mm one factor and their difference the other factor. 

Note. — This is one of the most general and useful cases of factoring, and 
should always be used first when applicable. 

EXAMPLES. 

Factor — 

2. m^-n\ 9. 4a' -961 16. a'-tji?. 

3. c»-(f. 10. 16m'-25nl 17. m^''-n'\ 

4. ^-y". 11. 3.6ar^-49al 18. a;^'-^/'. 

5. f - q\ 12. 36?^ - 64r/il 19. a'« - 6^^*". 

6. ar* - 1. 13. o?y'' - a'b\ 20. 9a*'" - 166^ 
7.*4-2/'. 14. m*-n\ 21. a''-b\ 

8. ar* - Ay". 15. a* - b\ 11. x'" - 'vf^ , 



68 



ALGEBRA. 



23. K-i2/^. 

24. 225ar'2/'-9. 

25. 289a;^ - 1212/^ 



26. 81r/i^ - 100?l^ 29. 144 - a'6", 

27. a'6« - c^cP. 30. a^ - b^\ 

28. iV^*-l. 31. a'** — 6'**. 



The same principle may be applied to the following bino- 
mial forms: 

32. Factor a' — (6 + c)\ 

Ist factor = [a 4- (6 + c)] = (a + 6 + c). 
2d factor = [a - (6 + c)] =^ (a - 6 - c). 

33. Factor (a + hf - (c + d)'. 

Ist factor =• [(a + 6) + (c + d)] = (a + 6 + c + d). 
2d factor = [(a + 6) - (c + d)] = (a + 6 - c - d). 



34. (a + 6)'-c*. 

35. (m + n)'— p'. 

36. {x + yy — z\ 

37. rn? — (x — y)\ 

38. (a-hy-<?. 

39. a' - (c + «)'. 

40. 4-(a-6)^ 

41. (x — 2^y-9. 

42. m*-(m' — ly. 

43. ^-(x + y)\ 

44. (8a; - 5)' - 4a?. 

45. rrf - (m' + 1)*. 



46. 
47. 
48. 
49. 
50. 
51. 
52. 
53. 
54. 
55. 
56. 
57. 



X + yy - (2 + vy. 

m + ny — (x — yy. 
a-xy-(y + by. 
m — ny — (p — qy. 

^ + yy -(x- yy. 

a - by- (a + by. 
2a-cy-(Sb-xy. 

2x-4:y-(ix-4y. 

5x + 2yy - (5 - Syy. 

x-iy-(y + iy. 

ax + byy — (ax — byy. 
m' + ny - (a* - by. 



Polynomials can sometimes be arranged in the form of the 
difference of two squares, and factored like the preceding 
examples. 

58. Factor ar^ + 2a:2/ + y* - 2'- 

This may be arranged and factored as follows : 

«' + 2xy + ^'^ - 2" - {x^yf - z^ '= {x + y -^ z) {x -^ y - z). 
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59. Factor a' + ft'-c*-cf-2cd-2a6. 

This may be factored thus : 

= (a' - 2a6 + 6«) - (c» + 2cd + cP) 

= (a-6)«~(c + d)« 

= [(a - 6) + (c + d)] [(a - 6) - (c + d)] 

=- (a - 6 + c + d) (a - 6 - c - d). 

60. a' + 2a6 + 6*-c'. 67. a' - 3/^ + 6' - 2a6. 

61. af-2a?y + y'-z'. 68. x^-2yz + y'-^. 

62. x' — a^ — 2ah — b\ 69. m' — 2mn + n' - p*. 

63. ^ — m* + 2mn^n'. 70. m' — 7i' + 2pi— p*. 

64. 1— m' — n* — 2mn. 71. m^ — n^ — 2pn—p*. 

65. 2a6-a'-6' + l. 72. m' + n'-p' + 2mn. 

66. a-2x\f-Q?-f. 73. «'-l + 3/^ + 2an/. 

74. a' + 2a6 + 6*-af' + 2a:2/-2/'- 

75. m' — 2mn + n*— p' — 2pg — ^. 

76. a*-2/'-6' f «'-2aa; + 262/. 

77. a* - 92/* - 60:2/ + 46' - 4a6 - a:». 

78. a' - 92/'^ + 9x' - 42* + 122/z + ecuc. 

79. m^ — 2xy + n^ — 3^-i-2mn — y^. 

Sometimes a quantity may be both added to, and subtracted 
from^ a polynomial, and the terms then arranged in the form 
of the difference of two squares and factored like the preced- 
ing examples. 

80: Factor «* + a;y + 2/*. 

Since a:* + cc^' + y* lacks x*y* of being a perfect square, if a;^* be 
added to the expression and then subtracted from it, the value will not 
be changed (Abt. 54, Axiom 6). 
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Adding aud subtracting x^if^^ the expression becomes 

= (a;« + 22/ + y^) (a;" - xy-^ y^). 
81. Factor a* + a' + 1. 

Adding and subtracting a^^ 

a* + aV+ 1 = a* + 2a* + 1 - a« 

= (a2+ 1)2 -a« 

= (a* + a + 1) (a» - a + 1). 

82. m* 4- mV + n*. 92. 9a* + UaV + 25ft*. 

83. 1+ 2/' -f 2/*- 93. 25a* + aV + x*. 

84. ft* + ft V + c*. 94. 25x* - l^x^ + 491/*. 

85. a* + aV + x\ 95. 25a* - 41a*ft* + 16ft*. 

86. X* - 3xy f 2/*. 96. 4x* - 37x^2/* + %*. 

87. tt* - 6aV + n*. 97. 49m* - llmV + 25n*. 

88. a*-7(^y + 2/*. 98. 36x* - 16x^2/* + 492/*. 
. 89. m* - 27m V + n*. 99. 81a* + 20a V + 4ft*. 

90. /* - 38?^m; + m*. 100. 25a* - 49ay + %*. 

91. 4x* - 16x^2/' + 92/*. 101. 4x* - 28x^a' + 9a*. 

102. a* + 4. 105. 4a* + 16x*. 108. x* + 1024. 

103. X* + 64. 106. x« + 324. 109. x" + 2500. 

104. a* + 4x*. 107. a*ft* + 4c*. 110. aV + 4ft*. 

93. A Theorem is ii truth to be demonstrated. A Demon- 
stratimi is a course of reasoning employed in proving a 
tlieorem. 

94. When the binomial is the sum or difference of 
any powers of two quantities. 

This case relates to binomials of the form of a? — ft', a' + ft', 
- ft*, a« ^ b\ a' i- ft«, ci' + ft»^ etc. 
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THEOREM I. 



The difference of any powers of two quantities is divisible by the 
difference of the same roots of those powers. 

Illustration. 

(a« - 6«) ^ (a -b) = a^ + a6 + b\ 

(a« - 6«) ^ (a» - 6^) = a« + a'ft^ + 6*. 

(a* - b^'') ^ {a - 6') = a» + a«6« + a6« + 6». 

Demonstbation. — Let a** — 6** be the difierence of any powers of two 
quantities, and a — b the difference of the same roots of those powers. 
Then is a" — 6** divisible by a—b. 

Dividing until several remainders are obtained, we have 



a"- ft" 


a ~ b 


qH _ Qn- 15 


a»-i + a*»-26 


IstRem. = a»-*6-6»» 

a«-*6 -a^'-^b^ 



2d Rem. = a" - ^b'^ - 6* 
nth Rem. = a** - '*6'* — 6** 

= 6» _ 6n = 0. 

It is seen that the first term of the first remainder is a" ~ ^6 ; of the 
second remainder, a**~*6^; of the third remainder, a^~^b^\ of the fourth 
remainder, a**~*6*. Hence the nth remainder will be a^'^ft"; but a**~** 
= a® = 1 (Art. 80, Prin. 4). Therefore, the first term of the wth remainder 
reduces to 6**. 

Since the second term of the zith remainder is — 6", the nth remainder 
is 6* - 6* = ; that is, there is no remainder, and the division terminates. 
Therefore, a* — 6" is divisible by a — 6. 



EXAMPLES. 

Factor — 

1. a'-~6». ^.Tf-f. 11. m»-125. 

2. a* -6*. 7. ^-'if. 12. n^-32. 

3. a* -6*. 8. 31? — y'^ 13. 128 -a^ 

4. a'-b\ ' 9. x'""- y'\ 14. a" - 1. 

6. a" -6". 10. x* - 7/'l ir>. rf'^— "b^* 
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THEOREM II. 

The difference of any powers of two quantities is divisible by the 
sum of the same even roots of those powers, 

Illustbation. 

(a^ - 6") -^ (a + 6) = a - 6. 

(^8 _ 5*) ^ («2 ^5) = a« - a*6 + a^b^ - bK 

(a* - 6^2) - (a + 6«) = a» - a^fe' + a6« - b\ 

Demonstration. — Let a** — 6** be the difference of any powers of two 
quantities, and a + b the sum of the same even roots of those powers. 
Then is a** — 6" divisible by a -r b. 

Dividing until four remainders are obtained, we have 






a + b 



a"-^ - a**-^b + a»*-862 __ a*'-*b^ 



Ist Rem. = - a» - 16 - 6" 



2d Rem. = -f a'^-W - b"" 



3d Rem. = - a» " »6« - 6»» 



4th Rem. = +a»»-*6*-6* 
If w is evew, the nth Rem. = + a**- "6** — 6* 

= + a06*» - 6*» 
= 6»» - 6*» = 0. 

It is seen that the first term of the odd remainders is — , and of the 
even remainders is +. Hence if n is even, the first term of the nth 
remainder is + a'*~'*6**; but a**"** = a° = 1 (Art. 80, Prin. 4). There- 
fore, the first term of the nth remainder reduces to 6**. 

Since the second term of the nth remainder is — 6**, the nth remainder 
is 6" — 6** = ; that is, there is no remainder, and the division terminates. 
Therefore, a** — 6" is divisible by a + 6 if n is even. 



Factor— 




EXAMPLES. 






1. a'-h\ 


6. 


16 - a\ 


11. 


81-2/*. 


2. a* h\ 


7. 


a* 1. 


12. 


aV y'\ 


3. x'-h\ 


8. 


x^-\. 


13. 


x'' y"". 


4. a« h\ 


9. 


a* h'\ 


14. 


a*" — 6***. 


5. w>''-n\ 


10. 


a'h^-\. 


15. 


a^ — y*^. 
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THEOREM III. 

The sum of any powers of two quantities is divisible by the sum 
of the same odd roots of those powers. 

Illustration. 

(a» + 6») H- (a + 6) = a^ - ab + b\ 

(a* + 610) -^ (a + 62) = a* - a^b^ + a'b* - ab^ + bK 

(a« + 6«) -^ (a' + 6^) = a* - a262 + 6*. • 

Demonstration. — Let a* + 6" be the sum of any two powers of two 
quantities, and a + b the sum of the same odd roots of those powers. Then 
is a" + 6" divisible by a + 6. 

Dividing until four remainders are obtained, we have 



a" + 6*» 

a*^ + a*- ^6 



a + 6 



a**-i - a*»-»6 + a»»-'6' - a*-*6» 



1st Rem. = - a^-^b + 6» 

-a*»-i6-a»*-«6'» 



2dRem. = a»-26* + 6» 

+ a"-*6' + a*»-'6' 



3d Rem. = - a*» - '6» + 6»» 

- a'»-»6''' -a'»-*6* 



4th Rem. = a'»-*6* + 6*» 
If n is oddj the nth Rem. = — a** - **6* + 6** 

-= - a06*» + 6« 
= - 6»» + 6*» = 0. 

It is seen that the first term of the odd remainders is — , and of the even 
remainders is + . Hence if n is odd the first term of the nth remainder 
is -a»-»6*»; but a»-*» = a^ = 1 (Art. 80, Prin. 4). Therefore, the first 
term of the nth remainder reduces to — 6**. 

ISince the second term of the nth remainder is + 6**, the ?ith remainder 
is — 6" + 6** = ; that is, there is no remainder, and the division termi- 
nates. Therefore, a* -I- 6** is divisible by a + 6 if n is odd. 

EXAMPLES. 

Factor — 

1. a^ + 7?. 6. a^*+2/''. 11. a^^ + n\ 

2. a' + y\ 7. a" + y'^ 12. n' + 27. 

3. a» + 6' 8. a:^* + 2/^ 13. a' + 6V. 

4. a* + n\ 9. a'* 4- x\ 14. 1 + n\ 

5. 7i'» + m^\ 10. m* + n\ \h. ^ \ \J^" . 



AUtEBRA. 



MISCELLANEOUS EXAMPLES. 






21. j*-v*. 

m 

24, rt* - 1. 



iV J^- 



26. ** — y*. 

27. aW — icV*- 

28. a;' + y*\ 

29. a* -6". 
80. a^-b\ 



in. TO FACTOR TRINOlOAIja 

9h, A Quadratic Trinomial is one whose form is a:^±:ax 
♦ }\ iu A\ hioh ^ ;$ iho product of two quantities and a their 



96. Whoin the trinomial is quadratic. 

A qwadratio trinomial will assume one of the six following 
forms : 

FiKsr FoKM.-Faotor tv — 2^7?> - ft*. 

I\v Akt. S(\ lVi«. I., thiji is evitiomly the square of the som of a and b, 
Homw 

Skix^xd Fokm, — Faotor a* - Hah - V, 

lU* Trin. IL. Akt. St(i« this is evidently the square of the difierenoe of a 
and h. Hence, 

(i» - 2<ift ^ ft« - ,a -b\{a-b^ = {a - b)\ 
Third Form. — Factor a* - 7a — 12. 

By Prin. IV., Art. 86, the first terni of eat-'h binomial is a, the product 
of the other two terms is 12, and their sum is 7. The ftM:tor8 of 12 are 

1 xl2, 

2x6, 

3x4. 

Hinttit the Bum of the two terms is 7, they miist be 3 and 4. Hence, 

a^ . 7n r 12 - in ^ 3 (a ^ 4). 
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Fourth Form.— Factor a' — 7a I 12. 

This form is factored like the Third Form, with the second term in each 
factor negative. Hence, 

a* - 7a + 12 = (a - 3) (a - 4). 
Fifth Form.— Factor a^ + a — 12. 

This form is factored like the Third Form, with the second term in one 
factor positive and tiie other negative, the positive term being the greater. 
Hence, 

a^-^ a - 12 = (a- 3) (a + 4). 

Sixth Form. — Factor a^ — a — 12. 

This form is factored like the Third Form, with the second term in one 
factor positive and the other negative, the negative term being the greater. 
Hence, 

a* - a - 12 = (a + 3) (a - 4). 



EXAMPLES. 

Factor — 

1. m^ + 2mn + n^ 15. m^ + 5m + 6. 

2. a^-Sa+16, 16. a^'-lGx + lS. 

3. af-^Bx + 2. 17. m^ + m — 12. 

4. a'-4a + 3. 18. «* — a;-42. 

5. a' + a - 2. 19. y" -\- lOy -\- 25. 

6. n^-Tv"- 2. 20. 1 - 44a* + 484a*. 

7. ic* + 12a; + 36. 21. x" + 13a; + 22. 

8. m* - 34m* + 289. 22. z' - 122 + 20. 

9. 2/' -f- 6y + 5. 23. n' + n — 20. 

10. 71* - 12^1 + 11. 24. z* - 132* - 140. 

11. a:* + a; - 6. 25. a* + 4a + 4. 

12. n^ — n- 20. 26. a* - 16a6 + (jW. 

13. a* -f 8a + 16. 27. n* + 43n + 82. 

14. 8* - 428 + 441. 28. a? - \\x^ -V 'I'^. 
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23. \^-W' 

24. 225a;'y'-9. 

25. 289a;^ - 121y'\ 



26. 81m' -10071*. 29. 144 -a'6". 

27. a'b'-(f(P. 30. a^-b^K 

28. iVaJ*-l. 31. a'»«-6^«». 



The same principle may be applied to the following bino- 
mial forms: 

32. Factor a' - (6 + c)\ 

Ist factor = [a 4- (6 + c)] = (a + 6 + c). 
2d factor = [a — (6 + c)] = (a — 6 — c). 

33. Factor (a + bf — (c + d)^ 

Ist factor = [(a + 6) + (c + c?)] = (a + 6 + c + d). 
2d factor = [(a + 6) - (c + d)] = (a + 6 - c - d). 



34. (a + J)'-^?. 


46. ( 


.^ + yy (2 + ^)'. 


35. (m + ny-p\ 


47. ( 


[m + ny-ix-yy. 


36. (x + yy-'z\ 


48. ( 


a - xy - (2/ + by. 


37. m^ — (x — yy. 


49. ( 


ni ny (p qy. 


38. (a-jy-c*. 


50. ( 


.« + yy (a? y)'. 


39. a' - (c + a;)'. 


51. ( 


[a - 67 - (a + 6)'. 


40. 4 -(a -6)'. 


52. 1 


> - cy - (36 - ary. 


41. (x-2/)'-9. 


53. ( 


:2x-Ay~(x-4y. 


42. m*-(m'-iy. 


54. ( 


[5x-^2yy-(5-Syy. 


43. a^'-Caj + y)'. 


55. ( 


> - 1)^ - (2/ + ly. 


44. (Sx-5y-4^. 


56. ( 


aa; + %)' (ax byy 


45. m« - (m» + 1)'. 


57. ( 


m' + ny da' by. 



Polynomials can sometimes be arranged in the form of the 
difference of two squares, and factored like the preceding 
examples. 

58. Factor a:' + 2x2/ 4- 2/' - z'. 

This may be arranged and factored as follows : 

x^ + 2xy-\-y^'-z^^ {x-\-fyy - z" ^ {x ^ y \ z){x->r y - z). 
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59. Factor a' + y-c"-cf-2cd-2a6. 

This may be factored thus : 

a^-\^b^-(^-dP- 2cd - 2ab 
=» a*-2a6 + 6'-c«-2ed-cP 
= (a' - 2ab + 6') - (c» + 2cd + cP) 

= (a - 6)* - (c + d)» 

- [(a - 6) + (c + d)] [(a - 6) - (c + d)] 

=- (a - 6 + c + d) (a - 6 - c - d). 

60. a' + 2ab-{-V-(f. 67. a' - 1/* + 6' - 2a6. 

61. a^-2a?y + y'-^. 68. oi^-2yz + y' -2?. 

62. ar» — a' — 2a6 — 6'. 69. m' - 2mn + n* - jp'. 

63. y^ — m^ + 2mn — n\ 70. m' — n* + 2pn —p\ 

64. 1— m' — w'--2mn. 71. m^ — n^ — 2pn—p\ 

65. 2a6-a'-6' + l. 72. m» + n' -jp' + 2mw. 

66. a?-2xy-a^-f. 73. x' - 1 + 1/* + 2a^. 

74. a» + 2a6 + 6'-a;* + 2iC2/-2/'- 

75. m^ — 2mn + v?—p'^ — 2pq — (f. 

76. a'-2/'-6' + x*-2aa:4-26y. 

77. a^-dy^-Qxy + W-Aah-a^. 

78. a' - Qy-* + 9a;' - 42' + 121/2 + 6aa:. 

79. m' — 2a:i/ + 7i' — a:' + 2m7i — y'. 

Sometimes a quantity may be both added to, and subtracted 
fronij a polynomial, and the terms then arranged in the form 
of the difference of two squares and factored like the preced- 
ing examples. 

80: Factor a;* + a:y + 2/*. 

Since ar* + x^y^ + y* lacks x^y^ of being a perfect square, if xhi/^ be 
added to the expression and then subtracted from it, the value will not 
be changed (Abt. 54, Axiom 5). 
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Adding and subtracting x^y^^ the expression becomes 
v^ + x^y'^ + y* = a:* + %x'^y'^ + y* - x^y"^ 

= (a;» + 0:3/ + y'*) (a;« - xy + y"^). 

81. Factor a* + a^ + 1. 
Adding and subtracting a^, 

a* + a' + 1 = a* + 2a2 4 1 - a* 

= (a^ + a + 1) (a» - a + 1). 

82. m* + mV + n\ 92. 9a* + 14a'6' + 256*. 

83. 1 + 2/' + 2/*. 93. 25a* + aV + x\ 

84. 6* + 6V + c*. 94. 25a;* - 79a;y + 491/*. 

85. a* + aV + «*. 95. 25a* - 41a''6* -f 166*. 

86. x* - Z7?f -h 2/*. 96. 4a;* - 373^^2/" + 92/*. 

87. tt* - 6aV + n*. 97. 49m* - llmV + 25m*. 

88. a* - 1(iY + 2/*. 98- 36a;* - 1^^^ + AQy\ 

89. m* - 27mV + n*. 99. 81a* + 20a'6* + 46*. 

90. /* - 38/^^,' + m*. 100. 25a* - 49ay + %*. 

91. 4a;* - l^y" + ^y\ 101. 4a;* - 28a;W + 9a*. 

102. a* + 4. 105. 4a* + 16a;*. 108. 7? + 1024. 

103. a;* + 64. 106. a;* + 324. 109. a;" + 2500. 

104. a* + 4a;*. 107. a*6* + 4c*. 110. aV -f 46*. 

93. A Theorem is ti truth to be demonstrated. A Demon- 
stration is a course of reasoning employed in proving a 
theorem. 

94. When the binomial is the sum or difference of 
any powers of two quantities. 

This case relates to binomials of the form of a'* - 6', a? + 6'^ 
a* - 6*, a« H b\ a' }■ b\ a' + 6", etc. 
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THEOREM I. 



The difference of any powers of two quantities is divisHle by the 
difference of the same roots of those powers. 

Illustbation. 

(a» - 6«) -^ («» - 62) = a« + a»6« + 6*. 

(a* - 6^'') ^ (a - 6') = «» + a»6' + a6« + 6». 

Demonstbation. — Let a** — 6** be the difference of any powers of two 
quantities, and a— b the difference of the same roots of those powers. 
Then is a** — 6** divisible by a — b. 

Dividing until several remainders are obtained, we have 



a"- 6" 


a — b 




Qn _ Qn- 15 


Qn-\ j^ ^n- 


-^6 


IstRem. = a»»-i6 - 6" 

a'»-*6 - a»-262 



2d Rem. = a" - ^b^ - 6'* 
nth Rem. = a**- "6** - 6" 

= a«6'» ~ 6'* 

= 6« - 6« = 0. 

It is seen that the first term of the first remainder is a** " ^6 ; of the 
second remainder, a^~^b^; of the third remainder, a'^~^b^; of the fourth 
remainder, a**~*6*. Hence the nth remainder will be a" -"6"; but a**"** 
= a^ = 1 (Abt. 80, Prin. 4). Therefore, the first term of the wth remainder 
reduces to 6**. 

Since the second term of the nth remainder is — 6**, the nth remainder 
is 6** - 6* = ; that is, there is no remainder, and the division terminates. 
Therefore, a** — 6* is divisible by a — 6. 



EXAMPLES. 

Factor — 

1. a» — b\ 6. a:* - 2/*. XL m' - 126. 

2. a* -6*. 7. a;*-!/*. 12. n*-32. 

3. a^ — b\ 8. a?-y'\ 13. 128 -a^ 

4. a^ -b\ / 9. x'"* - y'\ 14. a'' - 1. 

6. a" - 6". 10. 7? - y'\ 15. a?" - b^. 



64 ALGEBRA. 

EXAMPLES. 

Write by inspection the values of the following : 

1. (a + a;) (a - a;). 11. (a' - f) (a' + f). 

2. (m + x)(m — x), 12. (3m + 4n) (3m — 4ii). 

3. (a; + 2/)(a^-2/)- 13. (3a - 5c) (3a + 5c). 

4. (c + d) (c - d). 14. (a** + J**) (a** - 6**). 

5. (a; + 3) (a; - 3). 15. (3i;^ - Af) (Sv' + 4^. 

6. (3 - x) (3 + a;). 16. (c^ + d'^) (c^ - cP"). 

7. (x-l)(a; + l). 17. (oaf -h boT) (aaf - bTf). 

8. (a + 26) (a - 26). 18. (a"* + « + &"» + ") (a~ + *-6"' + *). 

9. (a - 8a;) (a + 8x). 19. (a"' - fc*"') (a"' + 6~'). 
10. (3x - 7) (3x + 7). 20. (af + 2/*) (af - 2/*). 

PRINCIPLE IV. 

The product of two binomials having a common term equals the 
square of the common term, plus the algebraic sum of the other two 
terms into the comTnon term, and the product of the unlike term^. 

Thus, by multiplication, x -^ a 

x + b 



x^ + ax 

■¥ bx + ab 

x^ -^^ {a-^ b)x + a6 

Also, (m + a?) (m + y) = m' + (a; + y)m + xy. 

And (m + x) {m — y) = m^ ■\- (x- y)m — xy. 

And (m — x){m — y) = m* — (a; + y)m + xy. 

And (m + 6) (m - 2) = m* + 4m - 12. 

EXAMPLES. 

Write by inspection the values of the following : 

1. (a; 4- 1) (a; 4- 2). 4. (x-2)(a;-5). 

2. (x + 4) (a;- 1). 5. (m + 5) (m - 8). 

3. (a; - 4) (a; + 3). 6. (x - 7) (a; -f 5). 
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7. (a - 8) (a + 9). 14. (x -b)(x- e). 

8. (x - 5) (x - 10). 15. (2a; + 1) (2x -\- 3). 

9. (a -f 5) (a - 16). 16. (a;' ~4)(af- 6). 

10. (n - 10) (71 + 1). 17. (7y - 4) (7y - 8). 

11. (3a; - 5) (3a; + 2). 18. (4a - 26) (4a - ^c), 

12. (a + 6) (a + e). 19. (a" - 6) (a** - e). 

13. (a; - a) (a; H- c). 20. (3a;'* - m") (3x" + n~). 

GENERAL APPLICATION. 

87. These principles may be applied with great conven- 
ience in finding the product of three or more binomials or 
the product of certain polynomials. 

1. Expand (a - 6) (a + b) (a* + b'). 

By Prin. III., (a - 6) (a -f 6) = a^ - b\ 

Applying Prin. III. again, (a^ — 6*) (a* + 6') = a* — 6*. 

Hence, (a -b)(a + b) (a« + 6^) = a* - 6*. 

2. Expand (a + 6 — c) (a + 6 + c). 

By Prin. III., this equals (a + 6)' - c*. 

By Prin. I., (a + 6)« - c^ = a^ + 2a6 + 6« - c'. 

Hence, (a + 6 - c) (a + 6 + c) = a^ + 2ab + 6* _ c«. 

Also, (a - 6 - c) (a + 6 + c) = (a - 6 + c) (a + 6 + c) 

= a* - (6 + c)* = a^ - 6« - 26e - c\ 



Expand— 



EXAMPLES. 

3. (l-a)(l + a)(l + a'). 

4. (a; — 2/) (« + 2/) (^ + 2/")- 

5. (a + 3) (a -3) (a' + 9). 

6. (m + n) (r?i — n) (m^ — n^). 

7. (a + 3) (a + 3) (a + 3). 

8. (a + 6) (a + 6) (a + 6). 
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9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 



X 



a' ~ab^ V) (a' + a6 + b'), 
m^ + mn + n^) (m^ — mn -f- n*). 
a' + a+ 1) (a' -a- 1). 

.^ - 2^2/ + 2/') (^ + ^ + 2/')- 

3a' + 3a - 1) (Sa'^ - 3a + 1). • 

m — w) (m + n) (m' + n') (m* + n*). 

1 - a) (1 + a) (1 + a') (1 + a*) (1 + a*). 

a - x) (a + x) (a' + ^0 (a* + a;*) (a^ + a?). 

a + 6 + m + n) (a 4- 6 — m — n). 

a -\- m — b — 7i) (a — m — b — n). 

a** - ^)") (a" + b") a'" + 6'^") (a*" + 6'"). 

a" — 2/~ + 6** + re") (a^'—y'' — 6" - af). 



FACTORING. 

88. Factoring is the process of resolving a composite quan- 
tity into its factors. 

The Factors of a composite quantity are the quantities 
which when multiplied together will produce it. 

89. A Prime Quantity is one that cannot be produced by 
the multiplication of other quantities ; as, 17, a,a + b, or a* + 6*. 

* In speaking of prime quantities in algebra we must ex- 
clude factoring by means of fractional exponents and imag- 
inary quantities;* otherwise many quantities regarded as 
prime could be factored. 

For example, a — b = {a + 6 ) (a — b ). 



Or, 



= (a* - 6*) (a* + aV + 6*), etc 



a" + b' = (a + bV- 1) (a. - bV^T). 



* An imaginary quantity is tlie inditated even root of a negative quan- 
tity ; as, V^^d, or '^y^'^^a. 
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90. By Art. 8, one of the two equal factors of a quantity is 
its square root. 

Thus, 2a is the square root of 4a'. 

I. TO FACTOR MONOMIALS. 

91. The prime factors of monomials may be obtained by 
inspection, and therefore need no further consideration. 

Thus, the prime factors of 6a^b^ = 2 x Sa^abbb. 

II. TO FACTOR BINOMIALS. 

92. When the binomial is the difference of two squares. 

1. Factor a' - V and 4^^ - %^ 

Referring to Art. 86, Prin. III., we see that such binomials are the 
product of the sum and difference of two quantities. 

Hence a^ — b^ = (a-\- b) {a - b), 

4a;« _ 9^2 = {2x + 3?/) {2x - Zy). 

Therefore, to obtain the factors use the following 

RULE. 

Extract the square root of each term of the binomial^ and make 
their sum one factor and their difference the other factor. 

Note. — This is one of the most general and useful cases of factoring, and 
should always be used first when applicable. 

EXAMPLES. 

Factor — 

2. m^-n\ 9. 4a'-96^ 16. a' -a?. 

3. c»-(f. 10. 16m'-25n^ 17. m^''-n'\ 
\. o? — f. 11. 3.6a;'-49a^ 18. x^^-f. 

5. p* - (f. 12. 36P - 64wil 19. a'" - h^"^. 

6. o^-\. 13. ^f - a^b\ 20. 9a''" - 166'\ 
7/4-7^. 14. m'-n\ 21. a'*-b\ 

S. a^- iy". 15. a" - 6^ 22. x'" - '\j^ , 
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23. K-it/'. 

24. 225a;'y'-9. 

25. 289a;** - 121y\ 



26. Sim' - 100n\ 29. 144 -a'6". 

27. a'b'-(f(P. 30. a'^-6^^ 

28. iVa?*-l. 31. a''^- 6'^. 



The same principle may be applied to the following bino- 
mial forms: 

32. Factor a' — (6 + c)l 

Ist factor = [a + (6 + c)] = (a + 6 + c). 
2d factor = [a — (6 + c)] = (a — 6 — c). 

33. Factor (a + 6)' - (c + d/. 

Ist factor =- [(a + 6) + (c + c?)] = (a + 6 + c + d). 
2d factor = [(a + 6) - (c + d)] = (a + 6 - c - d). 



34. (a + J)'-^?. 


46. ( 


> + yy - (2 + vy. 


35. (m + ny-p\ 


47. ( 


jjfh + ny (x yy. 


36. (x + yy — z\ 


48. ( 


:a-xy-(y + by. 


37. m^ — ix — yy. 


49. ( 


m ny (p qy. 


38. {a-hy-(?. 


60. ( 


X + yy -(X- yy. 


39. a* - (c + a;)'. 


51. ( 


a by (a + by. 


40. 4 -(a -6)'. 


52. 1 


[2a cy (% xy. 


41. (x-2/)'-9. 


53. ( 


[2x Ay {x 4)^ 


42. m*-(m'-iy. 


54. ( 


[bx + 2yy - (5 - 32/)'. 


43. ic'-Cx + y)'. 


55. ( 


> - 1)^ - (2/ + 1)^ 


44. (3a; 5)» 4ar'. 


56. ( 


'ax + hyf — (ax — by)'. 


45. m« - (m' + 1)'. 


57. ( 


m' + ny (a' by. 



Polynomials can sometimes be arranged in the form of the 
difference of two squares, and factored like the preceding 
examples. 

58. Fsicior :x^ -{- 2xy + f - z\ 

This may be arranged and factored as follows : 

a;* + 2^2/ + 2/' - 2' - {x-\-^y - z^ ^ {x + y -{■ z) (x -^ y - z). 
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59. Factor a' + 6' - c" — cf — 2cd — 2a6. 

This may be factored thus : 

a« + 62 _ gj _ op _ 2cd - 2ab 
= a« - 2ab + b^-c^- 2ed - <P 
= (a* - 2a6 + 6«) - (c» + 2cd + dP) 

= (a - by - (c + d)« 

= [(a - 6) + (c + d)] [(a - 6) - (c + d)] 

=- (a - 6 + c + d) (a - 6 - c - d). 

60. a' + 2a6 + 6'-c». 67. rf - 1/* + 6' - 2a6. 

61. 3^-2a?y + y'-z\ 68. x'-2yz-{-y' -^. 

62. a;» — a' — 2a6 — 6*. 69. m' - 2mn + w* - jp*. 

63. 3/» — m'H-2mn — w'. 70. m* — n^ + 2pn—p\ 

64. 1— m^ — 7i' — 2mw. 71. m^ — n^ — 2pn—p^. 

65. 2a6 - a' - 6' + 1. 72. m' + n' -p' + 2mn. 

66. a?-2xy-a?-y'. 73. ar* - 1 + 1/* + 2a:y. 

74. a' + 2a6 + 6'-«' + 2iC2/-2/'- 

75. m^ — 2mn -]- n^ — p^ — 2pq — (f. 

76. a'-y'-6' + x*-2aa:4-26y. 

77. a' - 91/' - Gary + 46' - 4a6 - a:*. 

78. a' - 9^'* + 9a;' -4z^ + 12yz + 6ax. 

79. m' — 2xy + n' — ar* + 2m7i — y'. 

Sometimes a quantity may be both added to, and subtracted 
frorrij a polynomial, and the terms then arranged in the form 
of the difference of two squares and factored like the preced- 
ing examples. 

80: Factor X* + a^V + 2/*. 

Since ar* + x^^ + y* lacks x^y* of being a perfect square, if x*y^ be 
added to the expression and then subtracted from it, the value will not 
be changed (Akt. 54, Axiom 5). 
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Adding and subtracting x^ip^ the expression becomes 

= {.(x" + y^) + xy-] i{x^ + y^) -xy-] 
= (a;* -\- xy -v y^) {x^ - xy + y"). 

81. Factor a* + a' + 1. 
Adding and subtracting a^, 

a* + a« + 1 = a* + 2a2 + 1 - a* 

= (a^ + a + 1) (a» - a + 1). 

82. m* + mV + n*. 92. 9a* + 14a*6' + 256*. 

83. 1+ 2/' + 2/*- 93. 25a* + aV + x*. 

84. 6* + 6V + c*. 94. 25a;* - 79a;y + 491/*. 

85. a'-^a^^ + x\ 95. 25a* - 41a'6' -f 166*. 

86. x* - Sar^t/' f y*. 96. 4a;* - 37ar*2/' + 92/*. 

87. a*-6aV4-n*. 97. 49m* - 1 Im V + 25n*. 

88. a*-7(^y + 2/*- 98. 36a;* - lea;'^' + 492/*. 

89. m* - 27mV + n*. 99. 81a* + 20a'6* + 46*. 

90. /* - ^^Pm? + m*. 100. 25a* - 49ay + 163^*. 

91. 4a;* - 16af^2/' + V- 101. 4a;* - 28a;V + 9a*. 

102. a* + 4. 105. 4a* + 16a;*. 108. 7? + 1024. 

103. a;* + 64. 106. s^ + 324. 109. a;" + 2500. 

104. a* + 4a;*. 107. a*6* + 4c*. 110. aV -f 46*. 

93. A Theorem is a truth to be demonstrated. A Demon- 
stratimi is a course of reasoning employed in proving a 
theorem. 

94. When the binomial is the sum or difference of 
any powers of two quantities. 

This case relates to binomials of the form of a? 6', a? -\- 6'^ 
a* - 6*, a« ^■ h\ a' \ 6«, a' + 6", etc. 
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THEOREM I. 

The difference of any powers of two quantities is divisible by the 
difference of the same roots of those powers, 

Illustbation. 
(a» - 6») - (a -h) = a^ + a6 + b\ 

(a* - 61'^) ^ (a - 6') = a» + a'b^ + a6« + 6». 

Demonstration. — Let a** — 6" be the difference of any powers of two 
quantities, and a— b the difference of the same roots of those powers. 
Then is a^ — 6** divisible by a — b. 

Dividing until several remainders are obtained, we have 






a 



a*-i + Q^n-25 



IstRem. = a*-^6 - 6" 

a^'-^b- a^'-^b^ 



2d Rem. = a" - ^6^ - 6" 
nth Rem. = a** - **6** — 6*» 

= 6" - 6« = 0. 



It is seen that the first term of the first remainder is a^'^b; of the 
second remainder, a'*~*6*; of the third remainder, a**~"^6^; of the fourth 
remainder, a** ~ *6*. Hence the nth remainder will be a** ~ "6** ; but a** ~ ** 
= a^ = 1 (Art. 80, Prin. 4). Therefore, the first term of the wth remainder 
reduces to 6**. 

Since the second term of the nth remainder is — 6", the nth remainder 
IS 6* - 6* = ; that is, there is no remainder, and the division terminates. 
Therefore, a* — 6* is divisible by a — 6. 



EXAMPLES. 

Factor — 

1. a'-6'. Q.Tf^-y". 11. m»-125. 

2. a* -6*. 7. ic'-y*. 12. n*-32. 

3. a^-b\ 8. ar^-y". 13. 12S-a\ 
4.a'-b\ * 9.x''-y'\ 14. a'^ - 1. 

6. a" -6". 10. x'- y'\ 15. a?"-b^- 
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THEOREM II. 

The difference of any powers of two quantities is divisible by the 
sum of the same even roots of those powers, 

Illustbation. 
(a* - b') -^ {a ^b) =a -b. 
(a8 - 6*) ^ {a" -vb) = a« - a*6 + a^ft' - 6». 
(a* - 6") -^ (a + 6') = a» - a^6' + a6« - 6». 

Demonstration. — Let a** — 6** be the difference of any powers of two 
quantities^ and a + 6 the sum of the same even roots of those powers. 
Then is a* — 6* divisible hy a -r b. 

Dividing until four remainders are obtained, we have 






a + b 



Ojn-l _ ^n-25 _,. <x»»-352 _ cj'*-*^' 



Ist Rem. a* - *6 - 6»» 



2d Rem. = + a^'-'^b'^ - 6** 

+ a«-262 4. a** -858 



3d Rem. = - a« - "d' - 6" 



4th Rem. = +a»*-*6*-6»» 
If n is even, the nth Rem. = + a'*-**^** — 6** 

= + aoft" - 6»* 
= 6»» - 6»» = 0. 

It is seen that the first term of the odd remainders is — , and of the 
even remainders is +. Hence if n is even, the first term of the nth 
remainder is + a** -"6**; but a**-** = a** = 1 (Art. 80, Prin. 4). There- 
fore, the first term of the nth remainder reduces to 6**. 

Since the second term of the nth remainder is — 6**, the nth remainder 
is 6** — 6** = ; that is, there is no remainder, and the division terminates. 
Therefore, a** — 6" is divisible by a + 6 if n is even. 



Factor — 

1. a^-h\ 

2. a* -6*. 

3. a;«-6«. 

4. a« - b\ 

5. m^^-n^\ 





EXAMPLES. 






6. 


16 - a\ 


11. 


81-2/*. 


7. 


a' 1. 


12. 


aV - 2/". 


8. 


x^ 1. 


13. 


x^' f\ 


9. 


a' b'\ 


14. 


a*" - 6*". 


10. 


aV-1. 


15. 


a;^ — 2/*". 
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THEOREM III. 

The sum of any powet^s of two quantities is divisible by the sum 
of the same odd roots of those powers. 

Illustration. 

(a» + 6») -f- (a + 6) = d" - ab + b\ 

(a^ + 610) ^ (a + 6') = a* - a^b^ + a«6* - a6« + ft^. 

(a« + 6«) ^ (a^ + 6^*) = a* - a»6« + 6*. • 

Demonstration. — Let a** + 6** be the sum of any two powers of two 
quantities, and a + b the sum of the same odd roots of those powers. Then 
is a" + 6" divisible by a + 6. 

Dividing until four remainders are obtained, we have 






a + 6 



o^n-i _ a»»-»6 + a^-'d* - a^-^ft* 



Ist Rem. = - a»*-^6 + 6*» 

-a^'-^b- a^'-^b^ 



2dRem. = a»-*6« + 6* 



3d Rem. = - a" - *6» + 6» 

- a^'-^b^ -a'^-^b^ 



4th Rem. = a»* - ♦&♦ + ^^ 
If 71 is oddy the nth Rem. = —«**- '•6'' + 6** 

-= - oPb'' + 6" 
= - 6* + 6* = 0. 

It is seen that the first term of the odd remainders is — , and of the even 
remainders is + . Hence if n is odd the first term of the nth remainder 
is -a* -"6"; but a**-** = a^ = 1 (Art. 80, Prin. 4). Therefore, the first 
term of the nth remainder reduces to —6**. 

Since the second term of the nth remainder is + 6", the 72th remainder 
is — 6** + 6** = ; that is, there is no remainder, and the division termi- 
nates. Therefore, a* + 6" is divisible by a + 6 if n is odd. 

EXAMPLES. 

Factor — 

1. a^ + of. 6. 3^^-Vy'\ 11. a^^ + n\ 

2. a' + y\ 7. a'* + y*. 12. n' + 27. 

3. a' + 6' 8. x'''-\-y'\ 13. a' + 6V. 

4. a« + n\ 9. a" + x\ 14. 1 + n\ 

5. n'° + m^\ 10. m« + n\ 15. ^ \ W^ . 
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MISCELLANEOUS EXAMPLES. 

16. a? - 343. 2L a;*' - y'\ 26. aJ* - y\ 

17. 32x-* - f, 22. a'y + x"^''. 27. aW — x'y\ 

18. a' f a;^*'^/^^ 23. a'b''' - x'y, 28. x' + fK 

19. a' - h\ 24. a* - 1. 29. a* - 6^ 

20. a "-6". 26. a;"-y\ 80. a* -6'. 

III. TO FACTOR TRINOMIALS. 

95. A Quadratio Trinomial is one whose form is «* ±: aa; 
± b, in which b is the product of two quantities and a their 
algebraic sum. 

96. When the trinomial is quadratic. 

A quadratic trinomial will assume one of the six following 
forms : 

First Form.— Factor a^ 4- 2ab + b\ 

By Art. 86, Prin. I., this is evidently the square of the sum of a and 6. 
Hence, 

a« + 2ab + 6^ = (a + 6) (a + 6) = (a + 6)». 
Second Form. — Factor a^ — 2ab -h 6^ 

By Prin. II., Art. 86, this is evidently the square of the difference of a 
and b. Hence, 

a« - 2ab -{■ b^ = {a - b) {a - b) ^ {a - b)\ 
Third Form.— Factor a' + 7a + 12. 

By Prin. IV., Art. 86, the first term of each binomial is a, the product 
of the other two terms is 12, and their sum is 7. The factors of 12 are 

1 X 12, 

2x6, 

3x4. 

Since the sum of the two terms is 7, they must be 3 and 4. Hence, 

riM 7a -\- 12 - (a + 8) (a + 4). 
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Fourth Form.— Factor n' - 7a I 12. 

This form is factored like the Third Form, with the second term in each 
factor negaiive. Hence, 

a« - 7a + 12 = (a - 3) (a - 4). 
Fifth Form.— Factor a^ -\-a — 12. 

This form is factored like the Third Form, with the second term in one 
factor positive and tlie other negative, the positive term being the greater. 
Hence, 

a*-' + a - 12 = (a - 3) (a + 4). 

Sixth Form. — Factor a^ — a — 12. 

This form is factored like the Third Form, with the second term in one 
factor positive and the other negative, the negative term being the greater. 
Hence, 

a» - a - 12 = (a + 3) (a - 4). 



EXAMPLES. 

Factor — 

1. m* -f 2mn + n*. 15. ?n* + 5m + 6. 

2. a'-Sa+16. 16. ^-16zi-15. 

3. re* + 3a; + 2. 17. m'-^-m- 12. 

4. a'-4a + 3. 18. x^-x-42. 

5. a' + a - 2. 19. 2/" + lOt/ 4- 25. 

6. n^-n"- 2. 20. 1 - 44a' + 484a*. 

7. a;* + 12a; + 36. 21. x" 4- 13a; + 22. 

8. m« - 34m* + 289. 22. 2* - 12z + 20. 

9. y' -f- 63/4-5. 23. n' 4- n - 20. 

10. ?i' - 12n 4- 11. 24. 2* - 13z'' - 140. 

11. 7?-\-x-6. 25. a' 4- 4a + 4. 

12. n'-n- 20. 26. a? - 16ab 4 64^^ 

13. a? -f 8a 4- 16. 27. n' 4- 43n 4- 82. 

14. s' - 428 + 441. 28. rf - \\x^ -V "2^. 
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29. 3^ + ^-132. 57. a»-hlOtt + 24 

20. z"- 21x - 100. 58. m* - 26m -f 105. 

31. 2^ - 12ry 4- 36^. 59. a* -r 15a- 100. 

32. m' - Umn -r 49n'. 60. x* - 25x' — 150. 

33. x* - 23x' -r 120. 61. x* -r 38a: 4- 361. 

aj. x'-24x-r63. 62. mV - 60mii + 900. 

a5. n' - 9n - 36. 63. n» -h lln + 24. 

36. r*-48r-100. W. a'-44a+160. 

37. a' + 24a6 -r 1446*. 65. a* ^ 3a" - 54. 

38. x' - 16xy -h 64y». 66. a*-31a'-360. 

39. a» -r 19a -|- 84. 67. 3/* + 42y + 441. 

40. n* - 15n» + 50. 68. x*^ - SOxt/" + 1600. 

41. y -h 53/* - 24. 69. x» + 14x + 24. 

42. x'-2x-80. 70. 3/»-36y + 99. 

43. m' -r- 8mn 4- 16n'. 71. a' + 3a - 40. 

44. m' - 32m + 256. 72. n» — 39/i - 270. 

45. y* -f 212/^ -^ 110. 73. x** -h 26x» + 169. 

46. a* - ZOa'b -^ 816'. 74. y*- - 22?/^ + 121. 

47. a" -- 9a - 10. 75. a'" + 28a'* + 75. 
18. n' - 17n - 200. 76. x* - 23x' + 60. 

49. 1 -r 20n' -h 100m*. 77. n* + 34n'm — 72m». 

50. 1 - 36a' -f 324a*. 78. m** - 45m** - 364. 

51. m' -i- 6mn -h 9n'. 79. a*" — 2aV + n*. 

52. x'-xy + ij/'. 80. x' + 44x + 484. 

53. a' -I- 18a + 17. 81. x» + 53x + 360. 

54. x* - 29x -f 168. 82. x« - 37x» - 360. 

55. x* 4 6x - 135. 83. 71* -n- 156. 

56. a' 6ax 55x'. 84. x''-h6x'-91. 
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97. When the trinomial is of the form aa? ± 6x ± c» 

1. Factor 2a;' + 7a:y — ISi/". 

It is evident that the first terms of the two factors are 

(2a; )(« ). 

Since the third term is — ISj^*, the other two terms of the binomials are 
either — Zy and 6y, or 3y and — by. These factors must be selected and 
arranged to produce the middle term. They are found by trial to be — *6y 
and by. Hence, 

2a;» + iQcy - ISg/' = (2a; - 3y) {x + 6^). 

Note. — This case is factored largely hy trials but a little practice will 
enable the student to factor trinomials of this form with ease. 



EXAMPLES. 

Factor — 

1. Ga;* + 29a; + 36. 16. 6x' + 7xy + 2y'. 

2. So;* + 37a; + 14. 17. 22a;' + 27xy - ^. 

3. 14a;» + 25a; + 9. 18. 12ar' — 32a;2/ + 212/*. 

4. 2^ + 22a; + 15. 19. A7?-\-lxy — Iby". 

5. 15a' + 39a + 24. 20. Sa;* - 29a^ + 862/^. 

6. 2a* + 5a - 3. 21. Sar* + 8a;2/ - 482/'. 

7. 20a;» - 23a; + 6. 22. e55af* + 79a;2/ — 362^^. 

8. ^7? + 19a; - 20. 23. 20a' + 13a6 - 216'. 

9. 21a;' -a; -10. 24. 143a' - 22a6 - 1656'. 

10. 27a;' + 9a; — 6. 25. 70n' - 221nm + 70?/i'. 

11. 63a;' + 130a; + 63. 26, 33a;' - 34an/ - 352/'. 

12. 44ar» - 75a; - 54. 27. 35a;' - 3:2/ - 122/'. 

13. 15a;' + 31a;2/ + W- 28. bbx^ - ^^ — bby\ 

14. 24a' + 33a6 - 306'. 29. 40a;' + Zxy - 28?/'. 

15. 12n' - 29mn + 15m'. 30. 12a' — IQia-ij - Vl^f . 
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IV. TO FACTOR POLYNOMIALS. 

98. When the polynomial contains a common fia.ctor. 

1. Factor ba'c - lOahc + 15ac* — 20ac^. 

By examining the polynomial we see that 5ac is a factor common to all 
the terms. Dividing by 5ac, we obtain the other factor. Hence 

6a c)ba^G - lOabc + 15ac' - 20ac^ . 
a- 26 + 3c - 4c» 

EXAMPLES. 

Factor — 

2. 6an'b - 21nb\ 13. 5y' + 452/* + ICXV- 

3. 2(h?y + 36ay\ 14. 7(V + 77ar^ - 42a;. 

4. 72a*a; - 90a6a:. 15, a' + a' + a. * 

5. 4a^bx + 4b*x. 16. 5m^ — 5mn". 

6. a* - 16a^ 17. 3x' - 3a;2/^. 

7. x^-lGa:. 18. c(a + 6)' — c^. 

8. 2a' + 4ab + 2b\ 19. 2a' - 2a6' - 4a6c - 2ac'. 

9. 1x^ — 1^. 20. 3t?y^xY^xf. 

10. Zx'y^-Zxf, 21. y + y'-^y'. 

11. 3x^2/ + 3xy^ 22. 5a^' + 5aa;'. 

12. 2a:' - Sx' - 6x. 23. a? + 2a''6 + a6' - ac". 

99. When the terms can be grouped. 

1. Factor ax — by — bx + ay. 

It is evident that 

ax — by - bx + ay = ax + ay — bx — by 

= a(x + y) — b(x + y) 
= (a - b) (x + y\ Am. 

2. Factor Sx" - Sr^i/ - 2x -j- 4y. 

33^ - ex^ -2x + 4y = (3^ - 6x^y) - {2x - 4y) 

= %x\x - 1y) - 1[x - 2y) 
= (3x2 _2)(x- 2y\ Am. 
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3. Factor ar* — 29a; + 20. 

By separating and grouping, 

a;» - 29a; + 20 - a:» -- 25a; - 4a; + 20 

= x(x^ - 25) - 4(a; - 6) 

= x(x - 5) (a; + 5) - 4(a; - 6) 

= (a; — 5} (x^ + 5a; - 4), An^ 

4. Factor ar* + 3x + 14. 

a;' + 3a;+14 = a;»-4a; + 7a;+14 

= x{x^ - 4) + l{x + 2) 

= (a; + 2) [x^ - 2a: + 7), Am. 

6. Factory* -52/'' + 12. 

y'-by^^ 12 = y» - 2y^ - 3^« + 12 

= 2/'(^/-2)-3(y«-4) 

= (3/ - 2) (3/2 _ 3y - 6), Ans. 



EXAMPLES. 



Factor — 



6. 4aa; - 12a; + 2a — 6. 

7. ax -\^ hx -\- ac -\- he, 

8. 3ac - 3c - 4a6 + 46. 

9. 267n — 2671 - 3na; — 3ma;. 

10. 3a' - ^ax - Zax + Ax\ 

11. a' — a6 — 2(a — 6). 

12. hx-cx + hc- a;'. 18. a» — 10a' + 147. 

13. ar* + 2/' + a; + 2/. 19. 2/* — 82/-f32. 

14. ar* -52a; — 21. 20. ar* — 19a; — 12. 

15. a;» - 31a; + 30. 21. ar* - 32a; — 35. 

16. y'-Sy'^ 45. 22. w' - 9n* + 98. 

17. 2/* - 802/ + 200. 23. ar» - 1/* — a; + 1|, 
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100. Suggestions. — The student should be careful to select 
the best method of factoring an expression. 

Thus, there are several methods of resolving a^ — b* into its prime 
factors; but the best method is as follows: 

- (a + 6) (a« - a6 + 6«) (a - 6) (a« + oft + 6»). 
Also, to factor a* — 6*. 

a« - 6« = (a* + b*) (a* - b*) 

= (a* + b*) (a« + 6«) (a« - 6*) 

- (a* + 6*) (a» + 6«) (a + 6) (a - 6). 

The following order of factoring is usually the best : 

1st. Remove any monomial factor that the expression may 
contain (Art. 98). 

2d. If the expression is a binomial, apply the principle of 
Art. 92 ; then the principles of Art. 94. 

MISCELLANEOUS EXAMf>LES. 
Factor — 

1. 4a*-4a6'. 13. «" — y"*. 

2. a^-a^. 14. a" + 6^ 

3. f-y. 15. 2* - Gz'j/' + 3^. 

4. a" - ay^\ 16. y'-Sy- 130. 
6. 2a? — 2ab\ 17. x'-26x- 120. 

6. 2a;» — 4a; - 126. 18. (a-6y+ (a-6)» + l. 

7. 3(m ~w/ — 12. 19. a^^ + a^' + a;. 

8. 25a* - 19a' + 1. 20. a? + a? + a; + 1. 

9. 4a;* - 12a?y + 9a;'y». 21. 2a' + 7a6 - 72b\ 

10. m" + mr 22. a^ — y''^. 

11. 36a' — 12a + l. 23. a' + 2a-99. 

12. 63/* + ay — 35a'. 24. x* - 3a:»y' + y*. 
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25. 8a* - 22a2/ -h Wy". 

20. ar» + 6;c* + lla; + 6. 

27. a'* + 2/". 

28. m*-hl7m-110. 

29. a;'" + 32a:* + 256. 

*-{0. / + 2/* + 2/'. 

31. a* - 4a6 -h 46* -h 5a - 106. 

32. (a-6)*-cP. 

33. x»-(a — 6)*. 

34. (ix-yy-(ix-\-y)\ 
a5. ic» -h 4x* - 17a; - 60. 

36. a*-f 46*. 

37. »' - 10a:» - 200. 

38. 4aa;^ + 4a;a'. 

39. m*- 7m — 120. 

40. a;»-39a:-70. 

41. 2/" -h 32/* - 340. 

42. 6a*-13aa^^-6x'. 

43. x' + Sx- 154. 

44. 49a*" + 126a»6" -f 816*». 
15. 4a* -816*. 

46. ar' + a:*-150. 

47. ar* + 6x - 20. 

48. c*-c- 12. 

49. m" — ri». 

50. 40ac* - (2a; - 2/)'- 

51. n — ri'. 

52. l-x'-y'-{-2xy. 

6 



53. ar' + 2a;(a r 6) -|- (a -}- 6)*. 

54. a;" 4- 2/". 

55. a' -28a -48. 

56. 2* - 2 - 132. 

57. 2a6-a*-6*-f-c*-hd*-2cd. 

58. ar» + 3a;* -h 3a; -hi. 

59. a*-h4. 

60. ar^" + 2a;" -h 1. 

61. (a -f 6)* - a;* - 2a;2/ - 2/*- 

62. 64 + x\ 

63. 24a;* -f 5a;*2/* - 361/*. 

64. (1 - a)* - (1 - 6)*. 

65. ar* - 2an/ -f 2/* - 6a; + 62/. 

66. a;" -2/**. 

67. c** - d**. 

68. 2/^ - 492/ + 120. 

69. (a;* + 2/* - z*)* - 4a;*2/*. 

70. (m* - 71* - p*)* - 4n*2}*. 

71. x^ -.12x* H- 243. 

72. ar* - 28a; - 48. 

73. 100a* -(i} + g).* 

74. a» - 3a*6 + 3a6* - 6'. 

75. a* H- 6*. 

76. ar* - 10a;* 4- 31a; - 30. 

77. (a*- 6*)* - (c* - d*)*. 

78. (m — n)*— 2>*. 

79. (ar' + a;-4)*-4. 

80. ar* — a;* — a;4-l- 



82 ALGEBRA. 

HIGHEST COMMON DIVISOR. 

101. A Divisor* of a quantity is a quantity that will 
exactly divide it. 

Thus, 3a is a divisor of 6a\ 

102. A Common Divisor of two or more quantities is a 
quantity that will exactly divide each of them. 

Thus, 3a is a common divisor of 6a* and da'b, 

103. The Highest Common Divisor (H. C. D.) of two or 
more quantities is a divisor of the highest degree which will 
exactly divide them. 

Thus, 3a« is the H. C. D. of 6a^ and 9a^b. 
PRINCIPLE. 

The highest common divisor of two or more quxmtities is the 
product of all their common prime factors. 

CASE r. 
104 When the quantities are reaxlily factored. 

1. Find the highest common divisor of QaWx and da^bx^. 

Process. 

6aWx = 2xSxaaxbbxx 
9a^ba^ ^SxSxaaxbxocx 



H. C. D. =Sxaaxbxx = 3d%x. 

Since the highest common divisor is the product of all the common 
prime factors (Art. 103, Prin.), we resolve the quantities into their prime 
factors. The only prime factors common to both quantities are 3, aa, 6, 
and Xy and their product, Sa^bXj is the highest common divisor. 

2. Find the H. C. D. of a* - 6* and a« + b\ 

Process. 

a* - 6* - (a^ + b^) {a + 6) (a - 6) 
a« 4- 66 -ia^ + b^J (a* - aW + 6*) 
H.C.D. ^^a^+k 



* This technical idea of divisor must not be confused with the general 
idea of divisor in Art. 79. 
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Therefore, to find the highest common divisor when the 
quantities are readily factored, 

RULE. 

Resolve the quantities into their prime factors, and take the 
prodtu;t of aU the common factors, 

EXAMPLES. 

Find the H. C. D. of— 

3. ^xYz and 12an/¥. 

4. 12mVt/* and 16mVy. 

5. 14PmV and 21PmV, 

6. lbxyh\' and 20xyz^v. 

7. 25xVm^ and SOx^n'm', 

8. SOx^yV" and 4ac>*"z^ 

9. Sar^yV, 6xyV, and 7aryz. 

10. 9mV, 12mV, and 15mV. 

11. 12aVyV, 18aV2/V, and 24aVy^2*. 

12. 6mV;y, 12mV2/^ and 20mVy*. ' 

13. x'-y' and a;' + 2a:2/ + 2/'- 

14. ar* - 2a;, a;' - 4, and (« - 2)^ 

15. 2=^ + 3z, z' - 9, and (2 + 3)1 

16. ^n'' — m,m^ — 1, and m'^ — 2m + 1. 

17. re* + a; — 6 and ar^ + 3a; — 10. 

18. x^ + 10a: + 21 and x' — 2a; - 15. 

19. a;' + 2x - 63 and x^ - 13x + 42. 

20. x' -h a; - 132 and a^-x — 110. 

21. x' - 81 and x' - x - 90. 

22. 6x'-x-12and 10x*-9x — 9. 

23. x' + 2/^ and x^ + 2xy + y\ ^ 
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24. a;* -f t/* and a:*° + y'^ 
26. «• — y* and a;* — 2/*. 

26. a;* + t/* and a:* — y\ 

27. a:* - 2/', (a? - y)\ and a:'^ - art/*. 

28. 7?-^x-^b,x^-1x-\- 10, and a;' - 8a; + 15. 

29. ar* - a;'' - 12a; and a;*' - 4a; - 21. 

30. a;* + /, a;* — y\ and a;* + 2ar'^ + y\ 

31. a;* H- xy + i/* and x^y — 7?if + xjf. 

32. a;* + ar' + 1 and a;' + 1. 

33. a;" + 2/" and x^ - y\ 

34. (a + 6)'-c*anda'-(6 4-c)^ 

35. a^-{h- cy and 6' - (a - c)\ 

36. ar^ - (a + 6 + c)' and (a; - of - (6 + c)'. 

37. Sa'' + 2a - 1 and a' -f a' + a 4- 1. 

38. o^-f- 2yz — z^ and x' ^^xyVy"- 2'. 

39. a;* H- 2/*, a;* — a;*2/* + 2/*) and a;* 4- a;y + f, 

40. (a;' + 2/*) (^ + ^ + 2/') and (a;» - 2/*) (a;'' — a;y + 2/0. 

CASE II. 

105. When the quantities are not readily fkctored. 

PRINCIPLE I. 

A divisor of a quantity is a divisor of any number of times thai 
quantity. 

This is axiomatic, since if a is contained in 6, n times, it is contained in 
2b twice as many times, in 36 three times as many times, etc. 

PRINCIPLE II. 

A common divisor of two quantities is a divisor of their sum, awl 
also of their difference. 

<?, which is a common divisor of a& and 6c^, is also a divisor of 
a<? + fee* or (a + 6)c', and of a& - b& or (a - b)(?. 
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PRINCIPLE III. 

Either of two quantities may be multiplied or divided by a fa/:tor 
not found in the other, without changing their highest commxm 
divisor. 

This is evident from Art. 103, Prin. 

106. In Arithmetic we find the H. C. D. as follows : 

Divide the greater number by the less ; if there is a remainder, 
divide the divisor by it, and so on, until there is no remainder. 
The last divisor wiU be the highest comnum divisor. 

Illustration. — Find the H. C. D. of 36 and 63. 

36;63(,1 
36 

27;36(,1 

27 

9;27(,3 

27 

Hence, 9 is the H. C. D. of 36 and 63. 

107. We will now prove that the same principle is true for 
any two algebraic quantities. 

Illustration. — Find the H. C. D. of A and B^ 

Suppose A is contained in B, q times, with a remainder oi R] R \s con- 
tained in Ajqf times, with a remainder of R^ \ and R^ is contained in R, 
q^^ times, with no remainder. Then R^ is the H. C. D. of A and B, 

A)B^q 
qA_ 

B) A Cg' 

q'R 
R'J R i^q'^ 



A and B are each a number of times the H. C. D. ; then B — qA, ov R, 
is a number of times the H. C. D. (Art. 105, Prin. 2). 

Now, since A and R are each a number of times the H. C. D. and any 
divisor of R and qA is a divisor of B (A.RT. 105, Prin. 2), the question is 
reduced to finding the H. C. D. of A and R. 

In like manner we can reduce it to finding the H. C. D. of R and R' ; but, 
by hypothesis, this is R\ Hence R' is the H. C D. oi A «ltA B. 
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1. Find the H. C. D. of 3a:' + a; - 2 and 6a? + ITx* + 4a; - 12. 

Zx*-t X- 2;0ar» + 17a;« + 4x - 12C2a; + 5 
6 ar»4- 2a:' -4a; 

Ibx^ + 8a; - 12 
15a;' + 5a? - 1 

Sx - 2;3a;' + x - 2(x -\- 1 
3a: ' -2 a ; 

3a; - 2 
3a;- 2 

IQ'OTE. — Each division should be continued until the remainder is of 
a lower degree than the divisor. 

2. Find the H. C. D. of 6ar^ + 21ar' + 9x and 14a;* + 473;^ 
+ 7af^ - 24a;. 

By examining these quantities we see that a: is a common factor. It may 
be set aside and inserted after division as a factor of the H. C. D. (Art. 103, 
Prin.). 

We also see that the factor 3 is found in the first quantity, but not in the 
second. It may therefore be rejected, since it is not a factor of the H. C. D. 
(Art. 105, Prin. 3). 

After removing these factors we have 

2a;' 4- 7a; + 3;i4a:» f 47a:' + 7a: - 24C7a; - 1 
14a:^ + 49a;' + 21a; 

- 2a:' - 14a; - 24 

- 2a:'- 7a;- 3 
(See Art. 105, Prin. 3.) - 7 ) - 7x - 21 

X + 3;2a:' + 7a; + 3(,2a; + 1 
2a:' + 6a; 

a; + 3 
a;-f3 

Inserting a;, the H. C. D. is a;' + 3a;. 

3. Find the H. C. D. of 20ar» - 39a;' - 29a; + 48 and 20a;* 

- 93;* - 95a;' + 3a; f 81. 

20ar» - 39a;' - 29a; + 48;20a;* - 9a;' - 95a:' + 3a; + 81(^a; + 3 

20a;* - 39ar» - 29a;' + 48a; 



30ar» - 66a:' - 45a; + 81 
(See Art. 105, Prin. 3). _2 



60ar»- 132a;'- 90a; + 162 
60a;« - 117a:' - 87a; + 144 



(See Art. 106, Prin. 3.) - 3; - 1 53-'- 3a- -t- 18 

5a;' + X- 6 
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5a^ + x- 6;20a;3 - S9x^ - 29a; + 48(,4a; - 43 
20a;» + 4a;« - 24a; 



-43a;»- 
5 


6a; + 48 


+ X- 

-5x 
6a;- 
6a;- 


■e(bx 

6 
6 




-- 215a;* - 
- 215a;'' - 


25a; + 240 
43a; + 258 




18J18a;- 18 
X - i;5a;« 
5a;« 


+ 6 



.•.TheH.C.D. i8a;-l. 

EXAMPLES. 

Find the H. C. D. of— 

4. 6ar^ - 19a; + 15 and 14x' - 11a; - 15. 

5. 5a;* — 7a; - 6 and 252:^ - 25a; - 24. 

6. 40a;' + 7a; - 66 and 56af^ + 61a; - 22. 

7. 63a;* - 122x + 55 and 722^* - 7a; - 99. 

8. 3ar» - 17ar^ + 16a; - 4 and 15ar» - 73;* - 11a; + 6. 

9. Bar* - 30a;* + 44a; + 8 and 9a? -20a;* + 4a;. 

10. 12a;* - 2a? - 4x* - 30a; and 24a? - 6a? - 9a; - 54. 

11. 6a? - 28a? + 24a; + 10 and 5a;' - 18a? + 4a; + 3. 

12. 5x* + 8a? + a? - 2a; and 7a;* + 11a? + a? - 3a;. 

13. 2a;*-a?-4a;-3and3a;*-4a?-i-2. 

14. 2a;* - 12a? + 17a? + 6a; - 9 and 4a? - 18a;* + 19a; - 3. 

15. 6a;* + 25a? - 21a? + 4a; and 24a;* + 112a? - 94a;* + 18a;. 

16. 2x* - 2a; and 5a? + 12x* + 12.t + 7. 

17. a?- 17a? + 7a;* - 9 and a? - 16a? + 2a;* + 5x- 12. 

18. 12a? - 88a? + 128x and 3a? - 33a;* + 96x - 84. 

19. 12a? - 51a? + 12a; and 2a? - 4x* - 2a? + 4a;*. 

20. 9a* + 12a' + 10a* + 4a + 1 and 3a* + 8a' + Uo? -V ^-V^. 
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108. To find the H. C. D. of three or more quantities, 

RULE. 

Find the highest common divisor of any two of th^m, tJien oj 
this result and a third quantity y and so on. The last divisor toiU 
be the highest common divisor of the given qrwMities. 

EXAMPLES. 

Find the H. C. D. of— 

L lOar^ -h lar - 3, 8a;' + 8a; - 6, and 6x* + ac - 9. 

2. 27? -h 9a;' + 7a: - 6, 3a;» + lla;* 4- 8a; + 6, and a^ -{-luf 
-f 14a; + 6. 

3. ar* - 40-' + 9a; - 10, a;» + 23;* - 3x + 20, and ^ + 5a;»-9a; 
+ 35. 

4. a;*-6a;'-7x— 6, a;* - 4ar' + 2a;' + a; + 6, and a;* + a;'-8a;' 
- 9a; - 9. 

5. a;» + 23^* + 2a; + 1, af* + 3a;' + 4a; + 2, and ar» + 43;* + 6a; -f 3. 

6. ar' - ar* - 4a; + 4, ar* - 3ar^ - a; -h 6, and ar' - 43;" + 3a; + 2. 

7. 2ar^ + Sa;* + 5a; + 6, 3ar* -f 5a;' - 5x - 6, and a? -\- Aaf 

+ 5a; + 2. 

LOWEST COMMON MULTIPLE. 

109. A Miiltiple of a quantity is a quantity that will 
exactly contain it. 

Thus, 3a^6 is a multiple of ab, 

HO. A Common Multiple of two or more quantities is a 
quantity that is a multiple of each of them. 

Thus, Za^b is a common multiple of 3a and 36. 

111. The Lowest Common Multiple (li. C. M.) of two or 
more quantities is a quantity of the lowest degree which is 
a multiple of each of them. 

Thus, 6a6 is the L. C. M. of 3a and 26. 
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PRINCIPLE I. 

A mvltiple of a quantity must contain aU the factors of that 
quantity, 

PRINCIPLE II. 

A common mtdtiple of two or more qiuintities must contain ali 
the factors of each quantity, 

PRINCIPLE III. 

The lowest common multiple of two or more quantities must con- 
tain all the factors of each quantity^ and no others. 

These principles are evident from the definitions given. 

CASE I. 

112. When the quantities are readily factored. 

L Find the L. C. M. of Mb(? and 9aftV. 

Process. 

6a*6c^ = 2x3x aax6xcc 
9a6^c =3x3x ax66x c 



L. C. M. = 9a6*c x 2 x a x c = \%a^b^c\ Ans. 

The L. C. M. must contain 9a6^c (Art. Ill, Def.) and all the factors of 
Qa^bc^ not found in 9«6''c (Art. Ill, Prin. 3), which are 2, a, and a 
Hence, the L C. M. - 9ab^c x 2 x a x c = ISa^ftV. 

2. Find the L. C. M. of a* ~ b* and a* -h b\ 

Process. 

a*-b*= {a^ + b^) (a + 6) (a - 6) 

a« + 6* = (a« -f- yj (g* - a«6« + 6^ ) 

L. C. M. = (a« + 6«) (a +6) (a - 6) = a" - a^b' + «%• - 61 

Therefore, to find the L. C. M. when the quantities are 
readily factored, 

RULE. 

Resolve the quantities into their prime factors. Multiply the 
highest quantity by all the factors of the other quantities not found 
in the highest quantity. 
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EXAMPLES. 

Find the L. C. M. of— 

3. 4x% 12x2/», and 18ary. 

4. Idx'yz^ 207?y\ and ma^y'zK 

5. (3x + 1), 2(ac - 1), and 4(9a;» - 1). 

6. x^ — 2/^ ar* — i/*, and x^ — 3/*. 

7. a^ — y^, 2(pc^y — xy^f^ and «• — y*. 

8. a;'' — y^, x* + y*, and 3? — 'i/^. 

9. a;^ - 5x + 6 and a;" - 6x + 8. 

10. a:' - 9, ar" + a; - 12, and ar" + 2a; — 15. 

11. a; + 1, a;^ — 1, and ar^ — 1. 

12. x^ -\-y^^yf ^- y^, X® — y, and a;" — y". 

13. 2x'-7a;-4, 4ar^+10a; + 4, andGa^'-Taj-a 

14. (a; + y)\ (x — y)\ and x^ — y^. 

15. 0^ + 05 + h\ d?-ah^- b\ and a* + aW + 6*. 

16. (a + ^y-c^, (a + c)'-6^a'-(6^-c)^ 

17. a;" + 2/", a;* + 2/*) ^^^d ^^ ~ 'V®- 

18. 10a;'' - 41a; + 21 and 6a;' - 31a; + 35. 

19. 7a;' -i-llxy-Qy' and 5a;' + 15xy + 10y\ 

20. 23^* - 5a;y + 2y' and 6a;» — 4a; - 3a:2/ + %• 

21. 4a;' - a;y - 32/* and 33;^ - 3a;'2/ + ^ - 2/^- 

22. af* 4- a;2/ + 2/', ar' -- 2/*, and x — y. 

23. 1 -a; + ar", 1 + a; + a;', and 1 4- ar» + a;*. 

24. a;* + 2a;2/ + 2/", a;' - 2a;2/ + 2/', and a;* - 2ar*y' + 3/*. 

25. ar* + a;, a;* — ar*, and of + a?, 

26. af* — y', a;* — y\ and a;* + 2/*. 

27. a;' - 1, ar» + 1, a;' - 1, and a;* + 1. 

28. 7? j- x'^y + xy^ -\- 1^ and a;^ -x^y + xy^ — ^. 
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CASE n. 
113. When the quantities are not readily fiEictored. 

PRINCIPLE. 

The lowest common multiple of two quantities equals either quan- 
tity divided by their highest common divisor^ and this quotient mul- 
tiplied by the other quantity. 

Let A and B be any two quantities, c their highest common divisor, and 
m and n the other two factors, respectively ; then 

A = mx c (1) 

B = n X c (2) 

And L. C. M. -= 5 X m (Case I.). 

But from (1), m = — 

c 

.•.L.C.M. = ^x— . 

c 

1. Find the L. CM. of a? - 82? + Sx - 2 and 2a? - 3^^ 
-- 3a; + 2. 

We first find the H. C. D. 

a:» - 3a;« + 3a; - 2;2ar» - Sa;'' - 3a; + 2(^2 

2ar»— 6a;* + 6a; - 4 





S)Sx^ - 9a; + 6 




a;' - 3a; + 2)q^ - 3a;' + 3a; - 2(jc 




a;» - 3a;« + 2a; 




a;-2 


X 


- 2)x^ - 3a; + 2(,a; - 1 




a;»-2a; 




- a; + 2 


• 


- a; + 2 


rin 

- nr 


1. — 



H. C. D. = a; - 2. 
Then, by Art. 113, Prin.— 

v«^ X.. v.. .... - -. 3a;* + 3a;-2x?^^ 

a; — 2 

« 2a;* - 5a;* + 2a;' + 2a;* - 5a; + 2, Am. 
EXAMPLES. 

Find the factors of the L/C. M. of— - 

2. 4ar» + a;* + 12a; + 3 and a? -f 2a;' + 3x + 6. 

3. 2a;'- 5a;y + Sy' and 20;^ - 3ar^y - 2xif -V^^lf • 
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4. x* 6a;' + llx 6 and ar' Qar* + 26a; - 24.". 
6. ar' - Sx' -f 3a; -- 2 and 2ar» - 3a;* - 3x + 2. 

6. x* - 6a;' + 11a; - 6 and a;* - 19a; + 30. 

7. 8af* - 14ar' - 19a; + 30 and 12a;» + 8a;* - 43a; - 42. 

8. 20a;» - 83;* - 125a; + 50 and 12a? + 82;* - 76a; - 60. 

9. 23;* + Ta;* - 10a; - 24 and 4a;» + 12a;* - 31a; - 60. 

10. 3a;* + af^-5ar'-2a;-2and 12a;* + 4ar»-5a;» — 3a;-3. 

11. a;^ + 2a;*-|-3a;» + 3af^ + 2a; + l and ar^ - a;» - ai* - 2a; - 1. 

12. m* -f w? + 2m' + m + 1 and m* - 1. 

13. 3m* - m' — 3m + 1 and 5m* - 2m' — 6m + 2. 

14. n' - 2n' - 5n + 6 and n' -5n' + 8n — 6. 

15. 6a;* - 5a;' + 5a; - 1 and 8a;* - 23;^ + a; + 1. 

16. m' — 7m — 6 and m' + m' — 9m — 9. 

114 To find the L. C. M. of three or more quantities. 

RULE. 

Find the lowest common multiple of any two of them, then oj 
this result and a third quantity, and so on. 

EXAMPLES. 

Find the factors of the L. C. M. of— 

1. x — y,x-{-y,x^ — y^,Qi? — y^, and x* — y*. 

2. 62;^ + 4a; - 16, 93^* - 27a; + 20, and 123;* + 5a; - 28. 

3. 5ar^ ~ 14a; + 8, 33;' - 43; ~ 4, and a;' - 4a; + 4. 

4. a;* + 5a;» + 53r'-53;-6, 3? + 63;' + II3; + 6, and a;* + 43;' 
+ X - 6. 

5. X* - 23f» - 3;» + 2x, X* - 4x» + 67^ - 2x, and a^ — x' 

-4x + 4. 

6. n' - 7n + 6, n» + 3n' - 16n + 12, and n» - 4n' + 5n — 2. 



V. FRACTIONS. 

115. A Fraction is an indicated expression of division. 

An Algebraic Fraction is written as in Arithmetic. The div- 
idend, called the Numerator, is written above, and the divisor, 
called the Denominator, is written below a horizontal line. 

Thus, ^^ ~ ^f means (3a - 2b) h- (c + 4d). 
c + 4a 

116. The Terms of a Fraction are the numerator and the 
denominator. 

117. An Integrral Quantity is one that does not have the 
fractional form ; as, m + n. 

118. A Mixed Quantity is one that is partly integral and 

partly fractional ; as, a 4- -, or a 

c c 



PRINOIPLBS OP PRAOTIONS. 
PRINCIPLE I. 

119. MvUiplying the numerator mvltiplies the value of the 
fraction. 

Let " be any fraction, q its value, and x any quantity ; then 
a ■' 

Since the dividend equals the product of the divisor and quotient, 

n = qd. 
And nx = qxd (Art. 69). 



Hence -*5 =- qx (Art. 69). 
a 



^^ 
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PRINCIPLE n. 

Dividi7ig the numerator divides the value of die fraction. 

Let ^ - g. 

Then n = qd. 

And n -4- a; = ((2' -*- x)d (Art. 69). . . 

Hence ?^^ = g -j- a; (Art. 69). 
a 

PRINCIPLE III. 

Midtiplying the denominator divides the value of the fraction. 
Let I = g. 

Then n = qd. 

And n = {q -^ x)dx (Art. 54, Ax. 6). 

Hence -^ = q ^ x (Art. 69). 
ax 

PRINCIPLE IV. 

Dividing the denominator multiplies the value of the fraction. 



Let 




5-'- 


Then 




n = qd. 


And 




n = qx{d -^ x) (Art. 54, Ax. 6). 


Hence 


d 


— qx (Art. 69). 

-^ X 

PRINCIPLE V. 



Multiplying both numerator and denominator by the same 
quantity does not change the value of the fraction. 



Let 


d = «- 


Then 


n = qd. 


And 


nx = qdx (Art. 69). 


Hence 


^^ - g (Art. 69). 
dx 
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PRINCIPLE VI. 

Dividing both numerator and denominator by the same quantity 
does not change the value of the fraction. 



Let 



n 
d 



Then n = qd. 

And n -^ X == q{d -i- x) (Art. 69). 

Hence ?LzL^ ^ q (Art. 69). 
a -5- a? 

PRINCIPLE VIL 

Changing the sign of both ny,merator and denominator does not 
change the value of the fraction. 

This is the same as multiplying both numerator and denominator by 
— 1, which does not change the value of a fraction (Prin. 5). 

PRINCIPLE VIII. 

Changing the &lgn of either numerator or denominator changes 
the sign of the fraction. 

This is the same as multiplying or dividing a fraction by — 1, which 
will change the sign of its value (Prin. 1 and 2). 

Thus, ? = - - ^ « 



b b -b 

REDUCTION OP FRACTIONS. 
CASE I. 

120. To reduce a fraction to its lowest terms. 

A fraction is in its lowest terms when its numerator and 
denominator are prime to each other. 

Since dividing both numerator and denominator by the 
same quantity does not change the value of the fraction 
(Ai^T. 119, Prin. 6), we have the following 

RULE. 

Resolve both terms of the fraction into their prime factors^ and 
cancel all factors that are common to both terms. Or, 
Divide both terms by tlieir highest common divisor. 
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3^ — y^ 

1. Reduce - ^— to its lowest terms. 

(X + yf {x^y)(x-^y) x^y 

2. Reduce — — to its lowest terms. 

x* -f 9x + 20 

a:* -f 7:1? + 12 ^ (x + 4) (a? -f 3) _ a; -f 3 ^^ 
a:* + 9x + 20 '^ (a; + 4) (a; + 5) " a; + 6' 



EXAMPLES. 

Reduce the following to their low^t terms : 

8a* Sc^x + &a?bx + 3a6'a; 

, 24mV ,, a^-y* 

4. — - — — -• 14. 



36mV «»-2a:2/ + 3/* 

, 39a'6V ,, a' -6* 

5. - — — — - • 16. 



65a'6V o» + 2a6 + 6' 

D. — : — - — r • lb. 



lUx'yz' a* + 2aV + 6* 

121m'nV _ a« + 6' 

7. 17. 

154r/i*nV • a^ — lr 

52aW nV a» + y 

* 169a»mVV* * a«-6** 

90mWy"2* (ar'-a^ 



ia5mW^2» (a; + a)* 

4o'-8a ■ (m + n)' 

„ Sx' + ex „, a' + 6' 

11. -^^ T— iil. 



6a:^~9a; (a + 6)» 

5a' + M + 5a a' -3a -28 

l^« Z I n I !I~ * ^i". 



5a» -5a' -5a a' + 10a + 24 
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^ m' + 5m~36 _ 403^"- 15a; 

23. — : ~~ ~~r • 27. 



m'~13m + 36 ' 16x' + 34x-15 

^/ a' -17a + 72 ^ m*-mW + n* 

24. • 28. ;: z 

a' - 18a + 80 m* + nf 

^ ^+17^+66. ^_ f-(y-^y, 

10a:* + 23a; + 12 m'-(n + a)' 

31. Reduce — : z to its lowest terms. 

I5a;» - 72:* - 11a; + 6 

By Art. 107 the H. C. D. of 3ar» - 17a;* + 16a; - 4 and 15a;» - 7a;* 
— 11a; + 6 is 3a; — 2. Dividing the numerator by 3a; — 2, the quotient 
is a;" — 5a; + 2 ; and dividing the denominator by 3a; — 2, the quotient is 
5a;* + a; — 3. Hence 

3a;» - 17a;* + 16a; - 4 _ a;' ~ 5a; + 2 ^ 
16a;» - 7a;* - 11a; + 6 5a;2 + a; - 3' 

Reduce by finding the H. C. D. of the terms : 

3ar* - 14ar' + 12a; + 8 6ar^ + 5a;* - 4a; - 3 

Oar' - 20a;* + 4a; ' * 8ar» + 8a;* - 2a; - 2 ' 

Gar' - 28a;* + 24a; + 10 10m,' - 7m* - 6m - 9 

5a;* -18x* + 4a; + 3 " * 6m' - 17m;* + 18wi - 9 * 

^, 2a;*-af'-4a;-3 „, m*-2m*-5m-12 

34. 37. 

3a;*-4ar»~a;-2 m»- 3m* -7m -15 

CASE n. 

121. To reduce a fraction to an integral or mixed 
quantity. 

Since a fraction is an indicated expression of division 
(Art. 115), we have the following 

RULE. 

Divide the numerator by the denominator. 
7 
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EXAMPLES. 

Find the L. C. M. of— 

3. ix'y, 12xy', and 18ary. 

4. 152^yz\ 20^y\ and QWyW 

5. (3x + 1), 2(3a; - 1), and 4(9x' - 1). 

6. a;^ — 2/*, «* — 2/*, and ic* — 2/*. 

7. a^-y", 2(7?y - a^)\ and a;« - 3/*. 

8. x^ -f, X* + y\ and a?-}/'. 

9. ar" - 5a; 4- 6 and aj' - 6x + 8. 

10. x*- 9, a;" + a; - 12, and ar" + 2a; - 15. 

11. a; + 1, ar* — 1, and ar^ — 1. 

12. x^-hy^,^ ^ /, x* — 2/*, and a;" — 2/". 

13. 2a;'-7a;-4, 4ar^+10a; + 4, and6a;'-7x-6. 

14. (a; + y)\ (x - y)\ and a^ - y\ 

15. a' + ab-\- h\ d?-ah + b\ and a* + aV + 6*. 

16. (a^by -(?, (a-\- cf -b\ a? ~(h -^ c)\ 

17. a;** + y", af + 'i^j and a^ — y^. 

18. 10a;* - 41a; + 21 and 6a;' - 31a; + 85. 

19. 7a;=* + Uxy - ^y" and 5a;» + 15a??/ + lOt/'. 

20. 2a;» — 5a;2/ + 2y' and 6ar* — 4a; - 3a:2/ + 22/. 

21. Aa? — xy — Z'l^ and Sar' ~ ^oi?y + a^ — 2/*. 

22. af* H- a;^ + 2/^, ar' -- 2/*, and a; — y. 

23. l-a; + a;», l4-a; + a:', andl+ar^ + a;*. 

24. a;* + 2a;2/ + 2/", ^ - 2a;2/ + y^j and a^ - 2a;'2/* + 3/*- 

25. ar* + a;, a;* — a;*, and a:* + a;*. 

26. ar* — 2/*, a;* — y*, and a^ + 2/*. 

27. ar^ - 1, a;» + 1, a;' - 1, and a:* + 1. 

^ 28. a:* f a;'y + a;2/* -h 2/* and x^ - -a^y -\-xy^ — ]f^. 
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CASE n. 
113. When the quantities are not readily fiEictored. 

PRINCIPLE. 

The lowest common multiple of two quantities equals either quan- 
tity divided by their highest common divisor ^ and this quotient mul- 
tiplied by the other quantity. 

Let A and B be any two quantities^ c their highest common divisor, and 
m and n the other two factors, respectively ; then 

A = m X c (1) 

B = n X c (2) 

And L. C. M. = 5 X m (Case L). 

But from (1), m - — 

c 

.•.L.C.M. = ^x— . 

c 

1. Find the L. C. M. of a?-8:x? + Sx-2 and 2a? - Ss? 

- 3a; + 2. 

We first find the H. C. D. 

a:» - 3a;« + 3ic - 2)2a? - Zx^ -Zx-\- 2(^2 

2a;»— 6a;» + 6a; - 4 





S)Sx^ 


- 9a; + 6 










X* 


- 3a; + 2;a;» - 


3a;» + 3a; - 


■2(x 








a;»- 


3a;« + 2a; 

X - 


~2 


X 


- 2)x^ - 

X*- 


3a; + 2i^x 
2x 

a; + 2 


-1 






• 


— 


a; + 2 








Pin 


3 _ a-ra 4- 


Srr - 5 V 


2a;»- 


- 3a;« - 3a; + 2 



H. C. D. = a; - 2. 
Then, by Art. 113, Prin. 

......... -3a;2 + 3a;-2x?^^ 

a;-2 

= 2a;5 - 5a;* + 2a;» + 2a;* - 5a; + 2, Ana. 
EXAMPLES. 

Find the factors of the L.'C. M. of— 

2. 4ar» + a;* + 12a; + 3 and ar* + 2x' + 3a; + 6. 

3. 2a;' - 5xy + 3^ and 2ar^ - Sa^y - ^x-if -V ?»!? • 
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4. 7? -Ox' + llx - 6 and x" dx" i 2^x-2L 
6. a;* - Sa;* + 3a: - 2 and 2x' - ar* - 3x + 2. 

6. x* - Bic' + llx - 6 and x* - 19a; + 30. 

7. 8x» - 14a:* - 19a: + 30 and 12x» + 8a;* - 43x - 42. 

8. 20a:» - 8a^ - 125a: + 50 and 12x' + 8a;* - 75a; - 60. 

9. 2ar* + 7a^ - lOx - 24 and 4a;» + 12a;* - 31a: - 60. 

10. 3a^ + af^~5ar'-2a;-2and 12a;* + 4af^-5a;*-3x-3. 

11. ar^ + 2a:*-h3x» + 3af^ + 2a; + landar^-ar'-a;*-2a;-l. 

12. m^-^-m'-^- 2m* + m + 1 and m* — 1. 

13. 3m* — m' — 3m + 1 and 5m* — 2m' — 5m + 2. 

14. n'-2n*-5n + 6andn'-5n* + 8n-6. 

15. 6a;* -5a:* + 5a; - 1 and 8a:* - 23;^ + x + 1. 

16. m' — 7m — 6 and m' + m* — 9m — 9. 

114 To find the L. C. M. of three or more quantities. 

RULE. 

Find the lowest common multiple of any two of them, then oj 
this resiUt and a third quantity, and so on. 

EXAMPLES. 

Find the factors of the L. C. M. of — 

1. X — y, x + y, a^ — 2/*, a;'-2/', anda;* — y*. 

2. 6a;* + 4a: - 16, 9a;* - 27x + 20, and 123^^ + 5a; - 28. 

3. 5a;*-14x + 8,3ar»-4a;-4,anda:*-4x + 4. 

4. a;* + 5a;» + 5a;*~5x-6, x* 4- 6a;* + llx + 6, and x' + 4x* 
+ X-6. 

6. a;* - 2x» - X* + 2x, x* - 4x" 4- 6x* - 2x, and x* - x' 

-4x + 4. 

6. n* — 7w + 6, n» + 3n* — 16n + 12, and n» - 4n* + 5n — 2. 



V. FRACTIONS. 

115. A Fraction is an indicated expression of division. 

An Algebraic Fraction is written as in Arithmetic. The div- 
idend, called the Numerator, is written above, and the divisor, 
called the Denominator^ is written below a horizontal line. 

Thus, ^^-^ means (3a - 26) ^ (c + id), 

116. The Terms of a Pra^ction are the numerator and the 
denominator. 

117. An Integrral Quantity is one that does not have the 
fractional form ; as, m + n. 

118. A Mixed Quantity is one that is partly integral and 

partly fractional ; as, a + -, or a 

c c 



PRINOIPLBS OP FRACTIONS. 

PRINCIPLE I. 

119. Mtdtiplying the mimerator multij^lm the value of the 
fraction. 

Let - be any fraction, q its value, and x any quantity ; then 
a -' 

Since the dividend equals the product of the divisor and quotient, 

n = qd. 
And nx = qxd (Art. 69). 



nx 



Hence -*5 =- qx (Art. 69). 
d 
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PRINCIPLE II. 

Dividing the numerator divides the value of tlie Jrojcticm. 



Let 




Then 


n = qd. 


And 


n -h X = (q -i- x)d (Art. 69). 


Hence " 


^ t ^ = g •• X (Art. 69). 



PRINCIPLE III. 

Multiplying the denominator divides the valine of the fraction. 

Let ~;^ Q' 

a 

Then n = qd. 

And n =- (q -^ x)dx (Art. 54, Ax. 6). 

Hence ^ = q ^x (Art. 69). 
dx 

PRINCIPLE IV. 

Dividing the denominator multiplies the value of the fraction. 
Let | = g. 

Then n = qd. 

And n -= qx{d -^ x) (Art. 54, Ax. 6). 

Hence ^^^ = 9'^ (Art. 69). 
d-i- x 

PRINCIPLE V. 

Multiplying both numerator and denominator by the same 
quantity does not change the value of the fraction. 



Let 


n ^ 

d = «- 


Then 


n = qd. 


And 


nx = qdx (Art. 69). 


Hence 


^ - (? (Art. 69). 
dx 
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PRINCIPLE VI. 

Dividing both numerator and denominator by the same quantity 
does not change the value of the fraction. 

Let | = g. 

Then n = qd. 

And n -h X = q{d -i- x) (Abt. 69). 

Hence 2L±_^ =. q (Art. 69). 
a H- a? 

PRINCIPLE VII. 

Changing the sign of both numerator and denominator does not 
change the value of the frcLction. 

This is the same as multiplying both numerator and denominator by 
— 1, which does not change the value of a fraction (Prin. 6). 

PRINCIPLE VIII. 

Changing the sign of either numerator or denominator changes 
the sign of the fraction. 

This is the same as multiplying or dividing a fraction by — 1, which 
will change the sign of its value (Prin. 1 and 2). 

Thus, ? = - ^ « 



b b -b 

REDUCTION OP FRACTIONS. 
CASE I. 

120. To reduce a fraction to its lowest terms. 

A fraction is in its lowest terms when its numerator and 
denominator are prime to each other. 

Since dividing both numerator and denominator by the 
same quantity does not change the value of the fraction 
(Ai^T. 119, Prin. 6), we have the following 

RULE. 

Resolve both terms of the fraction into their prime factors^ and 
cancel all factors that are common to both terms. Or, 
Divide both terms by their highest common divisor. 
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:j^ — 1^ 
1. Reduce -— to its lowest terms. 



+ .v)' (a; + i/) (a; + .v) a: + .v 



(a; + y)* (a; + y) (a; + y) a: + y' 



2. Reduce to its lowest terms. 

x' + 9a; + 20 

a?* + 7x + 12 ^ {x + 4) (a; + 3) _ a; + 3 ^^ 
a;* + 9a; + 20 (a; + 4) (a; + 6) " a; + 6* 

EXAMPLES. 

Reduce the following to their lowest terms : 

8a* _ 3a»a; + Ga'^ia; + 3a6'a? 



3. 



4. 



6. 



6. 



7. 



8. 



9. 



10. 



11. 



12. 



12a' 

24mV 
36mV " 

39aW 
65a«6V* 

132a;»3/'2« 

121m'nV 
154m*nW 

52a*mVa:* 



■•• • 



169a»mW 

90mW3/"g* 
13e5mW2/^;^ * 

4o' + 8a 
4a»-8a* 

3a;' + 6x 
6«»~9a;* 

5a»4-5a' + 5a 

5a' — 5a' — 5a' ~ a* + 10a + 24 



xo. 


3aar' — ^aix}y + 3aa:y* 


14. 


^-'i 


a'-2an/ + 2/' 


15. 


a' 6' 


o' + 2a6 + 6' 


16. 


a* -6* 


a* + 2a'6' + 6* 


17. 

• 


a* + 6' 
a* 6« 


18. 


a» + 6' 


19. 


(x* - a')' 
(a; + a)* 


20. 


(m'-n')'. 
(m + n)» 


21. 


a* + 6' 
(a + 6)' 


QQ 


a'-3a-28 
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^ m' + 6Di-36 ^ 400:^-150; 

23. • 27. • 

m''-13m + 36 16a;' + 34x-15 

g' - 17a + 72 m*-mV + n* 

* a* -18a + 80* ' 7rf-\-rf 

^ x^ + m + 66 29 ^-(y-^y 

' a;*+18a; + 72 * (a; + y)'-2' 

_. 6x' + x-12 _ (m + 7iy-a' 

10a:* + 23x + 12 m^-{n^ of 

31. Reduce -— — — — ^ to its lowest terms. 

I5a;» - 7a;* - lla; + 6 

By Abt. 107 the H. C. D. of Zx^ - IIt? + 16a: - 4 and 15ar» - la? 
— 11a; + 6 is 3a: — 2. Dividing the numerator by 3a: — 2, the quotient 
is a:' — 5a: + 2 ; and dividing the denominator by 3a; — 2, the quotient is 
6a:* + a; — 3. Hence 

3a:» - 17a:* + 16a: - 4 _ ar' - 5a: + 2 ^ 
15a:» - 7a:* - 11a: + 6 Sar' + a: - 3* 

Reduce by finding the H. C. D. of the terms : 

„„ Sa;* - 14a:* + 12a: + 8 „^ Ba:* + 5a;* - 4a; - 3 
32. • 35. • 

Oa:* — 20a:* + 4a; 83;* + 8a:* — 2a; — 2 

6ar^ - 28a:* + 24a; + 10 10m' - 7m* - 6m - 9 

Sa:* -18a;* + 4a; + 3 ' * 6m' - 17m;* + 18m - 9 " 

^, 2x'-Q?-4x-S ^^ m'-2m*-5m-12 

34. 37. 

3a;* -4a;' -a; -2 m'- 3m* -7m -15 

CASE II. 

121. To reduce a fra^ction to an integral or mixed 
quantity. 

Since a fraction is an indicated expression of division 
(Art. 115), we have the following 

RULE. 

Divide tJie numerator by the denominator. 
7 
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a' + b^ 

1. Reduce — to an integral quantity. 

a-f 6 

^^^^ -^a^-ab^b^ (Akt. 83), An*. 
a-k- o 

7? — X — 12 

2. Reduce to a mixed quantity. 

x — 4: 

4ic* — X 
4x^- Ux 



16a? -12 

16a; -60 

48 



EXAMPLES. 

Reduce to integral or mixed quantities — 

x — y 

4. -^-ti^. 12. 

x-i-y 

^ m® — 71* 

5. — -• 18. 

vnr — 'nr 

^ m^ -f- mn + n* ^ . 

0. • 14. 

m-\-n 

7. ?L±^±3^. 15. 

x-y 

8. -V^- 16. 

a*-\-b* 

a'^ + i'* 
10. . ,^, ♦ 18. 



a — c 


na' — n6' 


a — b 


a» + 6» 


a' -6' 


a' 


a — 6 


x« + y*_ 


« + y 


x'-a' 


a; y 


x" + 4a: + 5 


a: + 3 


5a;* + 6a; + 7 





22. 


7* 

21x' + 20x' + 30a; - 60 

3a;' + 6a; + 4 


15m'+10ni'-40 
6m' -4 


23. 


a;* + 2a;' a:" 4a; 6 
a;'-2 


4a' + 3a' + 4o + 6 

a' + a + 1 


24. 


x" + 3/" 
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19. 



20. 



21. 



CASE III. 

122. To reduce a mixed qucuitity to a firaction 

This process being the converse of Art. 121, we have the 
following 

RULE. 

Multiply the integral part by the derwminator of the fraction ; to 
this product add the numerator when the sign before the fraction is 
i , and subtract it when the sign is — ; and write the resuU over 
the denominator, 

a^ — y^ 

1. Reduce x-^y — to a fraction. 

x-y 

x^y- ^'-y' = (a: + .V) (a; - .V) - (g* - .v«) 
x-y x-y 

^ Qt? — y* — a^ ■¥ .V* 
x-y 

7^ — a^ 



x-y 



, Ans, 



EXAMPLES. 

Reduce the following to fractional forms : 



2.1+^ + 2/. 
x-y 


5.1+^ + ^-^'. 
2xy 


o 1 x — \ 
3. x — l 

x-\-\ 


6. X 1 ^ -^ . 

X 


4. a-j-b 

a + b 


7. a-\-b — - ^« 

aH-6 



100 . ALGEBRA. 



,2 



8. X — y • 11. \-m — n. 

x—y m-\- n 

9. m-\-n 12. a — 8 — • 

m +n a + 8 

10. ^±1^--:.- 4. 13. 4a; + l ^ 



ic-4 2a;-l 

a» - 3a'6 + 3a6' - 6' 



14. a' + 2a6 + h 



16. ar' + Sx — 5 



2 



a + 5 
af^ + 8a:^ 4- 10a; - 30 

a; 4-6 
x'^y' 



16. a;^ + an/ + 2/»- 

or — xy -\-if 



18. a:* - 4a; + 10 - 



a; + 3/ - 1 
a;*-3a;^4-4a;^ + 13a;-9 

a;" + a;-l 



CASE IV. 

123. To reduce firactionB to their lowest common de- 
nominator. 

x^ — I ar' + 1 

1. Reduce and — — - to their lowest common denom- 

a;* + l 3:^-1 

inator. 

It is evident that the lowest common denominator is the lowest common 
multiple of the denominators a;^ + 1 and x^ — 1, which is a;* — 1 (Art. 112). 

Since both terms of a fraetion may be multiplied by the same quantity 
without changing its value (Art. 119, Prin. 5), we multiply both terms of 
the first fraction by (a:* — 1) -s- (ar^ + 1), which is a;^ — 1 ; and both terms 
of the second fraction by (a;* — 1) ^ (ar* — 1), which is a:^ + 1. Hence 

x'-l ^ jx" - 1) jx" - 1) _ (ar'-l)^ . 
ar* + 1 {a^ -\- 1) (x^ - l) x* - 1 ' 

And -^"^-i = i^'-"^ ^) (a;' + 1) ^ l^_+i)i. 
x' - 1 {x' - 1) "(a;3 + 1) yA_ I 

Therefore, the required fractions are 

f^jni and i^tiil, Ans. 
x^ - 1 a;* — 1 
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Hence to reduce fractions to their lowest common denom- 
inator, we have the following • 

RULE. 

Find the lowest common muUvpU of the denominators^ divide this 
by the denominator of each fractiony and multiply the numerator by 
the quotient. 

Note. — Reduce each fraction to. its lowest terms before beginning the 
process. 

EXAMPLES. 

Reduce the following to equivalent fractions having the 
lowest common denominator: 

2. — , — , and — -• 
mn mr mw 

3 — — d — . 
4a ' 24c ' 3ac 

, 8a 6c , 12a6 

4. , — , ana • 

2a'c' b&' 2aW 

5. , ; , ana 



a + 6' a-6' a^- b' 

^ a — b a + b ^ a^ — b' 
a + b' a-b' a^ + b' 

X y , z 

(a'-b^y (a + ty '''' ^a-by' 

2x Sy , 42 



a^ —xy -\-y^^ x^ -j-y^ ^ x + y 

1 2m(m -\- n) ^ m + n 

9. — : , — ^^ -, and — -• 

m — n m* — n^ m —n 

^^ I m ^ n 

10. ; — -, — — -, and 



(a — 6) (6 — c) * (b - a) (a — c)^ (c — b) (c — a) 

11. --, -— — , and 



(x - a) (y- by (a-x)(y -by {x -(\>^^~^ 
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^^ x-1 2x + 3 , 3a:-4 
12. -, ,, 7, and -• 

13. — -, — — -, and 



,, 1 2 , 3 



(a:-l)(a:-2)' (1 - a;) (a; - 3) ' (2-a;)(3-a;) 

.. 8 10 , 12 

15. -, -- — 7, and 



a; + 2'a:* + 4a; + 4' (x? + Ox" + 12x + S 

16. — ;, — -, ana — — -• 

a?-\-xy-\-y^ x* — aiy + 3/ x* + afy" +y* 

17. , ;- — -, and 



1-x' (1-x)" (1-a;)' 

OliEARINO- EQUATIONS OF FRACTIONS. 
124 To clear an equation of fractionB. 

1. Solve the equation = 1 

^ 5 10 15 30 

Solution. 

Since both members of an equation may be multiplied by the same 
number without changing the equality (Art. 69), we multiply both 
members of 

5 10 " 15 30 

by the L. C. M. of the denominators, 5, 10, 15, and 30, which is 30, and we 
have 

12a: - 9 = 2x + 11. 

Whence 10a; -= 20 

a; = 2, Am. 

Therefore, to clear an equation of fractions, 

RULE. 

Multiply each tenn of the equation by the lowest common multiple 
^ '^i the denominators. 
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EXAMPLES. 

Solve the following equations : 

2. x + f = 24. 13. 3a;-^ + ? = 96. 

3 5 7 

3. 5-|-3ic = 26. 14. --« + - = -33. 
4 4 5 

4. ^ + ^ = 40. 15. 2a: = ^-^ + 92. 
2 3 7 3 

6. ^ + ? + ? = 13. 17. 3a:-?-- = 414, 

2 3 4 3 5^ 

^ X X ^ t^ . ^ X X , X ^^— 

7. - — - = 13. 18. a; + - + - + 7 = 25. 
4 6 2 3 4 

'•y-y=^'- ''•2+3+4+r'^- 

9.5-14 = ^ + 5. 20.i-Ul=l-l. 

3 4 12 a; 3a; 4 4a; 

10. :. + ^ + ? = 38. 21. | + |-| = 15i. 

ll.^ + ? + 5 = 94. 22.^^-^1:^ = 4-^. 

3 4 5 7 4 14 

12. 2a; + ? + ^ = 34. 23. izi^ - in^ - ? = 1 

2 3 2 5 6 

x + 3 a;-3 3a;-5 



24. 



12 



25. ^±l + ? = 4-^-^ 



26. 



2 3 4 

x-2 a; — 3 .r — 4 a; — 5 
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PROBLEMS. 

Solve the following problems : 

27. What number increased by its ^ gives a sum of 60? 

28. Two thirds of a number minus one fourth of the num- 
ber equals 16 ; what is the number? 

29. A horse and carriage cost $280 ; what was the cost of 
each if the carriage cost | as much as the horse? 

30. What number is that whose ^ exceeds its -f by 20? 

31. One half of my age 6 years ago equals one third of 
what my age will be 13 years hence; what is my age? 

32. A teacher spent \ of his salary for board and clothes, 
and ^ of the remainder for other expenses; what was his 
salary if he saved $200 a year? 

33. Find two consecutive integral numbers, such that \ of 
the less exceeds 4- of the greater by 5. 

34. The difference between two numbers is 10, and f of the 
smaller equals | of the larger ; what are the numbers ? 

35. How far can a person ride in a coach going at the rate 
of 10 miles an hour, provided he walks back at the rate of 4 
miles an hour and is gone 14 hours ? 

36. A boat, whose rate of sailing in still water is 12 miles 
an hour, descends a stream whose current is 3 miles an hour ; 
how far can it sail and be gone but 16 hours? 

37. How far may a person ride on his bicycle, going 
at the rate of 12 miles an hour, provided he rides back 
in a car at the rate of 30 miles an hour and is gone but 7 
hours ? 

38. A has a certain number of sheep which he wishes to 
put in pens, having the same number in each pen: if he 
put 8 sheep in a pen, it will require 6 pens more than if 
he put 10 sheep in a pen; how many sheep has he? 

39. There is a number consisting of two digits : one third 
of the first digit equals the second; and the order of the 
digits becomes inverted by adding 36 to the number. What 
is the number? 
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ADDITION AND SUBTRACTION OP FRACTIONS. 

125. Principle. — To add or subtract fractions, they must have a 
common denominator. 

It is evident that -^ + A = «±6. 



And 



mm m 

a b a — b 
mm, m 



. * T 1 4w — 3n , 12m + 3n 

1. Add — - — — and — — — 

3mn' Amn 

We reduce the fractions to their lowest common denominator (Prin.). 
The L. C. D. is 12m«n» ( Abt.- 1 12). Hence 

Am-Sn _j_ 12m + 3n ^ 16m' - 12mn ^ 36mn + 9n' 
3mn* 4m'n 12m»n» 12m'n« 

^ 16m» + 24mn + 9n' 
° 12m»n» 

, (4m + 3n)« ,^ 
12mW '^^ 

« IT, 4a; + 7 ^ , 3a;-2 

2. From take 

X — 1 x-\-l 

The L. C. D. is a:* - 1. Hence 

4a; + 7 _ 3a; - 2 .^ 4a;^ 4 11a? + 7 _ 3a;» - 5a; + 2 
a;-l a? + l a;»-l ar^-1 

^ 4a;« 4- 11a; + 7 - (3ar^ - 5a; + 2) 
ar»-l 

_ 4a;' + 11a; + 7 - .3a;' + 5a; - 2 
a;'-l 

a;' + 16aj + 5 



Therefore, to add fractions, 

RULE. 

Reduce the fractians to their lowest comm^on denominator, add 
thew numerators, and write the resvU over the comrmn denomr 
incUor, 
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To subtract fractions, 

RULE. 

Reduce the frdctiom to their lowest com/mon denominator, sub- 
tract the numerator of the subtrahend from the numerator of the 
minuend, and vrrite the restdt over the common dcTiominator. 

Note. — ^Always reduce the result to its simplest form. 

EXAMPLES. 

Add the following : 

^ a b , c ^ 1 -\-af J 1 —re* 

3. — , — , and — • 8. ;; and • 

be ac ab -l— ar 1+ar 

4. 1,1, and 1. 9.-.^, and ' 



X y z a^ — b^ a' + 6' 

6. and 10. — and 



m-\-n m — n m —n^ m + n 

» 

6. and -• 11. and 



m — n 

• 




td * 




a — b 

• 




id ="+2/ 




x-y 




X 




{x-l)(x- 


-2) 


a 





a + 6 a — b x-{-a? x — t? 

7. and 12. and 



x-\-y x — y l+a; + aj' \—x-\-sf 

1 



18. — and 



14. and 



(a:-l)(2-a;) 
6 



(a-6)(6-c) (a-6)(c-6) 

Subtract the following : 

15. — from — -• 18. -^^ -^^ from -^^ — —^ 

ac be cd cd 

,^1^1 -o a — b a + b 

16. — from — 19. from • 

xy yz a-\-b a — b 

17. -J!- from -^^- 20. ^- from ^ 



m — n wi + 71 m — n m-\-n 
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21. : from -• 23. from 



22. ^^ from i^- 24. -^^ from "^ 



1 — x* 1— a;^ ^ — y a^~2/* 

25. from • 

(a;-2)(x-3) (a;-2)(3-a;) 

26. -K. from "* 



(a-6)(6-c) (a-6)(c-6) 

Find the value of the following : 

a? — xy a^ — y* a-\-b a-\-b 

^11 oc 4 40 

29. -• 86. 



x-^7 x + ll x — 5 x* — 25 

31. ^HA + IH^. 37. ^ ^ 



a6 be a: — 2 x'-S 



^^•(^''-i)-('«-^)- ^- 



39. 



a:* + a* a: + a 

3 



a;»~lla:4-30 a:'-13« + 40 



.n 3 , 1 1 

40. -- — 7 + 



31^ — 1 X-\-l X—1 



a?-b^ a" -\- ab -{- b'' a-b 



x'-b* \x + 6 x--b) ^ 
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«.i---^--f ^2 



6 x' x-^ (3-a;)(a; + 2) 

^ , ;r + 1 x—1 ^ 

44. 



ar* + l ar*-l a^' + r' + a; 
45. ^-2« .-:+ 1 



1 2.3 

46. - -. — + - : r- + 



o^-lx^-Vl af^-4a; + 3 a:*-5x + 4 

12 3 

47. + + 



n+1 n+2 n+3 

12 3 

48. + 



x + 1 x-1 x — Z 



50. 



51. 



x^-4 x-\-2 x-2 
x + 6 x-{-5 



a;' + 9a; + 20 a;^ + 10a; + 24 

x—S x—2 x—1 



.t' - 3a; + 2 a;' - 4a; + 3 re* - 5a; + 6 



,^ a;*-a;+l a;» + a;* + a; + l ,3a;* + ac' + 3 
x'-hl x*-l af^-l 

53.— 1 2-^— + 1 



ar^-a; + l a;* + a;' + l a;*4-a; + l 

a; -2 , a;'-2a; + 3 1 

54. h 



a:"-a; + l or' + 1 x-\-l 

1-^x 3a;' , 2x^ — 4a? 

55. — :; :: + 



at" -a:*- 2a; +1 a; + ar'-6a;' l-7«' + 6a' 
56. -^ 4 + 



(Z — m) (Z — n) (m — n) (m — Z) (n — Z) (n — m) 

a' + 7a+12 . a'-2a-15 a'-lQ 

57, — 1_ 



a» + 3a*-9a 27 a' - Sa'^ - 9a + 45 a'-4a'-9a + 36 
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MUIiTIPIilOATION OP FRACTIONS. 

CASE I. 

126. To multiply a fraction by €Ui integrer. 

1. Multiply - by c, and -— by c. 

b be 

Since multiplying the numerator or dividing the denominator multiplier, 
the value of the fraction (Art. 119, Prin. 1 and 4), then 

— X c = — • 
b b 

And ^ X c = ?• 
be b 

Therefore, to multiply a fraction by an integer, 

RULE. 

Multiply the numerator or divide the denominator of the fraction 
by the midtiplier. 

Since the product b the same in whatever order the factors are taken 

(Art. 71, Prip. 1), then 

a ^, ^ ^ v> Of 

— y C = C X —* 

b 

It is frequently convenient to indicate the multiplication, and' cancel 
common factors from both terms. 

2. Multiply . "1"^" . by {m'-n'). 

nir — 2mn + n 

^-tJ^^ X (m» - n») = ^^^^-^^ X (m - n) (m + n) 

m* - 2mn + n' {m — n) (m — n) 

^ (m -h n) (m + n) 
m — n 



^ ("* + »^' , ^n«. 



m — n 



EXAMPLES. 

Multiply the following : 

3. — by a. 5. -— by 4af. 7. -— ^ by 5xm. 
n on Ibm'z 

. tt^ 1 ^ Sm'' , . ^ 4an , „ .. , 

4. — — by ac. 6. — by 4x. 8. — — — - by 7am*ar. 

(?d ^ 12a^n ^ 21mV'y ^ | 
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9. 4-«y _ by a' - y'. 16. (x + 1)' by ^^-^±1 . 

^«- -?^ ^y ** - ^V + y*- 17. y' - 2/^ by 2/. . 

* + y • 2r - 1 

11. ^;^'*'^ by m' - «'. 18. , ^•^J'- by:.'-l. 

12. ^^ by af' + a; 4- 1. 19. - by a:* + ar' + 1. 

X* ~x x^ -{- x-\-l 

13. - , ^ by 5(m + 5). 20. x'~^7x+ 12 by ^ • 
o{mr — 25) a; 4- 4 

14. — -^— by oo: + ay. 21. -"^ ^^ by a;' + a;'^ - 132:r. 
xy — xi^ a; — 11 

15. x'-lby ^^. 22. -^?^^=^ by a' + 2aa; + a;'. 



CASE II. 

127. To multiply a fraction by a fraction. 

1. Multiply - by - • 

6 d 

- multiplied by c is — - (Case I.) ; but we wish to multiply by - . Since 
bo a 

the multiplier is divided by d, the product, — -, must be divided by d, 

o 

which by Art. 119, Prin. 3, is ^• 

Therefore, ^ x ^, = ^, ^rw. 
b d bd 

2. Multiply together , -. , and 



Tvi^ — mn m'^ — m — 6' m^ — m — 2 

This = (^^ + 2) (m - 2) ^ m(m + 1) ^ m(m - 3) 

m{m-n) (m - 3) (m + 2) (m + l)(m~2) 



tn — n 
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Therefore, to multiply a fraction by a fraction, 

RULE. 

Multiply tlte numeratm'8 together for the numerator, and the 
denominators together for the denominator, canceling coniw^n 
factors. 

EXAMPLES. 

Multiply the following : 

3. — — by --— • 6. -^^ -^ by -^^ p- • 

5z^y loxy a-\-o a — o 

, da'bc" ^ dx'y'z ^ a^ + ah . c + bc 
4 hv — - — • 7. bv ■ • 

^fz ^ 5a6c (1+6)' a + b 

5- -J- by 3— J- 8. -— -/ by 



a'-ai" {a + by ' (a-6)' 

„ a» + 6» , a» + a6 + 6' 
9 by • 

a'-6' ' a'-ab + V 
,„ o'-6' a*-6* , a + b 



o' + 6'' (a + 6)'' (a-6)' 

a' + 2a6 + 6'-c' , .^JzA±f. 

' a' -2ah + b'-<^ ^ a + b + c' 

12. ^'~y* by " + * 



a' + 206 + 6' x'-a^y-{-xy' — y' 

2^ — v' — 2' — 2i/2 , 2z 

18. — -f- ^- by 1 - 



Qi? — xy — xz x-\-y-\-z 

,, a;»-5a;-14 , a:'-lla; + 18 

14. — by • 

a:'-12a; + 27 ^ a;*-4a;-21 

15. ^, -pi-, and ^. 

\6-c c-6/ " \a*-b\ J'-tt'l 
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17. <a \ by k a H > 

[ a J I a J 



18. 



11^1) ^^ a:y2 



i + i by 

y 2 J 



.x 2/ z } 7^ -\-y^ — ^ -\- 2xy 



19. ~f — -, ^ — -, and ^ 



7^ -\- a^y^ -\- lJ^^ 7? — xy -\- y^^ a^ — y* 

20- 7 r:;? -r-. — 7? a,nd 



„, cc»-10a: + 21 , a;* + 2a;-35 

21. -r-rr — 77- fey 



x^ + 4x-A5 x' — Ux-^AQ 

«« mJ^ — n^' , m'-—n' 

22. by 



DIVISION OP FRACTIONS. 
CASE I. 

128. To divide a fraction by an integer. 

1. Divide — by c, and - by c, 
b b 

Since dividing the numerator or multiplying the denominator divides 
the value of the fraction (Abt. 119, Prin. 2 and 3), then 

b b 

And «H-c = ^. 
b bo 

Therefore, to divide a fraction by an integer, 

RULE. 

Divide the numerator or multiply the denominator of the fraction 
by the divisor. 

It is frequently convenient to indicate the division, and 
cancel common factors from both terms. 
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2. Divide ^— by n* + n - 12. 

n + 3 (w + 3) X {(w + 4) (w - 8)} 

n - 4 ^ 
n* — 9 

EXAMPLES. 

Divide the following : 

3. - by n, 4. by 6mn. 5. ^ by 6a:*6*. 

6. by ac. 7. by omn. 8. by vary^, 

mn 5mn 5my 

9. -^^ — by a' — a:*. 13. by a— 1. 

4rt2/ a-1 ^ 

10. ~^ by «* + icy + 3/*. 14. ~ by a;* + a; + 1. 
3aa; lima; 

11. — by m — n. 15. — ■■ by a" — 6*. 

Aan a —b 

12. by a^ — oc. 16. by a^m — d!*n. 

a' — ac 4myi 

17. by n' + Ion + 50. 

n + 5 

18. ^^ by a: — 6. 

a + 6 ^ 

19. ^ + ^ + ^ bya;»-ar + l. 

« — 1 

20. ^±?^±f by (a; + 1)\ 

x — 1 

21- ^^7^ hy ar^ -^ f -\- Tfy -{- xy". 

8 
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CASE II. 

129. To divide a fraction by a fractioii. 

1. Divide - bv -• 

6 • d 

~ divided bv c is — tCase I.) ; bat we wish to divide by ^- Since the 

divisor is dirid&l bv d, the quotient, ^, moBt be m uh^ie d hj d, which bj 

be 

Art. 119, Prin. 1, gives ^ • 

Therefore, ? ^ ^ = ? x ^ = ^, ^«. 
6 c2 6 c 6c 

o T^• 1 w*-4 , m'-^3m-10 

2. Divide by ; 

m*- 4 ^ m* -f^ 3m - 1 ^ (m -^ 2) (m - 2) ^ n(m - n) 
w* — mn mn — n' m(m — n) (m — 2) (m + 5) 

m(ni + 5) 
Therefore, to divide a fraction by a fraction, 

RULE. 

Invert the divisor, and proceed as in multiplication. 

If the dividend is an integer, it may be considered as a fraction whose 
denominator is 1 ; as, ?7i + n = • 



EXAMPLES. 

Divide the following : 

8a6' ' 4a'b ab ^ b 

, 14mV , 7mV „ , 1 u < , 1 

4. „, ■ by -53T' 7. 1- — byH--- 

5. 21om'by— . 8. x»-^ by a* + 1 + 3 



n 



ar" ' *• 
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9. ^^ by ;• 13. -- — ^ by ^ ' ^ . 

m + n •" (m-\-ny «* + 2/^ z'-3^y^+y* 

10. . , ^., by — ^. 14. — + 2 + — by - + -. 

(m + 1)^ am + a V a^ b a 

.. TV? — in? , m — n ^^ s . 1 i_ .1 

11. — ; by • 15. m* H — - by m H 

,^ a;' + 10a;-119 , rc' + 2(te + 51 



o:^ -40a; + 319 -^ o:^- 20a; -261 
18.-^ + -^L_by^-+ 2/ 



cc + y a; — 2/ a; — y x — y 

,^ m* + 3m-40, m' — 12m + 35 

19. by ' 

m'-3m-40 ^ m'-15m + 56 

^ n*-16n + 60, n'-2n — 80 

20. by 

71^^ + 14^ + 45 "^ n' + 7i-72 

^^ ^ + 2xy + f-z' ^y 7^-(z-yy 



y^ — a^ — 2xz — z^ • (a; + 2)' — y' 

(x + 2)'-9 (a= + iy-16 

' (x + 3)'-16 ^ (x + 5y-4: 

23. l + ^^ + -by2 + - "^ 



x+y y y x+y 



24. L+^-\L-^y-\ by /^iJ^ + ^, 

\ x-y/\ x + yl \x — y x + yj 

25.(4 + ^-?-« + 2Uy /? + ?). 
\ar 3r a X I \a x] 

^ ( 1 1 \ , /m — n + a\ 

27. /^^ 2L_\ by /-^- + ^^). 
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OOMPIiBX FRACTIONS. 

130. A Complex Fraction is one whose numerator or 
denominator, or both, are fractional. 

A complex fraction may be r^arded as a case in 
division. 

m 

1. Reduce — to a simple fraction. 

X 



y 



tn \ X 



Regarding this as a case in division, and dividing — by — , we have, bv 

»» y 

Art. 129, ^^ • 
nx 

Or, we may multiply both terms of the fraction by n^, the L. C. M. of 

the denominators (Art. 119, Prin. 6), and we will obtain ^?^- 

nx 

IsT Process. 2d Process. 

JL.^rn^x^m^y_^m^ j^^ jn ^ n^ ^^ 

X n ^ n X nx x^ nx 

y y 

m n 



2. Reduce to a simple fraction. 

m n 

VI — n m-\-n 

The L. C. M. of m + w and m — n is m' — n'. Multiply! ig both terms 
of the fraction by m' — w', we have 

7n(m — n) -h n{m + n) ^ w? + n' ^ j m 
m{m + h) — n{m — n) w? -\- n^ * 



EXAMPLES. 

Reduce the following to simple fractions : 



1 i 


a + i 


a b 


a 


a 

c 


5. ' I 
a + b 

ab 
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V a-b , , 2 

a — — m + 4 ; 

^ a ^ ah ^ m 

ha - + -- m — 2 + 



a a b m 

— 1 a + 6-- 11 

^ x—1 ^^ a ,1 

9. 10. —• x-^ - 

1 a — 6 + - . x-\- 



x-\-l a x-\-l 

y- + -^ a + 6 ^ 



12. ^-y '^+y . 15. ^±i- 

2/ - a + l-^8^ 



a;H-2/ ^ — y a + 4 

1 1 

13. : 16. 



_^ _1 1 



. 1 1 



m+l m— 1 

m-64-— ^ --^ + 6-w 

.. m — 2 3 — n 

14. 17. 



^Q 39 24 ^ 

mH-8 7—n 



m-2 3-w 

18. 



ab 



a + b- 



1 



a-6-f- '' 



a + 6 



19. 



1^1 11 

X y X y 

X y X j^ y 



x — y x-\-y x-\-y x — y 



^ (m + n) (m — (m — n) (m + Z) 

^- 1 ^ 

(m + n) (m -h (^ — n) (m — i) 
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L l+o l+oJ L l+aJ 



' +x 



x-1 



22, - — ^ + 

1 * 23. 



m 



1- ^ 



2 

mH 



x-l 



2 

m 

m 



g+2 x-i-S g + 1 g — 1 

^, x-3 a;-2 ,, x + 3 ir + 2 
24. — - X 



x-2^_x--3 x-^2 x-S 

a;H-3 x + 2 x-S x — 2 



REVIEW. 

1. Reduce ; to its lowest terms. 

18x* 4- 9x - 14 

a" + 6" 

2. Reduce — ; to a mixed quantity. 

3. Reduce m' + 3m + 1 to a fraction. 

m + 2 

X — 2 3/ ~l~ 4 jC — o 

4. Reduce , , and to a common de- 

a; + 33x + 9 4a; + 12 

nominator. 

a 



5. Add and 



(ia-b)(a-c) (6-a)(6-c) 

6. Subtract ; -j- r- from 

(a - 6) (6 - c) (c - 6) (c - a) 

1 

(a — 6) (a — c) 
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7. Multiply -.zyz:^:^:^ by ^-^-^. 

8. Divide (^2/ _ ^ by l^^ + ^±2^]. 

9. Reduce — ; to its lowest terms. 

x* — 7r — x^-\-x 

"^ _!_ 3; -j_ /ji* 2;5 

10. Reduce ; to a mixed quantity. 

1 —X 

11. Reduce a:® — x'y + 2/* V to a fraction. 

« +2/ 

12. Add , , and — -• 

a(a — o){a — c) 6(6 — a) (6 — c) a6c 

13. Subtract ^^^_^^ from ^..^.^^^ 

14. Multiply [^^±^ X ^5:^1 by ^^. 

^^ L{a'-b'y Co!' -by J ^ (a + by 

15. Divide (l+i)(l+i) by (H.S)(. + S). 

16. Reduce ^^ f^- 7 — 77 to its lowest terms. 

(a-6)*-a* + 6* 

17. Reduce 7- — ^ — ^ to its lowest terms. 

2«* 

18. Reduce to a mixed quantity. 

x — 1 

19. Reduce — -^ — - to a mixed quantity. 

2/* + ^* ^ 

20. Reduce a;* + «2/ + y* ^ to a fraction. 



21. Reduce 7? - ic^j/* + ^V ~" ^2/* + 2/* ") — ^ — ^ to its sim- 

ar + y* 

plest form. 
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22. Add -, — — -, — — -, and 



x-i' ar» + l' «»-l' x + 1 

23. Add -— — — and — — — • 

24. Add and 



a:» + x + l x'-ir + l 

3a? + 2 ^ 3a? + 2 

25. Subtract — r — — from --• • 

a^ + 1 Sx-1 

26. Subtract — from — -• 

a^ + a^ ar* — a' 

27. Multiply ^ . . ^ , , . rr Py 



7m* + 14m' + 7 "^ 10m' -20m + 10 

28. Divide (a + 6)^ -a'-b' by (a + 6)*^ - a* - 6*, 

29. Expand (- + 1 1 and (- — 1 )• 

30. Expand (7 + -) and (7 )• 

\b aj \b aj 

31. Expand /- + l) (--l)- 

32. Expand (^ + ^)(^ + ^). 

\n bj \n a I 

33. Factor a* + ^ and ^ — «". 

ar n' 

34. Factor a' + 2 + -^ and a' + 1 + 4r- 

a' a' 

o. t:^ . (a + 6)'-(a-6)' , (a + 6)' {a-hf 

35. Factor ^^ — ' — ^- ^^ 4* and - — ^-Vr — z tt 

(c + df - (c - d)' (c -h d)' (c - d)» 

36. Factor a' -7^^^— J; 
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37. Factor ^ - — - 30 and (-) -13- + 30. 



n' n \yi y 



(^ 



39. Reduce — to its lowest terms. 

iC* — 1 

40. Add ^^^^, 1^. and ^^^- 

xy^ xz yz 



41. Reduce -— — ^ to its lowest terms. 

42. Divide 4 + 1 + 4 by --1 + ^- 

ST r y X 

43 Multi 1 ^~^~^ b ^ + ^^ + 1^ 

(x — IV 
44. Subtract ^^ ^ from (x-l)*. 

X 

(a-by-<f 
45.SimpUfy «'-(^-^)^ 



(g — 6 — c) (g + 6 — c) 
(g + 6 — c) (g — 6 4- c) 

l + iZL'' i + ?Lz^ 

46. Simplify- '* + '' '^' + '^ 



^ o — c i_^ii^ 

a + c a' + ^ 

(a + b)' ^^ x' + xy + y' 
47. Simplify ^2^-ii±^- 



(fi'-2ab + 6') -^ (** - 2x3/ + if') 



VI. SIMPLE EQUATIONS. 



DEFINITIONS. 

131. Review the following definitions : 

1. Of an Equation (Art. 10). 

2. Of the Members of an Equation (Art. 66 and 67). 

3. Of Transposition (Art. 68). 

4. Of Clearing of Fractions (Art. 124). 

5. Of Numerical Equations (Art. 74). 

6. Of Literal Equations (Art. 75). 

7. Of Identical Equations (Art. 76). 

8. Of the Root of an Equation (Art. 77). 

9. Of an Axiom (Art. 54). State axiomatic principle 
(Art. 69). 

10. Of a Solution of an Equation (Art. 59). 

11. Of a Problem (Art. 60). 

132. The Degree of an equation containing but one un- 
known quantity is determined by the highest power of the 
unknown quantity. 

Thus, a; + a = 4 is an equation of the first degree. 

2a;^ + 3a; = 4 is an equation of the second degree. 

62^ + 4a;' + 3a; = 2 is an equation of the third degree. 

a;* + 2a;' + 3a^* + 4a; = 5 is an equation of the fourth degree. 

133. A Simple Equation is an equation of the first degree. 

134 A Quadratic Equation is an equation of the second 
degree. 

135. A Cubic Equation is an equation of the third degree. 

136. A Bi-quadratic Equation is an equation of the fourth 
degree. 

122 
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SOLUTION OP NUMERICAL EQUATIONS. 

EXAMPLES. 

1. 17a; + 42 - 10a; + 181. 

2. 102a; - 45 = 90 + 98a:. 

3. 110a; + 82 = 120a;-28. 

4. Saf' + 7a; - 22^^ + 34a;. 

5. 7a;' - 8a; -h af* = 25a; - 3a;». 

6. 3a,'' + 5a; + 2a;' = a;* + 17a;. 

7. 5a; + 18-2a; = 21 + a; + 3. 

8. 42-8a; = 4x-6-6a;. 

9. 11a; - 42 -h 9a; = - 6a; + 114. 

10. 110 -19a; + 45 = 11a; -2L 

11. 5(a; - 2) - 6(a; + 4) = 21. 

12. 9(a; - 2) = 10(a; - 1) - 12. 

13. (a; - 3) (a; — 2) = a;*. 

14. (a; + 7)' -(x- ly + 2a; = 900. 

,, 5a; + 2 10a; -8 ^ 4 , 6a; 39a; , 1 
15. D = — • 

.4 5 a; 5 20 10' 



16. h 



a; + l a; + 2 ar* + 3a; + 2 



17.-1-+ 1 



a;-l a;-2 ar^-3a; + 2 
18. ^- = -2-+ 1 



a; — 2 a; + 2 a;' — 4 

.^2 3,1 

a;— 2 a; — 3 a; — 4 



20. 



a;-2 a; — 4 a;-6 x — 8 
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21. X 2S.f 4(x 3)4 4j =12. 

22. 2\_x \S -X- (4 -x- o) - QTx\ - 7] = 48, 

23. (Sx + 1) (4x + 7) - 12(a; + 1)'. 

24. (8a; -- 3)^ (a; - 1) - (Ax - If (4a; - 5). 
a: + 1 x — 1 4 



20. 



a: — 1 a; + 1 a;"^ — 1 



26. a: — 2 H H — =x -; — 

a;4-2 2 2 



SOLUTION OP LITERAL EQUATIONS. 

X X 

137. — 1. Find the value of a; in - + - = c. 

a b 

Clearing the equation of fractions, we have 

bx + ax = abc. 
Factoring the first member, (a + b)x = abc. 

Dividing by a + 6, x= -^^, Ans, 

a + b 

2. Find the value of a; in (a; -|- af — Qc — of = 8a. 

Expanding, Tp- + 2aa: V a^ — xP + 2ax — a^ = 8a. 
Uniting terms, 4aa: = 8a. 

Dividing by 4a, a; = 2, Ana, 



EXAMPLES. 

Solve the following equations : 

3. ax + bx — rtn -f bn. 

4. aa; + d--c-- dx. 

5. 77ia; - n — nx-\-m, 

6. Ix -\-p = mx + ^. 

7. a(ar — n) = n{a - a;). 
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8. a(x -j-b — c)— c(n — x—a). 

9. 4mx —na-{-x=^ 3ma; -{-an — Sx. 

10. ix-a)(x-b) = (^x~a- bf + ab. 

.. a + b . b -\- c a — b 

11. 1 = • 



a — X 



c — x a — x 



12. (a + x)(b + x)-a(^b + c) 



13. b = X. 



a 



n 



14. fluc -f 6 = - + - 

a b 



.^ bx — a 2a; 4 a ^ 
15. — = 1. 

&x-{-a Zx — a 



x 



X — c 



16. 



= 1. 



X 



x — c 



17. S= I In. 

\ 2 / 



18. S = '- 



xl — a 



x-1 







19.^ ^ = 
a b 


O X 

b ab 


20. x + a- 


3^ 


a + x 




-r' 6a; + 6'. 


x — a 




x 
a 




a 
22. 


- = n. 


b X 
n b 




2S.S /" 


+ l\ 

2h 


tt4 it '^' 


-a 



25. 



7? x' 

+ 2a6c + -^ 



x + 1 

X 



1 

X 

X 



= 0. 



26. 



27. 



rw; — m mx — n 



n — m 



nx-{-m mx + n' (nx + m) Qrnx -\- n) 
X — a a^ — bx — a^ bx 



bx — a^ 



bx — a? 
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MISCELLANEOUS EXAMPLES. 
138. Solve the following equations : 



a-\- X a — X a^ -\- b 



2 



^. 


a — b a-\-b a' 6^ 


3. 


7x 5x \2x . lOx 
8 4 * 15 ^32 


4. 


2x bx 3a; 1 


m-\-n m n m* n^ 7(n m) 


f; 


7-9x 12-4a; 15-6x 7 



12 5-3x 8 24 

6. cni — d 1 =0. 

d m 

„ 10a;-12 12 -15a; 16:c--16 
15 18 ~ 24 

8.^±^^±i=x-12. 

x-\-7 

y — b 

^^ 12a; 4- 5 _ 50ar - 20 15a; 4- 6 

10. — • • 

24 25 30 

11 2 3 

11. 3aa; — 2hx — -c mx = - c + -mx — n — bx-\- 2ax. 

3 4 3 4 

^- , . V 2ma; 4mn 

12. (m 4- n)x =(ra — n)x 



13. 



m—n m—n 

x — 6 _ 15 + 4a; __ 6^ _ 5 — 7 a; _ 24a; -9 
9 ' 7 ~ 14 2-3^ 27 



1^ rc/^« + 6\ /in 9a;-6\ „ 
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15. tr^x — iv^ = n^ — 2mn -f n^x. 

16. (a-a;y-(6-a;y = (a-6y. 

17. ^ [-m-i ^ = 0. 

n—cy c 

x-2 a; + 2 _ 2-9a; 

x + 2 x-2 ~ X^-4: ' 

.^ y—2 , y — S , y — A , y — b ^- 



20. 



X 



1 ^ 

x + - 

X 



21. 


a 

x^^x 


+ 1 


Cic^ + c 


c 




0? 1 iC 


-1 




22. 




m 
as 


3 a;^ 9' 






9f? 


a;-l 


x 


B a; 3 


a; — 


■7 



a;-2 a;-6 a;-4 a;-8 
Note. — Subtract each member before clearing of fractions. 

PROBLEMS IN SIMPLE EQUATIONS OONTAININO- 

ONE UNKNOWN QUANTITY. 

139. The solution of a problem in algebra consists of two 
distinct parts: 

1. The formation of the equation ; 

2. The solution of the equation. 

In the solution of algebraic problems, much depends upon 
the skill and ingenuity of the student. No general rule can 
be given covering all cases, but the following suggestions will 
be found valuable ; 
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Suggestions. — 1. Represent the unknovm quantity by one of the 

fiiud letters of the alphabet. 

2. Form an equation by indicating the operations which would 
be necessary to verify the result were it known, 

3. Solve the equation thus derived, 

PROBLEMS. 

1. If 16 be subtracted from six times a number, the result 
will equal three times the number, increased by 44 ; what is 
the number? 

Let X = the number. 

Then 6a: — 16 = six times the number minus 16. 

And 3a; + 44 = three times the number increased by 44. 

By the conditions, 6a; — 16 = 3a; + 44 

3a; = 60 
X = 20, Ana. 

2. If 100 be subtracted from ten times a number, the result 
will equal five times the number, increased by 20; what is 
the number? 

3. What number when doubled is as much less than 100 as 
the number is greater than 20 ? 

4. What number increased by 10 and then doubled equals 
three times the number, minus 50 ? 

5. If twice a number be diminished by 60 and then mul- 
tiplied by 3, the result will equal twice the number, plus 24; 
required the number. 

6. If twice a number, diminished by 12, be subtracted from 
three times the number, and the result be multiplied by 4, 
the product will equal twice the number, plus 96 ; what is 
the number? 

7. What number is that to which if its ^ be added the 
result will be 18 ? 

8. What number increased by its one half, its one third, 
and its one fourth, will equal 500? 
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9. Find the number whose double exceeds its half by 
210. 

10. Find the number whose treble exceeds its third by 120. 

11. Find the number the sum of whose half, third, and 
fourth exceeds the sum of its fifth, sixth, and seventh by 
482. 

12. What number is that whose -th part exceeds its — th 

n m 

part by a? 

13. Divide 320 into three parts, such that three times the 
first part shall equal the second part, and four times the 
second part shall equal the third part. 

14. Divide 84 into two such parts that if the first part be 
divided by 5 and the second by 6, the sum of the two quo- 
tients will be 16. 

15. The sum of two numbers is 120, and their difierence is 
60 ; what are the numbers ? 

16. The sum of two numbers is 400, and their difierence is 
150 ; find the numbers. 

17. The sum of two numbers is s, and their difierence is d; 
find the numbers. 

18. A horse and wagon cost $360; what was the cost 
of each if the wagon cost three fifths as much as the 
horse ? 

19. Find three consecutive numbers whose sum is 102. 

20. Find four consecutive numbers whose sum is 98. 

21. Find five consecutive numbers whose sum is 150. 

22. A man gave a number of children 10 cents each, and 
had one dollar remaining: if he had given them 19 cents 
each, he would have had 1 cent remaining ; how many chil- 
dren were there? 

23. B gave some beggars 8 cents each and had $2 remain- 
ing: if he had given them 23 cents each, he would have 
lacked one dollar of having money enough; how much 
money had he? 

9 
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24. M ^ave a cents apiece for some oranges^ and had 

h dollar* remaining: if he had given c cents apiece, he 
would have had d cents remaining; how many oranges did 
he buv? 

26. A can do a piece of work in S days, and B in 10 days ; 
in what time can they together do it? 

Let z — tbe ouinbez- ci day%, 

Theo i « what both do in a dmj, 

X 

And - = what A does in a daT. 

8 

And — » what B does in a day. 

Br the conditions, - -f — = - • 
' ^ 8 10 X 

Then lOt + 8x = 80 

2: — 4J dajs, ^ns. 

26. Arthur can mow a field in 10 days, Horace in 12 
day H, and Ross in 16 days; in what time can they together 
mow it? 

27. A can do a piece of work in 3^ days, B in 6J days, 
and C in 7 days; in what time can it be done by all, 
working together? 

28. A and B can build a boat in 20 days, B and C in 24 
days, and B alone in 36 days ; how long will it take A, B, 
and C to build it, working together? 

21^ M and N can reap a field in a days ; how long will it 
tak^j cjich \A) reap it if M works twice as fast as N? 

**y^). Two pipes fill a cistern in 20 and 30 hours respectively; 
how long will it t^ike to fill the cistern if both pipes are 
o|;<;n at the same time? 

JU. A tank can be filled by two pipes in 10 and 15 hours 
n;«p(;ctively, and emptied by a third pipe in 8 hours; how 
\itu% will it take to fill tlie tank if all the pipes are left open 
at the Hanjc time? 
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32. What is the time of day when | of the time past noon 
equals the time to midnight ? 

Represent the time from noon to midnight by the line NM^ and let T 
represent the time of day. 



N 1 M 

Let X = NTf the time past noon. 

Then 12 - a: = Mf, the time to midnight. 

2 

By the conditions, —x = Vl — x 

3 

^x = \2 
3 

a; =. 7J = 12 minutes past seven, Aim, 

33. What is the time of day when \ of the time past mid- 
night equals the time to midnight again ? 

34. What is the time of day when ^ of the time past mid- 
night equals f of the time past noon ? 

35. What is the time of day when | of the time past 10 
o.'clock A. M. 2 hours ago equals f of the time to midnight 2 
hours hence? 

36. What is the time of day when — th of the time past 

n 

iliidnight equals the time to noon? 

37. A is 5 years old, and B is six times as old; in how 
many years will B be only twice as old ? 

Let x = the required time. 

Then 5 + a: = A's age at that time. 

And 30 + a: = B's age at that time. 

By the conditions, 2(5 + a:) = 30 + a; 

10 + 2a; = 30 + a: 
X = 20, Ans. 

38. A's age 10 years ago was ^ of what his age will be 10 ^ 
years hence; find his age. ™ 
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39. 10 years ago M was ^ as old as N, but 4 years hence he 
will be f as old ; what is the age of each at present ? 

40. A's age in a years will be n times what his age was 6 
years ago; what is his age at present? 

41. E is m times as old as F, but in a years he will be n 
times as old; required the age of each at present. 

42. M's age a years ago was -th of what it will be c years 

n 

hence; what is his age? 

43. Twelve men engaged a supper for $20 ; but before pay- 
ing the bill a number of them withdrew, by which each per- 
son's bill was increased $|. How many withdrew ? 

44. Eight persons hired a coach for $48 ; but before starting 
they took in an additional number, by which each person's 
bill was diminished $2. How many were added to the party? 

45. n persons engaged a boat for sailing, for which they 
were to pay $a ; but before starting a number declined going, 
by which each person's expenses were increased $6. How 
many went, and how many remained? 

46. At what time after 4 o'clock are the hour and minute 
hands of my watch together? 

Let X = the distance the minute hand goes. 

And ^ " To "^ ^^^ distance the minute hand must gain. 

/*• 
By the conditions, a; — -— = 20 (4 o'clock being 20 m. from 12 on the dial). 

Wherefore 
And 

47. At what time are the hands of a watch together — 

1. Between 6 and 7 o'clock? 

2. Between 8 and 9 o'clock? 

3. Between 10 and 11 o'clock? 



11a: 
12 


= 20 




X 


= 21 A 


minutes, Ana, 
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48. At what time are the hands of a watch at right angles 
with each other — 

1. After 2 o'clock? 

2. After 6 o'clock ? 

3. After 9 o'clock ? 

49. At what time are the hands of a watch opposite each 
other — 

1. After 2 o'clock? 

2. After 6 o'clock ? 

3. After 8 o'clock ? 

50. At what time are the hands of a watch 6 minutes of 
space apart — 

1. After 3 o'clock ? 

2. After 6 o'clock? 

3. After 10 o'clock? 

61. At what time are the hands of a watch 5 minutes of 
time apart — 

1. After 1 o'clock? 

2. After 7 o'clock? 

3. After 9 o'clock? 

52. What time aft^r n o'clock are the hands of a watch m 
minutes of space apart? When m minutes of time apart? 

53. How far may a person ride in a car going at the rate of 
30 miles an hour if he returns at the rate of 18 miles an hour 
and is gone but 10 hours? 

54. A boat whose rate of sailing in still water is 6 miles an 
hour moves down a stream whose current is 3 miles an hour, 
and returns, making a round trip in 8 hours ; how far did it 
go down stream ? 

55. A boat whose rate of sailing in still water is a miles an 
hour moves down a river whose current is b miles an hour ; 
how &r may it sail if it goes and returns in c hours ? 
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56. A rectangle whose length is 10 feet more than its width 
will have its area increased 48 square feet if both dimensions 
are increased 2 feet ; required the dimensions. 

67. A rectangle is 6 feet longer and 4 feet narrower than an 
equivalent square ; what are its dimensions ? 

58. A rectangle is twice as long as it is wide: if each 
dimension be increased 10 feet, the area will be increased 
700 square feet; what are its dimensions? 

59. A tree 160 feet high was broken off in a storm: the 
broken end remained on the stump, and the top struck 30 
feet from the base; how high was the stump? 

Suggestion. — The square on the hypotenuse of a right-angled triangle 
equals the sum of the squares on the other two sides. 

60. A pole whose length was 120 feet was broken off in a 
storm: the one end remained on the stump, and the top 
struck 40 feet from the base; how much broke off? 

61. A pole a feet high was broken off: the broken end 
remained on the stump, and the top struck h feet from 
the base; how high was the stump? 

62. A pole standing in a stream projected 6 feet above the 
water: in a storm it was blown over, and was observed to 
disappear below the surface at a point 18 feet from the ver- 
tical position ; how long was the pole ? How deep was the 
water ? 

63. A pole standing in a stream projected a feet above the 
water: in a storm it was blown over, and was observed to 
disappear below the surface h feet from the vertical position ; 
how long was the pole ? 

64. A general formed his men into a solid square, and had 
100 men over : he increased the side of the square by 3 men, 
and then lacked 227 men to complete the square ; how many 
men in the army ? 

65. A general formed his army consisting of 5600 men into 
a hollow square 8 men deep ; required the number of men in 
the outer rank of a side. 
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66. A general drew up his army into a solid square, and 
had 96 men over : he increased the side of the square by 3 
men, and lacked 525 to complete the square ; how many men 
were in the army ? 

67. A invested a certain sum of money in 5% bonds bought 
at 85, and the same sum in 6% bonds bought at 95 : he re- 
ceived $7 more income from the latter than from the former ; 
what sum was invested in each ? 

68. B invests a certain sum of money in 4% bonds bought 
at 126, and twice as much in 4|% bonds bought at 130: he 
receives S307 more from the latter than from the former; 
how much was invested in each? 

69. A doubles his capital every year, but at the end of each 
year deducts $2,500 for living expenses: at the end of four 
years he has eleven times his original stock ; how much had 
he at first ? 

70. A boy went to a store and spent $^ more than ^ of his 
money ; at a second store he spent $^ more than ^ of what 
he had remaining; and at a third store he spent $j more 
than ^ of what he had yet remaining, and then found that 
he had $5 left; how much had he at first? 

71. A man who can row 9 miles an hour in still water 
rows uniformly down a stream one hour; then, resting, he 
floats with the current half an hour, and rows back in 3 
hours; how rapid is the current? 

72. Two men, A and B, are a miles apart, and travel toward 
each other, A at the rate of m miles an hour, and B at the 
rate of n miles an hour ; how far will each travel before they 
meet ? 

73. Two men, A and B, are a miles apart, and travel in the 
same direction, A at the rate of m miles an hour and B at 
the rate of n miles an hour ; how far will each travel before 
they are together? 

74. If a pounds of sea water contain b pounds of salt, how 
much salt must be added so that m pounds of the mixture 
may contain n pounds of salt? 
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75. Divide 80 into four such parts that, if tiie first be in- 
creased by 3, the second diminished by 3, the third multiplied 
by 3, and the fourth divided by 3, the results will all be equal. 

76. The fore wheel of a wagon is 10 feet, and the hind 
wheel 12 feet, in circumference ; how far must the wagon go 
in order that the fore wheel may make 264 revolutions more 
than the hind wheel ? 

77. The fore wheel of a carriage is m feet, and the hind 
wheel n feet, in circumference ; how far must the carriage go 
in order that the fore wheel may make i revolutions more 
than the hind wheel? 

78. A and B had equal sums of money : A bought sheep at 
$12 each, and had $40 remaining ; B bought twice as many 
lambs at $8 each, and lacked $40 of having money enough to 
pay for them ; how much did each have at first? 

79. M and N had equal sums of money : M bought horses 
at $a each, arid had $6 remaining ; N bought n times as many 
cows at $c each, and lacked $d of having money enough to 
pay for them; how much money had each? 

80. A receives $3 a day for his labor, on condition that he 
forfeit $1 each day he is idle : at the expiration of 50 days he 
receives $110; how many days was he idle? 

81. A receives $a a day for his labor, on condition that he 
forfeit $6 each day he is idle : at the expiration of n days he 
receives $c ; required the number of idle days. 

82. Two men, M and N, 36 miles apart, set out, M 46 min- 
utes before N, and travel in the same direction : M travels 4 
miles an hour, and N 7 miles an hour ; how far will each 
have traveled when N overtakes M? 

83. A man starts from a place and travels 8 miles an hour : 
10 hours after he is followed by another, who travels 12 miles 
an hour ; in what time will the second overtake the first? 

84. E starts from a place and travels 25 miles a day: 12 
days after he is followed by F, who travels 35 miles a day : 
how far will F travel to overtake E? 
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85. A courier starts from a place and travels a miles 
a day : n days after he is followed by another, who travels 
b miles a day; in what time will the second overtake the 
first? 

86. A grocer buys two kinds of sugar, one at 8 cents a 
pound and the other at 11 cents a pound ; how much of each 
kind must he take to make a mixture of 60 pounds worth 10 
cents a pound ? 

87. A man buys two kinds of tea, one at 60 cents a pound 
and the other at 90 cents a pound ; how much of each kind 
must he take to make a mixture of 120 pounds worth 80 
cents a pound? 

88. A merchant buys two kinds of coffee, one at a cents 
a pound and the other at 6 cents a pound; how much of 
each kind must he take to make a mixture of m pounds 
worth c cents a pound? 

89. The ten's digit of a number exceeds the unit's digit 
by 2; and if the number increased by 3 be divided by 
the sum of its digits, the quotient will be 7; required the 
number. 

90. In a number of two places the ten's digit is 6 more 
than the unit's digit; and if the number increased by 16 
be divided by the difference o{ its digits, the quotient will 
be 18; what is the number? 

91. A farmer has a square field of land which is worth, at 
$120 an acre, nine times as much as it would cost to inclose 
it by a fence at one dollar a rod ; required the length of one 
side. 

92. Wliat is the length of one side of a square field which 
contains as many acres as there are rods in its perimeter ? 

93. What is the diameter of a circular field which contains 
as many acres as there are rods in its circumference? 

94. A man loans $28,080, part at 4% and part at 5% ; how 
much does he loan at each rate if he receives equal sums of 
interest for each part? 
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96. A man has $49.20, consisting of dollars, dimes, and 
cents : he has twice as many dimes as dollars, and three times 
as many cents as dollars ; how many pieces of each kind does 
he have ? 

96. A man has a certain sum of money, consisting of dol- 
lars, quarters, and dimes : he has twice as many quarters as 
dimes, and twice as many dollars as quarters; if he had 
twice as many quarters as he has dollars, and twice as many 
dimes as he would then have quarters, he would have $36 
more. How many pieces are there of each kind? 

97. A broker has two kinds of money, dimes and quarters ; 
if he receives $5.90 for 35 pieces of money, how many of each 
kind must he give? 

98. A broker has two kinds of money : it takes n pieces of 
the first kind to make a dollar, and m pieces of the second 
kind ; how many pieces of each kind must he take, so that 'p 
pieces will make a dollar ? 

99. A fox is 60 leaps ahead of a hound, and takes 6 leaps 
while the hound takes 5 ; but 8 leaps of the hound are equal 
to 10 leaps of the fox. How many leaps will each take before 
they are together ? 

100. A general, arranging his men in a solid square, finds 
he has 82 men over: but in attempting to add one line of men 
around the entire square, he finds he wants 82 men to fill up 
the square ; required the number of men in the army. 

101. The distance from Harrisburg to Philadelphia is 105 
miles : the Atlantic express leaves Harrisburg at 10.35 a. m., 
and arrives at Philadelphia at 1.35 p. m. ; the fast line leaves 
Philadelphia at 11.40 a. m., and arrives at Harrisburg at 3.40 
p. M. ; how far from Philadelphia do they meet, if their rates 
of running are uniform ? 

102. If the length of a rectangle is increased 10 rd. and 
its width 5 rd., the area will be increased 500 sq. rd. ; but 
if the length be diminished 5 rd. and the width 10 rd., the 
area will be diminished 550 sq. rd. Find the dimensions of 
the field. 
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SIMPLE EQUATIONS CONTAINING TWO UNKNOWN 

QUANTITIES. 

140. If we have the simple equation a; + 2/ = 4, and 



let 


a; = l, 


; then 2/ = 3, 


or 


a: = 2 


; then y = 2, 


or 


x = S] 


then 2/ = 1, 


or 


x = 4] 


then y = 0, 




etc. 


etc. 



Since any of these pairs of vahies will satisfy the equation, it is impos- 
sible to determine definitely the values of x and y. 

But if we have the two simple equations, x + y = 4 and a; — y = 2, and 
are required to find a pair of values which will satisfy both of these equa- 
tions at the same time, we can find by inspection that 

X = S and ^ = 1 

will satisfy both equations. Furthermore, this is the only pair of values 
which can be found that will satisfy both at the same time. 

It is therefore evident that we must have two equations when we use two 
unknown quantities in order to determine their values. 

141. Simultaneous Equations are those which are satisfied 
by the same values of the unknown quantities. 

Thus, if a; = 3 and y = 4, then 
X -\- y ^ 1 and 2a: — y = 2 

are simultaneous equations. 

142. Independent Equations are those which cannot be 
made to assume the same form. 

Thus, X \ y =•-! and 2a; — 2/ = 2 are independent equations. 
I'nt X + y = 1 and 2a; + 2y = 14 are not independent, since either equa- 
tion can be derived from the other. 

ELIMINATION. 

143. Elimination is the process of deducing from two or 
more simultaneous equations a less number of equations 
containing a less number of unknown quantities. 
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There are three principal methods of elimination : 

1. By comparison ; • 

2. By substitution ; 

3. By addition or subtraction. 

CASE I. 

144 Elimination by comparison. 

Elimination by Comparison is the process of eliminating 
by finding an expression for the same unknown quantity 
from each equation, and placing them equal to each other. 

3x + 72/ = 134. (1) 



1. Solve the equations \ ^ 

^ \4x-2y = 



2y= 20. (2) 

From (1), X - M^ (3) 

From (2), x = ?^L±M (4) 

4 

From (3) and (4), -Mf^ = ^O+Jjf ^j^^ ^^ ^^^ 

Clearing of fractions, 536 - 28y = 60 + 6y (6) 

Or, - 34y = - 476 (7) 

3/ = 14 
Substituting the value of y in (3), 

a: = lMr±« = 12. 
3 

Ans.f a; = 12, y = 14. 
Therefore, to eliminate by comparison, 

RULE. 

Find an expression for the same unknovm quantity from each 
eqiuition, place these values equal to each otheVy and reduce the 
resulting equation. 



EXAMPLES. 

Solve the following equations by comparison : 

3a;-2/-2. ^ {2x-\-Zy = n. 

.a; + 3/ = 6. * \Zx + 2y = Vl. 



2. 
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^ f3x-3/-2. 
■ liai; + 2y-60. 


jj fl7x + lly 45. 
' l9* 7y-n. 


l2a; + %-20. 


12.(^ + 2/ 20. 


g f2a; + 5y-18. 
■ l3a; + 4y-20. 


18. ^ y ^■ 
.3x + 5y-U. 


nx + By-58. 
l3x-5y = 6. 


14. f4x-2/-6- 
ll7« + IO3/ - 168, 


g^ (nx-&y-4. 
(4x — y = 5. 


jg f5a; + 3y-26. 
* llla;-10y = 24. 


g f4a; + %-41. 
Ux — 2y = 6. 


16. P + *2' ^• 


j^ f 2a; + 33/ -24. 
ll0a; + y-50. 


17 fia; + |y-8. 

Ux + iy-10. 



L. Solve the equations ] 



CASE II. 

145. Elimination by substitution. 

Elimination by substitution is the process of eliminating 
by finding an expression for the value of an unknown quan- 
tity from one equation, and substituting it in the other. 

Sx + 2y = 13. (1) 

2x + Sy = 12. (2) 

From (1), X = ^^—^ (3) 

o 

Substituting this value in (2), 2( ^^"^ ) + 3y = 12 (4) 

aearing of fractions, 26 - 4^ + ^ = 36 (5) 

Or, 6y = 10 

y = 2 

Substituting thb value of y in (3), x = ^^""^ = 3 

Ana., a; - 3, y - 2. 



142 ALGEBRA. 

Therefore, to eliminate by substitution, 

RULE. 

Find 071 expression for one of the unknown quantities from either 
equation, substitute this valtie for the same unknoxon quantity in 
the other equation, and reduce the resulting equation, 

EXAMPLES. 

Solve the following equations by substitution : 

lea; + 22/ = 18. * \ix-2y = 4:, 

^ {x-y = l. ^^ 140: -I- 11?/ = 44. 

l5a; + 72/ = 29. ' (6a;-82/ = 66. 

.J |^-2/ = 8. ^j |4x + 22/ = 22. 

l2a; + 32/-61. ' l6a;-3i/ = 3. 

^ ra; + 2i/ = 14. ^2 f5x + 2!/=20. 

1 3a; + 7?/ -= 47. ' \zx^-2y = \^, 

^ |4x + 32/-36. ^^ |6a; + 52/-l. 

l5a; + ?/--23. " [32/ -2a; -23. 

. |5a;-32/-17. ^^ flla; + 82/ = - 3. 

(4a; -22/ -16. * [92/ -4a; = 13. 

g |6a;-3:|/-2. ^^ ra: + 2/ = -ll. 

l2a;-32/-0. ' 1 7a; - 22/ = - 14. 



CASE III. 

146. Elimination by addition or subtraction. 

Elimination by addition or subtraction is the process of 
eliminating by adding or subtracting the equations when the 
coefficients are alike or are made alike. 
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1. Solve the equations ] 



2x-j-Sy = 12. (1) 

3x -f 2y = 13. (2) 

Multiplying (1) by 3, 6a; + 9y = 36 (3) 

Multiplying (2) by 2, 6a; + 4y - 26 (4) 

Subtracting (4) from (3), 5y = 10 

Substituting this value of y in (1), 2a; + 6 = 12 

2a;- 6 

a; = 3 

An8,t a; = 3, ^ ^ 2. 

o c 1 *u .• 1^-^-^ 22/ -28. (1) 

2. Solve the equations < 

\7x-Sy = 6. (2) 

Multiplying (1) by 3, 18a; + 6y = 84 (3) 

Multiplying (2) by 2, 14a; - 6,1/ - 12 (4) 

Adding these equations, 32a; =96 (5) 

a; = 3 
Substituting this value in (1), 18 + 2y = 28 

2y = 10 
y = 5 
Ana., a; = 3, ,y = 5. 

Therefore, to eliminate by addition or subtraction, 

RULE. 

If necesmry^ mvltiply or dwhle the (/iven equations by mch a 
mimher os will make the coefficients of one of the indnown quantities 
cqval. When the .v'gns of the equal coefficientft are unlike, add the 
equations ; when they are alike, subtract them. Solve the resxdting 
equation. 

EXAMPLES. 

Solve the following equations by addition or subtraction : 

3 {x^y--=^. ^ jnx-2y^5. 

U-2/=4. ' i 10a: 4- 22/ = 16. 

l2a;-y=-6. " (4a; t 32/ -52. 
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'•i 

10. I 

n.{ 

12. I 



3x -h y = 6. 
5x-f 2i/ = ll. 

9x — 6y=-- 3. 
4x — 2/ = 18. 

Sx-\-Sy = 5. 
12ar + 151/ = 11. 

3x-i2/ = 17. 
2x - 2/ = 6. 

6x + 5y = 65. 
10a:-32/ = 29. 

8x-22/ = 16. 

5a; + 72/ = 43. 



13 



r5a;-lly = -117. 
l7x + 6i/ = 93. 

^^ |5x + 43/ = -17. 
l6x-33/ = -36. 

^^ ri9x + 132/ = 45. 
' ll4x-23/ = 10. 

^g ri8x-2()2/ = 44. 

■ U7x-152/ = 26. 

17 f|x + |y = 10. 

^g riOx-3/ = 9. 

■ ll()y-« = 108. 



MISOETiT. A NEOIJS EXAMPLES. 

147. Reduce the following equations to their simplest form, 
and apply the method best adapted to each example : 



1. Solve the equations 



x-\-y X — y 

5 ~ 2 

2x-\-y 3x — 4y 

4 2 

X — y = 2. 



1 
5 



From (1), 



x + y 



_ 6x — 5u ^ 2x + y , 3x — 4y 
2 4 2 

Clearing (3) of fractions, 

4x + 4y - lOx + lOg/ = 2x + y + 6x - ^ 

Collecting terms, 2ly — 14x = 

Or, 3y - 2x = 

Multiplying (2) by 3, - 3y + 3x = 6 

Adding (6) and (7), x = 6 

Substituting this value of y in (2), y = 4, 

An8.f X =» 6, y = 4. 



= r (1) 

(2) 
(3) 

(4) 
(6) 

(«) 

(7) 
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Solve the following : 



2. -I 



5x- 

e 




3 


5x 


Ix 


-Ay 


6 




3 


fi- 


2 


= 11. 



= 13. 



= 7. 



3. -I 



2 2 



fa: + 3,y + 4 „ 
^"+ 3 =^- 



4. ■! 



5. { 



2x-b 4y-18 „ 

— r ^ =0. 

3 6 

35 + 4 26-y_„ 
~3~ ~8~~^- 

o 4 



6. -I 



2/ + 3^ 



2/-3 
&r-5 ^ 6£- 14 
[ 22/-2~~'4i^-2 



r x+S 



7. 



+ 41/ = 28. 



^-^ = 27-(32/ + :r). 



^ + 2/ _!_ a:-2/ 



8. -I 



10. 



9. \ 



8 6 

4 3 

g+l _ a: + 3 
2"y-4' 

x-7 



y 



x-b 



y + 6 y — 9 



10. 



x + y___ 
x-y 

2x-6 
3a;-5 



7 
8 



11. 



5 + y 

a h 

!+■- 

6 a 



— m. 



= n. 



3a?-2 4a:-2y-l 



12. 



7 
a; + 2 



= 1. 



a; + 5 



18. 



y-2 2/ + 6 

y~2 _ i Q-y _ a^-io 

5 3 "" 4 

2a; + 4 _ 2y + a: _ y + 13 
3 8 ~ 4 



10 
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14. 



15. 



16. 



a:(2/ + 2) + 4 = y(a:+3)-6. 
3(ix + y)-y = 4(x-ij)-\-82. 

(a; + 2)(2/-2) = 19 + (a;-4)(y 
3(x-2) + 4(y + 2)=51. 

x + 2 _ y + 3 _ x + y 
4 ""'6~~~~5 



-3). 



r a; + 4^3/-2 



17. 



18. 



2 

3a;-2 
5 

10 



3 

4y-6 
13 



x + 6 
2 

3/ -re. 
12 



+ 1. 



Sx-{-5y + 4 4x + Sy-\-2 
x — 2_y—B 



19. 



2x-\-y _ 
x — Sy 

x-f 4 



9. 

a; 
2 



20. - 



3rg + 23/ 

4 
4x — 2y 



■■ y-1 

'. 4 


-1= 


3 

20 




5a!- 


-2y 


-2-7- 




2 


8x- 


4j/ 



21. 



3 3 

38y = 27a; + 218. 

4 3 



3x + 4y-2 Sy + 4x-5 
5 3 



22. - 



^ 3^6 

[(x + 2)(y-2)=ix-l)(y + l). 
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23. 



2a: 



4 7 2 

11 7 



\£±1 _L £ZL^ = 1 
9 2 



24. -{ 



25. 



a; + 2/ x — y _ 
~~l 5 

x + y _3 
a: — 2/ 4 

aj + 2/4-2 3 

' — • 

7 

4 

7* 



28. 



3|. 



( .3a; +.52/ = 1.45. 
.09a: + .72/ = 4.01. 



»•!: 



.16a: -.022/ = .52. 
llx-. 0032/ = .422. 



x~y-2 

7a; + 3 



26. -I 5 + a: — y 

[a: + 3/ — 10 = 0. 
3a: + 4 _ 4 - 32/ 
5a; — 2 ~ 6 — 5y 



30. 



27. 



2 3^ 



31. 



.5a; + 32/ = 40. 
8a; + .33^2/ = 68. 

.001a; + my ^ ^ ^ 
2 

.Ola; + .0012/ _on 

— .Z.t/. 

7 



148. Literal Simultaneoxis Equations. — It will generally 
be found most convenient in solving literal simultaneous 
equations to eliminate by addition or subtraction. 



1. Solve the equations 



ax -\-hy — c. 

MX -\-ny = d. 

Multiplying (1) by wi, amx + bmy ■= cm 
Multiplying (2) by a, amx + any = ad 
Subtracting (3) from (4), any — bmy = ad — cm 

Whence, y = ^^ ~ ^^ > '^^' 

an - om> 

Multiplying (1) by n, anx + bny = en 

Multiplying (2) by 6, bmx + bny = bd 

Subtracting (7) from (6), anx - bmx = en — bd 

Whence, x = ^ILnJ^, Ans. 

an - om 



(1) 

(2) 

(3) 
(4) 
(5) 



(6) 
(7) 
(8) 
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14. 



15. 



16. 



I 
( 



17. 



x{y -f 2) -I 4 = y{x + 3) - 6. 
^{x + y) - y = 4(x - y) + 32. 

(a; + 2)(y-2) = 19 + (ar-4)(y 
3(a;-2)+4(2/ + 2)=51. 

x + 2 _y-\-8 _ x-\-y 
4 ~ 'e ~ 5 " 

x + 4: , y-2 x + e ^ . 
"2" + "3" = ^-^^- 



-3). 



18. 



3a:-2 



10 



4v — 6 



13 



12 



3x + 5y + 4 4a; + 83/ + 2 
x-2 _ y -S 
3 " 4 * 



19. 



2x + 3/ 
x — 3y 

ar-f 4 



= 9. 

a; 
"2 



2/-1 , 7^3 
4 4 20 



3rg + 2 y 
4 
20. ^ 4x-22/ 



-2-7 



5a; — 2y 

2 
8 a;— 4y 

3 



21. 



38?/ = 27a; + 218. 
4 3 



3a; + 4y-2 Sy + 4x-5 
5 3 



6a; + 72/ + 2 13a; -4^/ + 7 



22. -! 



^ 3^6 



i(a; + 2)(2/-2)=(a;-l)(2/ + l). 
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23. 



2x-y 



+ 4 



%-x 5 
7 2 



11 7 



24. -( 



9 2 



25. 



x-\-y x — y _ 
~~6 5""" 

x + y 3 
x — y 4 

a; + 3/ + 2 ^3 

4 

26. -I 5 + a: — y 7 
[a: + y-10==0. 
' S^jM ^ 4-% 
5a;-2 ~~ 6-5y 



28. 



3|. 



.3aj4-.5i/ = 1.45. 
.09a: + Hy = 4.01. 



29. 



x-y — 2 

7a; + 3 



30. 



27. ^ 



i+^-^- 



31. 



.16a; - .022/ = .52. 
.llx-.003i/ = .422. 

.5a; + 3?/ = 40. 
8x H- .33^2/ = 68. 

.OOlx + .Oly ^ g ^ 

2 
.Ola; + .OOly _ ^ ^ 

7 



148. Literal SimuItaneoTis Equations. — It will generally 
be found most convenient in solving literal simultaneous 
equations to eliminate by addition or subtraction. 



1. Solve the equations 



ax -\- by = c, 
mx-{-ny = d. 

Multiplying (1) by wi, amx + bmy ■■= cm 
Multiplying (2) by a, amx + any = ad 
Subtracting (3) from (4), any — bmy = ad — cm 

Whence, y = «^.Z_^?^, Am. 

an - bm> 

Multiplying (1) by n, anx + bny = en 

Multiplying (2) by 6, bmx + bny = bd 

Subtracting (7) from (6), anx - bmx = en — bd 

Whence, x = ^^ ~ ^^ , ^»i«- 

an - bm 



(1) 

(2) 

(3) 
(4) 
(5) 



(6) 
(7) 
(8) 
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Solve the following : 

♦ x — y = in — ». 

Ix — l!/ = )ll — Ik 



Ix— ii = 2n. 



11. 



+ 



y _ 



= 1. 



12. 



^ m-rn m — n 

I 

\ x — y = m. 

I X -r y = a + 6. 
Ix — y = a — 6. 



i ox 



fry_ 



= 2a6. 



13. 



3 2 



5. 



6. 



( ox + 6y = f . 
I 6x -r ay = rf. 

I 3x -h 2y = 6. 



7. 



X 

m 



n 



- = a. 



n m 



= 6. 



! -r + y 



y _ 



=1 



14. 



15. 



16. 



\ m n 

I 

[ X + y = m. 

f (rt + 6)x — cy = bc, 

< 

lx + y = a + 6. 

ax4-6y 
^=m. 

2 

ox — 6y 
=n. 



M 



mx + ny = 0. 
x — y = a. 



9. 



^ + ^ = 2mn. 
m n 

X + y = mn(m + n). 



10. 






X 



n 



2/ _ 



- + -^ = 1. 
n m 



17. 




^g r.5x + .7y = m. 
I .05x — .9v = w. 



19. 



ax + by — 



a' + 6' 
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20. -! 



X 



a-\-b 

X 



y _ 



4- 



a — h 

y 



a — b a-\-h 



' ^ + y ^ x — y 



21. -! 



22. 



a-\-h a — b 
X y _ a — b 
a b ah 

XJf-y ^ x—y 



a — b 

1 
a + 6 

2 

a — b 



= 4. 



m 
a; 



+ 



n 

y 



23. 



m+n m—n 



X , V 

- + — =p. 

n m 



2. 



149. When the unknown quantities occur in the denomi- 
nators, it is better, generally, not to clear of fractions. 





[? + ?.- 4. 




(1) 


1. Solve the equations 


X y 

? + ?-!. 

. ^ y 




(2) 


Multiplying (1) by 3, 


6+9=12 
X y 




(3) 


Multiplying (2) by 2, 


« + l = 2 
X y 




(4) 


Subtracting (4) from (3), 


^ = 10 

y 




Whence, 


« = 1, Am. 
^ 2 




Substituting this value of ^ in ( 


l),| + 6 = 4 






Whence, 


x=-\, 


Ana. 





-.i#i 



— --•r^^I'tH.*- 



-su.*'* zui iiLui^Tui^ -gimininTg 



— - = u 



-^ 









e. 



% 


■^ 


%/ 


■--i 




« 




« 


■ r 


-;- 


V 




J 


7 


. 


^ 


i 


?-k 


^ 


1/ 


#* M^ 


•^ 


tf 


' - 19. 


z 


f. 


■5» 


^-34. 


X 


> 


r 




1 m 


>? = !. 




: T 


y 


4 n 


m ^ 


-^ 


- 1. 


;r 


y 



*. * 



!«- 



11. 



f 
i 


1. 

■stt 


— 




> 


^^ 




4 


^1 


— 


•if 


■ji 




.^_^ 


n. 


5- 


* 

^ 






« 
-jl» 


2 


— 


^ 













& 


— 


-L 


J 


y 






I 


a 




5. 


i' 








<i 


fc 




m 


X 


y 






h 


a 




n. 


1 * 


y 







i Tfx - y -. 3^% - hx) - 36. 
\'lx y- 3. 

^^' ;JI/2;r + r>y;^l = ?(5x-y-3). 



U. 



(2x 12/12; - Jr2i/-f ar -2) = 3y-24. 



SIMPLE EQUATIONS. 151 

PROBLEMS IN SIMPLE EQUATIONS CONTAINING 
TWO UNKNOWN QUANTITIES. 

150. — 1. A bought 5 calves and 6 sheep for $89, and at the 
same price 7 calves and 8 sheep for $121 ; what was the price 
of each per head ? 



Let X = 


= the price of a calf, 




And y « 


= the price of a sheep. 




Then 


5a; + 63/ = 89 


(1) 


And 


7x + 8y - 121 


(2) 


Multiplying (1) by 7, 


35a; + 42y == 623 


(3) 


Multiplying (2) by 6, 


35a; + 4Q2/ -= 605 


(4) 


Subtracting (4) from (3), 


2y-18 




Substituting this value of 


y in (1), 5a; + 54 - 89 
5a; -35 
a;-7 
An8.f calves, $7 ; sheep, $9. 





2. If 6 lbs. of sugar and 10 lbs. of tea cost $6.30, and at 
the same price 10 lbs. of sugar and 6 lbs. of tea cost $4.10, 
what is the price of each per pound? 

3. A hired 10 men and 8 boys for $30 a day, and at the 
same rate 7 men and 12 boys for $29 a day ; how much did 
each earn in a day ? 

4. A drover sold 8 horses and 14 cows for $1,060. and at the 
same rate 12 horses and 20 cows for $1,560; what was the 
price of each per head? 

5. A mixed sugar worth 6 cents and 9 cents a pound so as 
to form a mixture of 60 pounds worth 7 cents a pound ; how 
many pounds of each kind did he take? 

6. A boy bought 12 oranges and 10 bananas for 56 cents ; 
but the price having fallen ^, he sold 8 oranges and 3 bana- 
nas for 15 cents; required the first cost of each. 

7. A bought a oranges and b apples for n cents, and at the 
same rate h oranges and a apples for m cents ; required the 
price of each. 
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Solve the following equations : 



2. -! 



- + - = a. 
X y 

X y 



8. \ 



2 5,. 
- + - = 14. 

X y 



4. 



5. 



6. 



X y 

^ + ^ = 33. 

X y 

«-^ = 9. 
X y 

7 3 
X y 

§ + ^ = 24 
a; y 

a; 



-19. 



y 

m 
3/ 



= 1. 



7. -I 






A + A = ,8. 

2a; 3y 



8. -{ 



r9_5^2 
X y Z 



4 5^3 
X y 2 



9. -! 



f 2 , 3 
a; 3/ 



32 

{^ y 



n. 



10. ^ 



11. 



a; 3/ 

-^V? = 5. 
a: y 

a , b 

- 4- - = m. 

6 . a 

- + - = n. 

a; y 



1*> 



3(a: + 32/) - 2(3a; - y) + 38. 
ox — y = 3(6y — 5a;) — 36. 

r 2x = y + 3. 

^^- ] J(2a; + 57/) + l = ?(5a;-3/-3). 
[ 5 o 

^ ^a--h2) + -(2y-ar) = 3a:-32. 



14. 



^(2a; + 2/ + 2)--^(22/ + :»:-2) = 3y-24. 
3 5 
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PROBLEMS IN SIMPLE EQUATIONS CONTAINING 
TWO UNKNOWN QUANTITIES. 

150. — 1. A bought 5 calves and 6 sheep for $89, and at the 
same price 7 calves and 8 sheep for $121 ; what was the price 
of each per head ? 



Let X = 


= the price of a calf, 




And y « 


= the price of a sheep. 




Then 


5a; + 6y « 89 


(1) 


And 


7x + 8y - 121 


(2) 


Multiplying (1) by 7, 


35a; + 42y = 623 


(3) 


Multiplying (2) by 6, 


35a; + 4Q2/ - 605 


(4) 


Subtracting (4) from (3), 


2y-18 




Substituting this value of 


y in (1), 5a; + 54 - 89 
6a; -35 
a;«7 
An8.y calves, $7 ; sheep, $9. 





2. If 6 lbs. of sugar and 10 lbs. of tea cost $6.30, and at 
the same price 10 lbs. of sugar and 6 lbs. of tea cost $4.10, 
what is the price of each per pound? 

3. A hired 10 men and 8 boys for $30 a day, and at the 
same rate 7 men and 12 boys for $29 a day ; how much did 
each earn in a day ? 

4. A drover sold 8 horses and 14 cows for $1,060. and at the 
same rate 12 horses and 20 cows for $1,560; what was the 
price of each per head? 

5. A mixed sugar worth 6 cents and 9 cents a^pound so as 
to form a mixture of 60 pounds worth 7 cents a pound ; how 
many pounds of each kind did he take ? 

6. A boy bought 12 oranges and 10 bananas for 56 cents ; 
but the price having fallen ^, he sold 8 oranges and 3 bana- 
nas for 15 cents; required the first cost of each. 

7. A bought a oranges and b apples for n cents, and at the 
same rate h oranges and a apples for m cents ; required the 
price of each. 



▼» *tt i I a 



-iL jf zi£: "ffijgti if X ^ssBieitf m -ntrrased i i szid the 
"t-jltctl ' ±_ :ai» ic»i -r-IL V Tii'T?=*iartf-L fT" su i. : rrr: if the 
j»iiini It mmnisxkirL 1 ±. ihil inf tobczl ? ±„ isu*: xTEa will 



/ - : = ^ - ^^ ■»-r-r. j-?=r7- 



▼acta. 1 tL. "a** jcai -voL i« nii!r^iee£ im*: iisrt: bet if 
-^j* "**?Ttrrrr i^ nnTinisi»** >f ± rL im£ lii* Tr5ici 1^ nL- the 
ir?& -VlH le nrninii*xT>* tf I ii:s» -frrtf ;^ -riTrnffngMg of the 

jL If i2j± jtsnrs. if X -ysssaa^uaz itfttf 5^ fiiisreasicii 10 nL, 
liij* ir«ji ^rH zt ziiir-aeei I hit* Tan if i^tt wSfzi I* in- 
•i I' ri- "ize jc:«A -wzZ le imnrsaafti ± Jise^: iiisd the 

IL T^isR 2r ± riziLitHr ^rcgagyTTtr :f tvi -iairs: tLe sum 
■It iziit ^5^ ^ II. fiui if i' ^ft siTrcniJTaai frrnr iLf r^imiber. 



zttt r.:=. tfET •Eirc^ee^i r j ib* r^iris invsrsaL ^q^us • • - and 

4» -^ 



I^ I: IS c* s:ir-crfcr«d fx-ci :k rL::L=ir«- c-c iws> fives, the 
diz^^T xfZ bic iiLT^er^ed: rcn if I> r« ioiei lo tLe mzmber. 
thr: ^nn. wzZ ht ±1 Leas ^^r rwx-e I2je nTmiher vhen the 
4i^h.^ XKr inrrTSed: wLa; is tbe i::irL.bfr? 

14. A &r>i B vlxT mxrbZ'fs : A k^i^ to B &s smiT ats B has, 
tfc«: B k««s t*3 A as mazLr as A n-ow has^ aner which it was 
ffjrirA that each had 24 : how nuziT bad e&di at lirst ? 

I'"/. A ha^ two kinds of coin : it takes a pieces of the first 
kir^d Uf make a dollar, and b pieces of the secvmd kiiid : how 
rr*ar>r pi^c^ fA esuch kind must be taken so that c pieces will 
Tff^ke A d//IIar? 

W, If 2 Vie added to the nmnerator of a certain miction, its 
raJii^ will be f. bat if 3 be added to the denominator, its 
ralrie wiU l^e J; what is the fraction? 
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17. A boy bought some marbles : if he had received 5 more 
for the same sum, they would each have cost ^ of a cent less ; 
but if he had received 5 less for the same sum, they would 
each have cost ^ of a cent more ; how many marbles did he 
buy, and what did they cost? 

18. A farmer bought some sheep : if he had bought 4 more 
for the same sum, they would each have cost 81 less ; but if 
he had bought 5 less for the same sum, they would each have 
cost 92 more; how many sheep did he buy, and what did 
they cost? 

19. Two trains, 200 feet and 152 feet long, respectively, are 
moving on parallel tracks, at different rates of speed though 
with uniform velocity ; when going in opposite directions they 
pass each other in 3 seconds ; but when moving in the same 
direction, the faster train passes the other in 12 seconds; 
what is the rate of each train per hour ? 

20. A farmer bought 120 acres of land for $13,200 : for part 
of it he paid $80 an acre, and for the remainder $120 an acre ; 
how many acres were there of each kind ? 

21. A and B had $2,200: A lost i of his, and B lost i of 
his, when it was found that each had the same sum; how 
much had each at first? 

22. A certain sum of money was divided equally among a 
number of persons : if there had been a less persons, each 
would have received $b more ; but if there had been c more, 
each would have received $d less ; how many persons were 
there, and how much did each receive? 

23. A and B are 280 rods apart: if they approach each 
other, they will meet in 20 minutes; but if they travel in 
the same direction, A will overtake B in 2 hours and 20 
minutes; what is the speed of each per minute? 

24. A sum of money was divided equally among a certain 
number of persons: if there had been 8 less persons, each 
would have received $3 more ; but if there had been 12 more, 
each would have received $2 less ; how many persons were 
there, and how much did each receive? 
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7. 



8. 



'•1 



10. 



5x + 2y = n. 

9x-6y = 3. 
Ax — y = IS. 

8x + 3y = 5, 
12a; + 152/ = 11. 

Sx-iy = n. 
2x~y = 6. 



11 f^^ + ^y^^- 
{lOx-Sy = 29, 



12. I 



8x-2y = 16. 
5x + 7y = 43. 



13. 



14. 



15. 



16. 



17. 



18. 



5x-lly = -in. 
.7x + 62/ = 93. 

5x-\-4y = - 17. 
6x-3y = -36. 

19a; + 133/ = 45. 
14a; -23/ = 10. 

18a; - 2O2/ = 44. 
17x - 152/ = 26. 

ta; + f3/=10. 

i^ — i3/ = l- 

10a;-2/ = 9. 
lOy _ x = 108. 



MISCELLANEOUS EXAMPLES. 

147. Reduce the following equations to their simplest form, 
and apply the method best adapted to each example : 



1. Solve the equations 



x-\-y x — y 

5 ~ 2 

2x + 2/ 3x — 42/ 

4 2 

x — y = 2. 



1 
5 



From (1), 



^^y bx-5u _ 2x+u Sx-4y 
^ 2 4 2 



Clearing (3) of fractions, 

4x + iy -lOx+lOy '=2x ^^y^6x-^ 
Collecting terms, 21y — 14a; = 

Or, 33/ - 2a; = 

Multiplying (2) by 3, - 3y + 3a; = 6 
Adding (6) and (7), a; = 6 

Substituting this value of y in (2), y = 4. 

An8.f a; = 6, y = 4. 



= r (1) 

(2) 
(3) 

(4) 
(5) 
(6) 
(7) 



SIMPLE EQUATIONS. 



145 



Solve the following: 



n 3 



2. -I 



bx Ix — 41/ 
¥ 3~~ 



7. 



f a; + 8 



7. -! 



+ 42/ = 28. 



^^ = 27 - (31/ + x). 



'i+f-- 



3. ■! 



2 2 



2. 



8. -I 



8 6 

a; + y a; — y 

~i 3 



10. 



^- = 10. 



4. 



\ x + Z y + 4 
2 3 

2a;-5 4y-18 



6. 



0. 



5. { 



x + A 26-y 
3 8 



3. 



o 4 



fa; + 2 a;-2 



6. 



2/ + 3 
Zx-b 



2/-3 
6a; -14 



2^-2 4^-2 



9. \ 



x + 1 _ a; + 3 

y - 2 1/ - 4 

a; — 5 _ a; — 7 

2/ + 6 3/ — 9 



10. 



' a^ + y 

x-y 



7 
8 



11. 



2a;- 


-6 


4 


3a;- 


-5 


5 


X 

a 


y 
ft 


m. 


> 


y 

a 


n. 



12. 



3a; -2 Ax-2y—l 



7 
a; + 2 



= 1. 



x-\-b 



13. 



3/-2 2/ + 6 

y-2 10-y _ a;-10 
5 3 ~ 4 ' 

2x + 4 _ 23/ J- X _ y + 13 
3 8 ~ 4 



10 
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14. 



15. 



16. 



\S(ix--y)-~y = 4(x-rj)^S2, 
( (x + 2)ry-2;-19-(x-4)(y 

( x-2 ^ y-3 ^ x-y 
14 6 5 * 



-3). 



17. 



' x-r A , y^2_x 
2 ^ 3 ~~ 
3a;-2 4y - 6 



13 



18. 



10 



2 

= y-x. 

12 



+ 1. 



3a? + 5y-f-4 4x^Sy-\-2 
x-2 _ 3/ -3 



19. 



2a; + y_ 






= 9. 

a; 
2 



y-1 . 7^3 

4 4 20 



20. -! 



3a? + 2y 

4 
4x-23/ 



-2 = 7- 



hx-2y 

2 
8 x— 4y 

3 



21. 



38i/ = 27a: + 218. 
4 3 



3a: + 4y-2 32/ + 4a:-5 
5 3 



6a; + 72/ + 2 13a: - 4i/ -h 7 



22. . ^ 3^5 

.(^ + 2)(2/-2) = (a:-l)(3/ + l). 
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23. 



4 7 2 

11 7 



^ + y , ^— y _ 



24. -I 



9 



= 1. 



25. 



26. 



x^-y x-y _^^ 

■ ■ ' • 

x — y 4 

a; + y + 2 _3 
a:-2/-2~7 

7a; + 3 ^4 

7' 



28. 



.3a;+.5i/ = 1.45. 
.09a; + .72/ = 4.01. 



29. 



27. -I 



5 -\-x — y 
[a; + 2/-10 = 0. 
3a; -f 4 ^ 4 - 3y 
5a; — 2 ~ 6-51/ 



30. 



1+^=^- 



31. 



.16a; - my = .52. 
.1 la; -.0031/ = .422. 

,5x + 37/ = 40. 
8a; 4- .33|t/ = 68. 

.OOlx + My _ ^ ^ 
2 

.01a; + .00l2/ _^^ 

7 



148. Literal Simultaneous Equations. — It will generally 
be found most convenient in solving literal simultaneous 
equations to eliminate by addition or subtraction. 



1. Solve the equations ] 

I mx -\-ny = d. 

Multiplying (1) by m, amx + bmy = cni 
Multiplying (2) by a, amx + any = ad 
Subtracting (3) from (4), any — bmy = ad — cm 

Whence, ^ ^ ^^d - cm ^ Ans. 

an - om> 

Multiplying (1) by n, anx + bny = en 

Multiplying (2) by 6, bmx + bny = bd 

Subtracting (7) from (6), anx - bmx = en — bd 

Whence, x = -£??lIiM, Ans. 

an - bm 



(1) 

(2) 

(3) 
(4) 
(5) 



(6) 
(7) 
(8) 
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EXAMPLES. 



Solve the following : 

\x-~y = m-\-n 
^ (x-\-y = 2m. 

\x — 11 = 271. 



■'■{ 
■•{ 



ax + by = c. 
bz-\-ay = d. 



2x-\-Sy 
3x-\-2y 



a. 
b. 



7. 



X 

m 



y 

n 



= a. 



n m 



= 6. 



11. 



r 
I 

I 



y _ 



= 1. 



12. ' 



m ^ n m — n 
x — y = m. 

X -^y = a -t- b. 
{.£ — y = a — b. 



f 



13. 1 



''^-r^^=2ab. 

2 3 

3 2 



r a;-f 2/ x — y _ 



14. ^ 

I 
I 

15. I 



1. 



16. ^ 



m n 

a: + 2/ ~ ^• 

(a + b)x — q/ = bc. 

x-}- y = a-hb, 

ax-\-by _ 



m. 



ax — by_ 

~ — 7»» 

2 



I a; — V = a. 



9. 



10. 



— + ^ = 2mn. 

^x + y = rrm(m + n). 

- - ^ = 1. 
m n 

n 971 



17. 



18. 



19. 



X y 
2 4 



= a. 



X 

7 



2/ 
9 



-^-^6. 



' ,5x -f .7y == m. 
. .05x — ,9y = n. 



ax-^by = 



a' + 6' 
a6' 



a'' - 6' 
bx-ay= — - — 
a'6 
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X 



y _ 



20. -! 



a-\-h a — b 



X 



+ 



y _ 



a 



a-f 6 



21. 



a — b 

1 
a-f 6 

2 



' x + y ^ x — y ^ 

a + 6 a — 6 a--6 

X , V a — 6 

a 6 a6 



\^±1 I ^—y 



22. -! 



= 4. 



m 
a; 



+ 



2/ 



m-\-n m — n 



= 2. 



23. 



^ . y 
- + — =p. 

w m 

ax + by = c. 



149. When the unknown quantities occur in the denomi- 
nators, it is better, generally, not to clear of fractions. 



1. Solve the equations 



Multiplying (1) by 3, 
Multiplying (2) by 2, 
Subtracting (4) from (3), 
Whence, 



X y 

? + ? = !. 
X y 

X y 

« + i 

X y 



^+i = 2 



^ = 10 

y 

^ 2 



Substituting this value of y in (1), - + 6 = 4 

X 



(1) 

(2) 

(3) 
(4) 



Whence, 



a: = — 1, Au8. 



/ 
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Solve the following equations : 



2. -! 



8. < 



-f - = a. 
X y 

[X y 

- -h - = 14. 
X y 



4. 



5. 



6. 



X y 

^ + 5 = 33. 

X y 

X y 

7 3 

X y 

X y 

X 

a: 



- 19. 



y 

m 

y 



= 1. 



7. -! 



^^ + A = i2. 
^ 21/ 



^ + 1=18. 
2x Si/ 



8. i 



r9_5^2 
a; y 3 



4 6^3 

X y 2 



9. -! 



r2 3 
X y 



m. 



32 

i ^ y 



=n. 



10. \ 






a; 



2/ 



11. 



re y 

a , 6 

- -h - = m. 

a; 3/ 

h , a 

- 4- - = n. 

a; y 






3(a; + By) - 2(3x - y) + 38. 
ox -y = 3(6?/ - .5x) - 36. 



r 2a; = y 4 3. 
^^' \ l(2x-\-6y) + l = l(5x-y-S). 



^ ^T + 2) + - (2y - a:) = Sa: - 32. 
7 4 



14. •! 



^(2x 4- 3/ + 2) - -J(2.v + X - 2) = 3y - 24. 
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PROBLEMS IN SIMPLE EQUATIONS CONTAINING 
TWO UNKNOWN QUANTITIES. 

150. — 1. A bought 5 calves and 6 sheep for $89, and at the 
same price 7 calves and 8 sheep for $121 ; what was the price 
of each per head ? 



Let X = 


= the price of a calf, 




And ^ ' 


° the price of a sheep. 




Then 


5a; + 6y = 89 


(1) 


And 


7x + 8y = 121 


(2) 


Multiplying (1) by 7, 


35a; + 42y = 623 


(3) 


Multiplying (2) by 5, 


35a; + 4Qy « 605 


(4) 


Subtracting (4) from (3), 


2y = 18 

y = 9 




Substituting this value of 


3/ in (1), 5a; + 54 - 89 
5a; -35 
x^7 
Ana., calves, $7 ; sheep, $9. 





2. If 6 lbs. of sugar and 10 lbs. of tea cost $6.30, and at 
the same price 10 lbs. of sugar and 6 lbs. of tea cost $4.10, 
what is the price of each per pound? 

3. A hired 10 men and 8 boys for $30 a day, and at the 
same rate 7 men and 12 boys for $29 a day ; how much did 
each earn in a day ? 

4. A drover sold 8 horses and 14 cows for $1,060. and at the 
same rate 12 horses and 20 cows for $1,560; what was the 
price of each per head ? 

5. A mixed sugar worth 6 cents and 9 cents a pound so as 
to form a mixture of 60 pounds worth 7 cents a pound ; how 
many pounds of each kind did he take ? 

6. A boy bought 12 oranges and 10 bananas for 56 cents ; 
but the price having fallen ^, he sold 8 oranges and 3 bana- 
nas for 15 cents; required the first cost of each. 

7. A bought a oranges and b apples for n cents, and at the 
same rate b oranges and a apples for m cents ; required the 
price of each. 
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8. If the length of a rectangle be increased 5 ft. and the 
width 3 ft., the area will be increased 270 sq. ft. ; but if the 
length be diminished 3 ft. and the width 5 ft, the area will 
be diminished 266 sq. ft. Required the dimensions. 

Suggestion. — Let x = the length and y = the width ; then {x + 6) 
(y + 3) = ary + 270, and (x - 3) (y - 5) = a:^ - 266. 

9. If the length of a rectangle is increased 3 rd. and its 
width 2 rd., the area will be increased one acre; but if 
the length be diminished 2 rd. and the width 3 rd., the 
area will be diminished 1 acre ; find the dimensions of the 
field. 

10. If the length of a rectangular field is increased 10 rd., 
the area will be increased 1 acre; but if the width be in- 
creased 10 rd., the area will be increased 2 acres; find the 
dimensions of the field. 

11. There is a number consisting of two digits: the sum 
of the digits is 11, and if 9 be subtracted from the number, 
the digits will be inverted; find the number. 

12. Find a number of two digits which, being increased by 
the number expressed by the digits inverted, equals 77, and 
diminished by the same number, equals 9. 

13. If 18 be subtracted from a number of two places, the 
digits will be inverted ; but if 18 be added to the number, 
the sum will be 21 less than twice the number when the 
digits are inverted; what is the number? 

14. A and B play marbles : A loses to B as many as B has, 
then B loses to A as many as A now has, after which it was 
found that each had 24; how many had each at first? 

15. A has two kinds of coin : it takes a pieces of the first 
kind to make a dollar, and h pieces of the second kind ; how 
many pieces of each kind must be taken so that c pieces will 
make a dollar? 

16. If 2 be added to the numerator of a certain fraction, its 
value will be I, but if 3 be added to the denominator, its 
value will be \\ what is the fraction? 
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17. A boy bought some marbles : if he had received 5 more 
for the same sum, they would each have cost | of a cent less ; 
but if he had received 5 less for the same sum, they would 
each have cost ^ of a cent more ; how many marbles did he 
buy, and what did they cost ? 

18. A farmer bought some sheep : if he had bought 4 more 
for the same sum, they would each have cost 81 less ; but if 
he had bought 5 less for the same sum, they would each have 
cost 92 more; how many sheep did he buy, and what did 
they cost? 

19. Two trains, 200 feet and 162 feet long, respectively, are 
moving on parallel tracks, at different rates of speed though 
with uniform velocity ; when going in opposite directions they 
pass each other in 3 seconds ; but when moving in the same 
direction, the faster train passes the other in 12 seconds; 
what is the rate of each train per hour ? 

20. A farmer bought 120 acres of land for 813,200 : for part 
of it he paid $80 an acre, and for the remainder $120 an acre ; 
how many acres were there of each kind ? 

21. A and B had $2,200 : A lost i of his, and B lost i of 
his, when it was found that each had the same sum; how 
much had each at first? 

22. A certain sum of money was divided equally among a 
number of persons : if there had been a less persons, each 
would have received $b more ; but if there had been c more, 
each would have received $d less; how many persons were 
there, and how much did each receive? 

23. A and B are 280 rods apart: if they approach each 
other, they will meet in 20 minutes; but if they travel in 
the same direction, A will overtake B in 2 hours and 20 
minutes; what is the speed of each per minute? 

24. A sum of money was divided equally among a certain 
number of persons: if there had been 8 less persons, each 
would have received $3 more ; but if there had been 12 more, 
each would have received $2 less ; how many persons were 
there, and how much did each receive? 
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25. A invested $6,000 — a part in 3% bonds, and the re- 
mainder in 4^ per cents ; how much did he put into each if 
he received the same income from both investments ? 

26. A certain sum of money, at simple interest, amounted 
in 3 years to $177, and in 5 years to $195 ; what was the sum, 
and what the rate of interest ? 

27. In a political convention a resolution was passed by a 
majority of 30 votes ; if | of those who voted for it had voted 
against it, the resolution would have been lost by 42 votes. 
How many voted altogether? 

28. A certain sum of money at simple interest amounted 
in m years to $a, and in n years to $6 ; required the sum and 
the rate of interest. 

29. A number consists of two digits : if the digits are in- 
verted, the sum of the resulting number and the original 
number is 165 ; and if the number is divided by the sum of 
its digits, the quotient is 6| ; what is the number? 

30. A number consists of two digits: if the number is 
divided by the sum of its digits, the quotient is 8 and the 
remainder is 4; if the digits are inverted, the quotient of 
the resulting number divided by the sum of its digits is 2, 
and the remainder is 7; what is the number? 

31. In a mile race M gives N a start of 20 rods, and beats 
him 40 seconds ; in the second heat M gives N a start of 48 
seconds, and beats him 10 rods; find the rate of each per 
hour. 

32. In a 2-mile race A gives B a start of 40 rods, and beats 
him 20 minutes ; in the second heat A gives B a start of 21 
minutes, and beats him 20 rods; required the rate of each 
per hour. 

33. A merchant has two casks of wine. He pours from the 
first cask into the second as much as the second contained at 
first ; he then pours from the second into the first as much as 
was left in the first ; and again from the first into the second 
ns much as was left in the second. There are now 40 gallons 
in each cask. How many gallons did each contain at first? 
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SIMPLE EQUATIONS CONTAINING THREE OR MORE 

UNKNOWN QUANTITIES. 

151. When there are three or more unknown quantities and 
a like number of equations, the reduction may be effected as 
follows : 







' 2x+Sy + 4^■■ 


-20. 


(1) 


1. Solve the equations 


^x + 2y + 5z-- 


-22. 


• (2) 






,5x + y + 3z = 


ae. 


(3) 


Multiplying (1) by 3, 


6a? + 9g/ + 122; - 60 




(4) 


Multiplying (2) by 2, 


6x + 4y + lOz = 44 




(5) 


Subtracting, 


5y + 2z = 16 




(6) 


Multiplying (1) by 5, 


lOoc + 16y + 20-2? = 100 




(7) 


Multiplying (3) by 2, 


lOar + 2^ -h 62? = 32 




(8) 


Subtracting, 


13y + 142 - 68 


(9) 


Multiplying (6) by 7, 


352/ + 14^ = 112 




(10) 


Subtracting, 


2^= 44 

4/ 3a 9 






Substituting in (6), 


10+ 2a = 16 






Whence, 


2 = 3 






Substituting in (1), 


2a; + 6 +12 =20 






Whence, 


a: = l 








^ns., 


X = 1, y = 2, z ■ 


= 3. 





EXAMPLES. 



Solve the following equations : 



2. 



8. 



' X -\- y — z = 2. 
a; — 2/ + 2 — 6. 
[y — x-j'Z = 10, 

' 2a? + Sy 4- z = 17. 

2x-{-2y + z = 14. 

^ a: + 32/ + 2z =- 19 



r 2a; + 32 = 21. 
4. ■{ 4^/ — 2 =^ 3. 
3x -f 22 = 19. 

' 6ar - 2/ = 8. 
6. 5z-10a:-10. 
42/-3a: = 10. 
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6. 



x — z = l. 



{x-~y-\-z = 2\. 
10. -! bx^2y^Zz-= 23. 
i 8x + 6i/ + 52 = 41. 



7. 



8. 



9. 



' 3x -h 42/ - 2 = 8. 
4z — 22/ — .T = 7. 
^by-2x-\-lz = 2^. 

2x^2y — z = 9. 
Sy + Sz- x = 33. 
4a; H- 4z — y = 35. 

r3x-52/ + 4z-12. 
j x — Sy + 7z = bO. 
( x — y-\-z = 6. 



11. 



12. 



13. i 



x + y -^z—a. 
x — y — z = b, 

x-[-y — z — c, 

3a; + 42/ - z = 20. 
Zy -\- A.z — x = 40. 
3z + 4a; - 2/ = 30. 

x-\-y — z = 0. 
y + z — x — 40, 
z + x-y = 20. 



The solution can sometimes be simplified in the following 
way: 



14. 



Adding the equations, 

Whence 

Subtracting (4) from (6), 

Subtracting (3) from (6), 

Subtracting (2) from (6), 

Subtracting (1) from (6), 

[a; + 2/ = 9. 
15. -j 2/4-2 = 11. 

I a; + 2 = 10. 



' a; + 2/ + 2 = 9. 
x + y + u = 10. 
a;-f2 + w — 11. 
2/ + 2 -f i* = 12. 

3a; + 3y + 32; + 3w = 42 
x+ y+ 2+ M = 14 

X = 2, Ans. 

y = 3, -47M. 

2 = 4, ^rw. 

M = 5, -4718. 



(1) 
(2) 
(3) 
(4) 

(5) 
(6) 



17. 



16. -I 



X + 2/ + 2 =12. 

a; + 2^ + t* = 13. 
a; -f 2 4- 16 = 14. 

y + z i-u = 15. 



18. 



f a; + 2/ = 17. 
2/4-2-19. 
2 -f a; - 18. 

a; 4- 2/ 4- 2 = a. 
X 4- 2/ 4- 1* = 6. 
a; + 2 4- w = c. 
2/ 4- 2 -f M = d. 
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19. ^ 



20. ^ 



21. 



X + y -h z + u = 10. 
x-\-y + z -ft? = ll. 
x + y-j-u + v = 12, 
x + z-{-u + v = lB, 
y + z -\-u-\-v = 14, 

- + - = 3.' (See Art. 149.) 
X y 

y 2 

X z 

— \ — = m. 
X y 

1 . 1 

y 2 

1^1 
- + -=1). 

z u 

a; z 





r 2a; + 32/ + z - 23. 


22. 


3x + 2/ + 2tA = 25. 
X -1 3zH-?^-24. 




L 2?/ + 22 + 3t* - 36. 




^i + Ui 3. 




X y z 


23. 


^-1+^^:2. 




a; 2/ 2 




Si 1=1. 




[ a; y 2 




[- + ? + '-- 1- 




a 6 c 


24. 


- + - + I- 1- 




a c 




1+-- + - 1- 




6 a c 



25. 



26. 



x-\-y ^ 
5 

2a; -2 



a; + 2 ^ 2 + 2/ ^2 



__5y — Sz_ 10a; — 72/ 
~ 9 ~ 8 



2. 



27. 



x-\-y _^ x-h z _ z-\-y 



2. 



a 



28. 



a; — 2/ _ 2 — a; __ 



m 



w 



29. a;2/2 = 2(a» + a;y - 



30. 



x--y__y---z_ 



_22-f2/_3^ 










- yz) — 3(a;2 + 2/2 - 


-xy)- 


= i(xy 


+ 2/2- 


-a;z). 


xH-z 











= a. 



a 
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PROBLEMS PRODUCING EQUATIONS CONTAINING 
ONE OR MORE THAN ONE UNKNOWN QUANTITY. 

152.— 1. M hired 8 men, 10 women, and 12 boys for S222 
a week; and, at another time, 19 men, 8 women, and 11 boys 
for $333 a week. What was the daily wages of each if he paid 
a man, a woman, and a boy $4 a day ? 

2. Find three numbers, such that the first plus ^ of the 
second, the second plus \ of the third, and the third minus | 
of the first may each be equal to 60. 

3. Find four numbers, such that the first with ^ of the 
other three, the second with ^ of the other three, the third 
with \ of the other three, and the fourth with \ of the other 
three may each be equal to 37. 

4. Divide 84 into four such parts that if the first be di- 
vided by 2, the second by 3, the third by 4, and the fourth 
by 5, the quotients will all be equal. 

5. A and B earn $90 in 10 days, B and C earn $49 in 7 
days, and A and C earn $72 in 12 days ; required the daily 
wages of each. 

6. A invests $7,620 in bonds: he buys 4% bonds at 90, 5% 
bonds at 105, and 6% bonds at 120; how much must he 
expend in each kind to obtain the same income from each 
investment? 

7. The sum of the digits of a number of three figures is 6 : 
the digit in the ten's place is one half of the sum of the other 
two, and the number expressed by the two left-hand digits is 
four times the unit's digit ; what is the number ? 

8. If a number of three places is divided by the sum of its 
digits, the quotient is 22f ; the digit in the unit's place is 
three times that in the hundredth's place; and if 396 be 
added to the number, the digits will be reversed. Required 
the number. 

9. A and B can do a piece of work in 12 days, B and C in 
16 days, and A and C in 20 days ; how long will it take each 
to do it? 
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10. A, B, and C can do a piece of work in 20 days ; B, C, 
and D in 24 days ; A, C, and D in 30 days ; and A, B, and D 
in 36 days. How long will it take each to do it ? 

11. A certain sum of monev consists of dollars, dimes, 
and half-dimes: it is worth as many dimes as there are 
pieces of money, and as many doUars as there are dimes 
plus one; how many pieces are there of each kind if 
the number of half-dimes is nine times the number of 
dimes? 

12. A certain sum of money consists of quarter-dollars, 
dimes, half-dimes, and three-cent pieces : it is worth as many 
dimes as there are pieces of money; it is worth as many 
quarters as there are half-dimes ; the number of half-dimes 
plus the number of three-cent pieces is 12 more than the 
number of quarters and dimes, and the sum of the quar- 
ters and three-cent pieces is 48; what is the sum of the 
money ? 

13. A gave B and C as much money as they already had ; 
B gave A and C as much as each of them then had ; and C 
gave A and B as much as each of them then had, — after 
which it was found that each of them had 860. How much 
had each at first? 

14. M, N, and O agreed to plow a field : the first day M 
worked 3 hours, N 5 hours, and O 3^ hours, and together 
they plowed 2 acres ; the second day M worked 4 hours, N 6 
hours, and O 8 hours, and together they plowed 3 acres ; the 
third day M worked 5 hours, N 9 hours, and O 10 hours, and 
together they plowed 4 acres. In what time could each alone 
plow an acre? 

15. A dairyman has two cans of milk : he pours from tlie 
first into the second as much as the second contiiined at 
first ; he then pours from the second into the first as much 
as was left in the first; and again from the first into tlie 
second as much as was left in the second. How many gal- 
lons did each can contain at first if there are now 24 gallons 
in each? 
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Therefore, to raise a monomial to any power, 

RULE. 

Raise the coefficient to the required power, rmdtiply the exponent 
of each letter by the exponent of the power, and prefix the proper 
sign, 

EXAMPLES. 

By inspection, find the values of the following : 



3. ( 


■2a'b*y. 


11. (a»6V)». 


19. ( 


[2a%y. 


4. ( 


: M)*y. 


12. (-a'6')'. 


20. ( 


^— a^'my. 


5. ( 


;4oV)'. 


13. (-a"6-)". 


21. ( 


:- eary/. 


6. ( 


;- 3aV)». 


14. (-2a»V)". 


22. ( 


[^fy. 


7. ( 


'%offz)\ 


15. (-4a"af')"". 


23. ( 


:- 3ay/. 


8. ( 


'- ZnTy^y. 


16. (a-V)". 


24. ( 


;- a"6")'". 


9. ( 


[- 2x"6V)*. 


17. (-o'6')'"*'- 


25. ( 


;- x-6")'". 


10. ( 


r^^gfy, 


18. (-n'm')". 


26. ( 


;- 2ai~)". 



From the multiplication of fractions it is readily seen that 
a fraction is raised to any power by raising both numerator and 
denominator to the required power. 



For exi 



-Ple,(-gf=- 



Sy^ 



By inspection, find the values of the following: 



27. — 



• (f )■■ 

/ mW 



31 



/_ mVV 



35. — 



29 



30. - 






{--^} 



33 



34. — 



36. 



37 



•gJ 



• (? )■• 

' \ 4m'a;/ 
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SPECIAL METHODS OP SQUARING POLYNOMIALS. 

FIRST METHOD. 

157. Polynomials may be squared by multiplication ; but 
the result may be written without performing the actual 
multiplication. 

1. Square a + 6 + c. 

By multiplication, 

a + 6 + c 
a + 6 + c 



a* -\- ab + ac 

ab + 6* + be 

+ ac + 6c + c' 

a« + 2ab + 2ac + ft'* + 26c + c^ 

This result may be arranged thus : 

(a + 6 + c)2 = a'* + b'^ -f c^ + 2ab + 2ac + 26c. 

From this arrangement we derive the following 

RULE. 

The square of a 'polynomial equals the square of ea^h term, to- 
gether with twice the product of the terms taken two and two, 

2. Square a — b-{-c — d. 

(a - 6 + c - d)» = a* + 6* + c* + d« - 2a6 + 2ac - 2ad - 26c 

+ 2bd - 2cd, 

EXAMPLES. 

Square : 

3. a + 6 4- c +rf. 9. 2a -f 36 + 4c 4- d. 

4. a — b — c + d. 10. 2x + Sy — 2z-}-v, 

5. m -h n -h — /. 11. af* — 2xy + y* + 3z. 

6. a + b — c — d, 12. / — m -h ;^) — r — s. 

7. a + b — c-1. IS. a-\-li- g -^ e-{-b ^r ^a, 

S. 1^ x-i-x'-{ x\ 14. ?• -f e + p + w -i 6 f Z + i -I- c 
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15. 2a -I- 3ft - 2c - 1. 18. 1 -o: + 2a;' - 3ar*. 

2 

16. a;* + a:' + a;* + ar*. 19. x' — x — d ^.• 

a? 
n. 7n? — n^ — n — m, 20. a-\- b + c L 



SECOND METHOD. 

158. Arranging the terms of the result in Ex. 1, Art. 157, 
in another order, and factoring, we have 

(a-{-b-\-c)^ = a^-^ 2ab + b'^ + 2(a + b)c + c». 
In this method square the first two terms, thus, 

(a + by = a^ + 2ab + 6^ 

Then regard the first two terms as one, and the third term as the second 
term, and we have 

[(a + 6) + cY - a'* + 2ab + b^ 

+ 2(a + b)c + c^. 

1. Square (a + b — c — d), 

(a + 6 - c - c?)2 = a'' + 2a6 + 62 _ 2{a + 6)c + o* - 2(a + 6 - c)d + (P. 

From these examples we derive the following 

RULE. 

The square of a 'polynomial equals the square of the first term^ 
plus (or minus) twice the product of the first term into the second^ 
phis the square of the second, plus (or minus) tunce the sum of the 
first tioo terms into the third, plus the square of the third, etc. 

Square by the second method — 

2. t-\-u. 8. a — b-\-c — d — e, 

5. h + t-\-u, 9. x-}-2a^-\-37? + 4a;*. 

4. T-^h + t + u. 10. a-\-b-c-\-e—f-g, 

6, a + b-^-c + d-^-e. 11. 2a — Sb ~ c + Sd ~ ie. 

6. a — 6 + c — d. 12. I — m — n + p — q — r. 

7. m-\-n—p-\-q. IS. A -}- Bx -\- Cx" i- Da*. 
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THIRD METHOD. 

159. A third form is derived from the second method by 
factoring. 

Thus, (a + 6 + c)'» = a* + (2a + 6)6 + [2(a + 6) + c]c, 

1. Square a-\- b —c — d, 

(a + 6 - c - d)« = a^ + (2a + 6)6 - [2(a + 6) - c]c - [2(a + 6 

- c) - d^d. 

Let the pupil derive the rule. 

Note. — Each of these methods has its peculiar advantage: the first 
method is the most expeditious, the second method is the most conve- 
nient form for general application, and the third method is the form used 
in extracting square root. 

Square by the third method — 

2. a + 6-f c. 7. T-]-h + t + u. 

3. a -f 6 — c. * S. m — n — o—p, 

4. a -26 -3c. 9. 2x - Sy - 4z -\- 5v. 

5. 2m - 3n H- 4p. 10. 1 ^x-\-x' ^t? + x\ 

6. x-2x'~ Bt?, 11. A + Bx + Co(^ + Dt?. 



SPECIAL METHODS OF CUBING POLYNOMIALS. 

FIRST METHOD. 

160.— 1. Cube a + 6. 

By squaring (Art. 157), 

(a + bf = a^ + lob + 6« 

a + b 

a' + 2a^b + a6* 

a' + Za^b + 3a62 + 6» Am. 

By actual multiplication, 

(a-^b^cf = a?^^ Sa'b + Sab' + 6^ V 3(a ^ bfc ^ %\a \ b^e \ <», 



i 
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From this result we derive the following 

RULE. 

The cube of a polynomial having positive terms equals the cube 
of the first term, plus three times the square of the first into the 
second, plus three times the first into the square of the second, 
plus the cube of the second, plus three times the square of the 
sum of the first and second into tlie third, plus three times the 
mm of the first and second into the square of the third, plus the 
cube of the third; and so on. 

2. Cube 2a - Zh. 

(2a - Zbf - {2af - 3(2a)2 (36) + 3(2a) (36)« - (36)» - 8a» - 36a«6 

+ 64a6» - 2768, Aw. 

3. Cube a -f 26 — 3c. 

(a + 26 - 3c)» = a» + 3a«(26) + 3a(26)« + (26)» - 3(a + 26 )« (3c) 

+ 3(a + 26) (3c)2 - (Zcf 
- a» + 6a26 + 12a6« + 86» - 9(a + 26)^0 + 27(a + 26)c» - 27c». 

EXAMPLES. 

Cube by the first method — 

4. a; + 2/. 9. 1 — a;. 14. x + 3. 

5. m + r?. 10. 2a 4- 36. 16. a6 + c. 

6. a - 6. 11. 3m - 2n, 16. a* + 6. 

7. m -- n. 12. x — Sy, 17. 3m + n*. 

8. a + 1. 13. 2a - 46. 18. 20^ - 33/*. 

19. a + 6 -f c. 24. a + 6 + c -f d. 

20. m-^n+p, 25. a— b-\-c — d, 

21. x + y-\-z, 26. a -f 26 + 3<; + d. 

22. a + 6 - c. 2:!. A^ Bx + Or*. 
28. 3a:*-f 22/*. 28. l+x-y + z. 
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SECOND METHOD. 

161. A second form is derived from the first method by 
factoring. 

Thus, (a ^ 6)» = a* + (Sa* + 3a6 + 6')6. 
{a-^b^cf = a^^- (3a» + 3a6 + b^)h 

+ [3(a + by + 3{a + 6)c + c^lc. 
(a + 6 + c + d)» - a* + (3a* + 3a6 + b^)b 

+ [3(a + 6)* +. 3(a + 6)c + &^c 

+ [3(a + 6 + c)» + 3(a + 6 + c)d +cP]rf. 

Let the pupil derive the rule. 

Note. — The first method is the most convenient form for general appli- 
cation, and the second is the form used in extracting cube root. 

Cube by the second method — 

1. < + w. 5. a — 6 — c. 

2. h-\-t-\-u, 6. m + n -f p — d. 

3. T+A + t + i^. 7. a + 26 + 3c. 

4. a + 6 — c. 8. a — 6 + c — d. 

THE BINOMIAL THEOREM. 

162. The Binomial Theorem is a general method for rais- 
ing a binomial to any required power. It is a ready method 
of obtaining the powers of a binomial without the tedious 
process of multiplication. 

£7 actual multiplication we obtain 

(a + bf = a» + 2ab + 6» 

(a + by = a» + 3a»6 + Zab^ + 6» 

(a + 6)* = a* + 4a»6 + Qa^b^ + 4a6» + b\ etc., etc. 

(a - 6)« = a« - 2a6 + 6» 

(a - bf = a» - 3a»6 + 3aft' - 6« 

(a - 6)* - a* - 4a»6 + 6aW - 4a6'' ^ b\ ^\.c., ^\r.. 



i 
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Examining these results, we derive the following laws : 

1. The Number of Terms is one more than the exponent oj 
the power, 

2. The Signs of the terms are aUernately positive and negative 
tvhen the second term of the hviwmial is negative. 

3. The Exponent of the leading letter in the first term is the 
same as, the exponent of the poicer, and decreases by 1 in each suc- 
ceeding term. The exponent of the second letter is 1 in the second 
term^ and increases by 1 in each succeeding term. 

4. The Coefficient of the first term is 1, and of the second term 
is the same as the exponent of the power. The coefficient of any 
tervi, multiplied by the exponent of the leading letter in that term 
and divided by the number of the term, equals the coefficient of the 
next term. 

Note 1. — The sum of the exponents of a and b in any term is the same 
as the exponent of the power. 

Note 2. — The coefficients and exponents of the last half of the terms 
when everiy or of the terms after the middle when oddy are the same as the 
first half, inversely. We may therefore write the last half of the develop- 
ment without actual calculation. 

EXAMPLES. 

1. Expand (a + by. 

(a + 6)« = a« + ea^b + 15a*6» + 20a»6« + 15a«6* + 6ab^ + 6«. 

Expand — 

2. (a + yy. 6. (x + yy. 10. (a + xy\ 

3. (a + a;)^ 7. (x-yy. 11. (m -ny\ 

4. (m + ny. 8. (m-ny. 12. (c-iy. 

5. (m - ny. 9. (a - by. 13. (6 - ly. 

14. Expand (1 - xy. 

(1 - xf = P - b'l*x + 10-1 V - 10-rV + 51a:* - t^. 
= 1 - 6a; + IW - \M + 5a:* - «». 
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15. (l-a)«. n.(l+x)\ 19. (l-a;)«. 

16. (1 -ny. 18. (1 + a)\ 20. (1 + m)\ 

21. Expand (a + by, giving the first four and last four 
terms. 

(a + 6)» = a» + na« - »6 + '^--^l a» - ^b' -f- !L( ^^-^) ( ^.zjj ^t" - -V^s + , etc. 
^ ^ 1-2 1-2-3 ' 

The expression j^is read facloriaJl tkree, and means 1 x 2 x 3 ; also, 

14=1x2x3x4; |n = lx2x3x4x n. 

Hence, the result is written 

(a + 6)« = a» + na«-i6 + ^(^~^) a"-»6^ + M^-^)(^-2) a»-363 + ,etc. 

To find the last four terms, change the order of the letters and expand. 

.b + a)« = 6« + nb^-^a + ^^^~^) 6»-W + ^(^^~^,^ (^~^^ 6"--V+, etc. 
^ ^ [2 ii 

Expand the following, giving first five and last five terms : 

22. (a + x)*". 24. (a -6)". 26. (r-s)'. 

23. (m + n)*. 25. {a — x^. 27. (a - 6)'. 

The following method of expanding binomials whose terms 
have coefficients will be found of great value : 

28. Expand (3a + 26)*. 
Indicating the operation, we have (3a + 26)* = (3a)* + - (3a)» (26) 

+ ^ (3a)2 (26)2 + -^-^^ (3a) (26)» + ^'^'^^ - (26)*. 
1-2 ^ ^ ^ 1-2-3 ^ ^ ^ ^ 1.2-3-4 ^ ^ 

By examining this result, we see that the second term can be obtained by 

multiplying the first term bv — and - ; the thirds by multiplying the 

'3a 1 

26 3 

second term by — and - ; the fourth term, by multiplying the third term 

by — and -, etc. 
•^ 3a 3' 

Hence, any term can be obtained by multiplying the preceding term by 

26 

-- (that is, the second term of the binomial divided by the first), and in 

. 1 4 3 2 1 
succession by -, -, -, -• 

12 8 4 
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Thus, Ist term = (3a)* = 81a*. 

2d term = 81a* x ?^ x i - 216a'6. 

3a 1 

3d term = 216a»6 x ?^ x ^ = 216a«6«. 

3a 2 

4th term = 216a262 x ?^ x ^ - 96a6». 

3a 3 

6th term = 96a6« x ?^ x i - 166*. 

3a 4 

Hence, (3a + 26)* = 81a* + 216a»6 + 216a«6« + 96a6» + 166*. 

29. Expand (2a' - 36')'. 

l8t term = (2a»)* - S2a}o. 

2d term = 32a»o x -^ x ^ = 240a86». 

2a» 1 

3d term = 240a86» x ^ x - = 720a«6«. 

2a» 2 

4th term = 720a«6« x ^ x ? = 1080a*6». 

2a« 3 

5th term = 1080a*6» x ^ x ^ == 810a26". 

2a* 4 

6th term = 810a«6" x ^ x 1^ = 2436«. Hence, 

2a« 5 ' 

(2a» - 36')» = 32aio - 240a868 + 720a«6« - 1080*6» + 810a26" - 2436". 

Note. — The signs are the same as stated in the second law, Akt. 162. 

Expand- 
so. (2a + 46)*. 36. (Za^-by")', 42. (2a»a:-36Y. 

31. (3a; + 5y)*. 37. (Jtd^x ^ bay?)\ 43. (2m'-3ny. 

32. (3a -2(;)*. 38. (3m'-4n0'. 44. (3 + 667. 

33. (3a' + 46»)'. 39. (^a - fa;)'. 45. (2a' - ia?)\ 

34. (4a-3aV)«. 40. (x^-2a)\ 46. (3x' + 42/)*. 



».(.-?)'. «.(2.-l)-. «.(f-^l 



X 2a\' 
Sxj' 
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EVOLUTION. 

163. Evolution is the process of finding any required root 
of a quantity. 

164 Review the definition — 

1. Of Radical Sign (Art. 8). 

2. Of Root of a Quantity (Art. 8). 

3. Of Index of the Root (Art. 8). 

165. A Fractional Exponent is also used to indicate a root 
of a quantity. The numerator indicates a power, and the 
denominator a root, of the quantity. 

Thus, a* = l/ct indicates the square root of a. 
a* ^ ^a^ indicates the cube root of a*. 

a * = y^~d^ indicates the nth root of the mth power. 

166. A Perfect Power is a quantity whose required root 
can be exactl}'^ obtained. An Imperfect Power is a quantity 
whose required root can only be obtained approximately. 

PRINCIPLE I. 

The odd roots of a quantity have the same sign as the quantity itself. 

Since ( + a)' = + a', then 1/ + a' = + a ; 
and ( — a)* = - a*, then V — a^ = - a. 



PRINCIPLE II. 

TAe even roots of a positive quantity are either positive or 
negative. 

Since ( + a)' ) . _, ^, . , •- .— ^ f + a or 
or ( 



' I = + a» then V Va^ = J 



PRINCIPLE III. 

The even roots of a negative quantity are impossible. 

This is evident, since no quantity raised to an even power can produce a 
negative result 
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EVOLUTION OF MONOMIALS. 
167—1. Find the cube root of 27aWc*. 

Since in cubing a monomial we cube the coefficient and multiply the expo* 
nents of the letters by 3, then to extract the cube root of a quantity we must 
take the cube root of the coefficient and divide the exponent of the letters by 3. 

Hence l^'Wa^U^ = 3a«6c». 
Therefore, to find any root of a monomial, 

RULE. 

Extract the required root of the coefficient, divide the eocponent of 
each letter by the index of the root, and prefix to the result the 
proper sign. 

Note 1. — If the coefficient of the given quantity is not an exact power 
of the given root, indicate the result ; thus, 

l/Sa^ = 3*a, l^4a» = 4*a, f 4a^ = 4»a2, etc. 

Note 2. — To find any root of a fraction, extract the required root of 
both terms. 

EXAMPLES. 

Find the values of the following: 

2. V25xyz\ 10. V" - 64mV"a*^ 

3. v'^Th^W. 11. v" - 512a Vmy. 

4. V^9vi*ny\ 12. VcF¥^. 

5. I'ld^i^'^. 13. V IS'^^S^. 

6. V" - 64mVa;^^ 14. l/|6Vm". 

7. ]ymVy\ 15. i/a:'%*^-^(f\ 

8. i^iad'Fc^. 16. y'x'^-'y'--h'^--K 

9. I>'r2'96iy5®. 17. l^a*"6^"c*"'"ci". 

18. A— ---^-. 20. \\- 22. \\ . 

^ 2be ^ \2bx' ^ 32a;y. 

19. \; 21. X 23. \ - - - . 

^21a'V' ^Slu^y'' ^'6257/1* 
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24. Show that V ^^ = v^ |/g4. 

25. Show that v''^^^^ = V "i?OT^. 



26. Show that y^ ^ ^4o^6o^ == |/ \^a%^<?^ 



27. Show that K y^a^^^¥^ ~ ^ y'^'^^P"*". 

From Examples 24-27 it is seen that in general the mth 
root of the nth root equals the nth root of the wth root. 



SQUARE ROOT OF POLYNOMIALS. 
168. — 1. Find the square root of a^ + 2a6 + ^^ 

a* + 2a6 + 6* a + 6, PVom the method of squaring a poly- 

Alts. nomial (Art. 157), the first term, a^ is 

2a6 + 6* the square of the first term of the root ; 

2ab -I- 6' hence the first term of the root is the 

square root of a^, which is a. Subtract- 
ing its square from the polynomial, we have 2ab + 6^ remaining. 

The first term of this remainder is equal to twice the first term of the 
root into the second ; hence we can find the second term of the root by 
dividing 2ah by 2a, which gives 6. Adding 6 to 2a gives 2a + 6, the 
complete divisor. Multiplying 2a + 6 by 6 and subtracting, there is no 
remainder. Hence, the scjuare root of a? + 2a6 + 6^ is a + 6. 



a} 



2a-vb 



Therefore, to extract the square root of a polynomial we 
have the following 

RULE. 

Arrange the terms according to the powers of some letter. 

Extract the square root of the first term, write the result as the 
first term of the root, and subtract its square from the 'poly- 
nomial. 

Divide the first term of the remainder by twice the root already 
founds and annex the quotient to the root, and also to the trial 
divisor to form the complete divisor. Multiply the complete divisor 
by the second term of the root, and subtract the product from the 
remainder. 

Continue in this manner until all the terms of the root arc fouud. 
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2. Find the square root of 4x* - \2a^ + 13a^ — 6a;.4- 1. 





4a:* 
4a:* 


- 12a:» + IZt? - 


-6a:+l 


4ar» 


-3a; 


- 12aH» + 13a:» 
-12a:»+ 9a:* 


4a:» 


-6a: 


+ 1 


4a:»- 

4a:«- 


- 6a:+ 1 

- 6a:+ 1 



2a:« - 3a: + 1, -4n«. 



The square root of 4a:*, which is 2a;', is the first term of the root. Sub- 
tracting 4a:* from the polynomial, we have — 12a:' for the first term of the 
remainder. Dividing this by twice the first term of the root, 4a:*, we ob- 
tain — 3a:, the second term of the root, which, added to 4a:*, gives the com- 
plete divisor, 4a:* — 3a:. Multiplying this divisor by - 3a;, and subtracting 
the product from the remainder, we have 4a:* for the first term of the 
remainder. Dividing this by twice the first terra of the root, 43'*^, we 
obtain 1, the third term of the root, which, added to twice the root 
already found, gives the complete divisor, 4a;* — 6a; + 1. Multiplying this 
by 1, and subtracting the product from the remainder, there is no further 
remainder. Hence, 2a:* — 3a: + 1 is the required squai'e root. 



EXAMPLES. 

Find the square root of the following : 

3. x' + 2a: 4- 1. 8. a' + oa; -h K- 

4. 7^ + 2xy^y\ 9. a'^" - 2a"6'» + 6*"* 

5. a' + 4a + 4. 10. x"^ -h Ga:*"!/*'* + %*». 

6. 9a' - 12ac + 4c^ 11. a:* + a:' + f x* + ix + V^. 

w.* 9?i* 9 1 

7. ^ -mn4-. V- ^2. m' + 2m-l-- + - 
9 4 mm* 

13. a:* -f a;'' + 4 - 2a;» - 4x' 4- 4a;. 

14. a' + x" + z' - 2aa: - 2az + 2xz. 

15. a'-4ac4-4c' + 6a-12c + 9. 

16. m* + 4m'7i + lOmV + 12m7i' + 9n\ 

17. 9a* + 166* -f 25c* + 24ab 4- ?>Oac + 406c. 

18. lOn* -h 25n* - 20n' -f 1 - 4n + 16n« - 24n*. 
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19. m« 2m*-m* + 3m' + 2m + 1. 

20. 1 - 4n -f lOri' - 20n' + 25n* - 24n* + l&n\ 

21. a" - 4ab 4- 46'' + &ac - 126c + 9(^- Sad + 166d - 24cd 
4-16(f. 

22. a' - 6ab + 96^^ -^ Sax - 24bx + 16a:* - 4ay + 126^/ 



— 16x1/ 



23. 1 4- a:. 



1 + a: 
1 



1 +-—--+ —, etc., Ana. 
2 8 16' ' 



2+- 



X 



X + 



a;» 



2 + a;- 


x^ 
8 


a:« 
4 

a:* 3^ X* 
4 8 64 



2 + a;- - + - 
4 16 



— , Remainder, 

8 64' 



Find four terms of the square root of- 

24. 1 - a;. 26. a" - 26. 

25. a + 6. 27. 1 + a;*. 



28. a' -61 

29. 4a;* + 2y. 



SQUARE ROOT OF NUMBERS. 

169. Algebra furnishes a very satisfactory explanation of 
the Square Boot of Numbers. 

PRINCIPLE L 

The square of a number consists of twice as many figures as the 
number^ or twice as many less one, 

12 = 1, lO" = 100, 100* = 10000, 

92 = 81, 99» = 9801, 999* = 99800L 

If we square 1, the smallest number of one figure, and 9, the largest 
number of one figure, the square consists of twice as many figures as the 
number, or twice as many less one. In the same way we find the principle 
true for numbers of two and three figures ; hence, we infer that it is gen- 

I 

ei^ally true. 
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PRINCIPLE n. 

// we point off a number into perioda of two figures each, begin- 
ning at the right, the number of fuU periods, together with the par- 
tial period at the left if there be one, wiU equal the number of 
figures in the square root. This is evident from Prin. 1. 

PRINCIPLE in. 

The square of a decimal contains twice as many figures as the 
decimal itself. 

.V = .01, .92 = .81, .OP = .0001, .99* = .9801. 

It is thus seen that the square of a decimal of one place occupies two 
places, and the square of a decimal of two places occupies four places; 
hence, we infer that tlie principle is generally true. 

PRINCIPLE IVi 

If we represent the units by u, tens by t, hundreds by h, and 
thousands by T, we will obtain the following formulas : 

{t^-uf ^e ^ 2tu + u\ 
{h-\-t-^-u)^ = h^-\-2ht + e-\- 2{h + t)u + u\ 
{T-^h-^t^uf ^ T^ + 2Th + h' + 2(r+ h)t -\- ^ -\- 2{T + h •{■ t)u + u\ 

1. Find the square root of 9025. 



^ + 2^w + M^ = 90^25 


90 


f = W = 81 00 


5 


{2t + u)u = 1 9 25 


95, 


2< = 2 X 90 -- 180 




u = 5 




{2t^u)u = 185 X 5 = 925 





Separating the number into periods of two figures each, we see that the 
root will contain two figures (Prin. 2) ; hence, the root consists of tens and 
units, and the number consists of ^ + 2tu -r ii^. 

The greatest number of teris whose square is contained in 9025 is 9 tens, 
or 90. Subtracting the square of 90 from 9025, we have 925 remaining, 
whicli equals 2(u + u^. Now, since 2(u is generally very much greater than 
u^y 925 consists principally of 2tu ; hence, we can find the units by divid- 
ing 925 by 2t, or 180; dividing 925 by 180 gives 5, the unit's figure, and 
{2t + u)u = (180 + 5)5, or 925 ; subtracting, there is no remainder. Hence 
the square root of 9025 is 95. 

In practice we omit the ciphera in the root, and write it simply 95. 
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Therefore, to extract the square root of a number, we have 
the following 

RULE. 

Separate the number into periods of two figures ea^h, beginning 
at uniVs place. 

Find the largest number whose square is contained in the left- 
hand period^ write it as the first figure of the root, subtract its 
square from the number^ and bring down the next period for a 
new dividend. 

Divide the new dividend, omitting the last figure, by twice the 
root already found, and annex the quotient to the root and also 
to the divisor. 

Multiply the complete divisor by tlie second terra of the root and 
subtract the product from the dividend. 

Thus continue unt'd all the periods are used. 

EXAMPLES. 



2. Find the square root of 119025. 

h' f 2A< + ^ + 2(h + t)u + li' = ! 1 r90^25 | 300 



h' 



3002 



(2A + t)t^ 2{h + t)u + u' 
2A = 2 X 300 - GOO 

+ < = 40 



{2h + t)t ^ 640 X 4 

\2(h + + Wlu = 
2(A + = 2 X 340 = 680 
+ 1* = 5 



9 00 00 



40 
5 



2 90 25 ; 345, Am. 



2 56 00 



\2(h + t)+ ulu 



685 X 5 = 



34 25 



3425 



In practice, the work is as follows : 





11^90^25 
9 


64 


290 
256 


685 


3425 
3425 



345 



1^ 
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Find the square root of— 

3. 2304. 9. 56644. 



4. 3969. 

5. 5184. 

6. 7225. 

7. 92416. 

8. 15129. 



10. 321489. 

11. 401956. 

12. 11594025. 

13. 11943936. 

14. 6421156. 



15. 6503716. 

16. 642521104. 

17. 412252416. 

18. 14167696. 

19. 250050969. 

20. 1111374225. 



If there is a remainder when the last period is used, the 
number has no exact square root, but the process may be 
continued by annexing periods of ciphers, and the approx- 
imate square root may thus be found to any degree of 
accuracy desired. 



21. Find the square root of 2. 



24 



2. 

1 



1.4142+ , Arts. 



100 
96 



281 


400 
281 


2824 


11900 
11296 


2828 


.2 


60400 
56564 



Find the square root to four decimal places of— 

22. 3. 28. .4. 34. 249.942. 

23. 5. 29. .169. 35. .0007342. 

24. 6. 30. .009216. 36. 1.554433. 

25. 7. 31. 3.1821. 37. 92.536527. 

26. 8. 32. 5.4218. 38. 14561.836. 

27. 10. 33. 11,3181. 39. .01017946. 
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170. The square root of a fraction may be found by taking 
the square root of its terms, as follows : 

EXAMPLES. 

Find the square root to four decimal places of — 

4. HI- ^' H- 10. f. 13. M- 

9 

6. A- 9. f 12. ^. 15. 25f|. 



5. tVA- 8- |. 11. A- 14. y. 



16. Find the value of i/g _ . = 

CUBE ROOT OF POLYNOMIALS. 
171.— 1. Find the cube root of a» + Za^b + ZaV + 6». 

a + 6, Ans, 





Trial divisor, 3a* 

Ist correction, + Zdb 

2d correction, + h^ 


3a*6 + 3a6* + 6» 


Complete divisor, 3a* + 3a6 + 6* 


3a*6 + 3a6* + 6» 



From the method of cubing a polynomial (Art. 160), the first term, a*, 
is the cube of the first term of the root ; hence, the first term of the root is 
the cube root of a', which is a. Subtracting its cube from the polynomial, 
we have 3a*6 + 3a6* + 6' remaining. 

The first term of this remainder is equal to three times the square of the 
first term into the second; hence, we can find the second term of the root by 
dividing 3a*6 by 3a*, which gives b. The first correction is equal to three 
times the product of the terms, or 3a6, and the second correction is equal 
to the square of the second term, or 6*. A 
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Adding, we find the complete divisor equals 3a' + Sab + h\ Multiplj^ 
ing by the second term and subtracting, there is no remainder. Hence, the 
cube root is a -r h. 

2. Find the cube root of a* — 3a* + 5a' — 3a — 1. 







a« - 3a* + 5a' - 3a - 
a« 


-1 


a^ - a - 


1, Ans. 


3a* 

-3a' 


- 3a* + 5a» 

• 

- 3a* + 3a* - a» 






3a* - 3a» + a^ 




3a* - 6a» + 3a' 

- 3a' + 3a 


+ 1 


- 3a* + 6a» 

- 3a* + 6a* 


~3a-l 




3a* - 6a» + 3a + 1 


-3a-l 





The first two terms are found as in Ex. 1 . The second trial divmr may 
be found by taking three times the square of the root already found— thus, 
3(a' - a)' = 3a* — 6a' + 3a' ; but a more convenient way is to repeat the 
second correction (a') and add it to the sum of the complete divisor and 
the two corrections, which gives 3a* — 6a' 4 3a'. 

Dividing the remainder by the new trial divisor, we have — 1, the next 
term of the root. The first correction is 3(a' — a) ( - 1) ; the second cor- 
rection is (— 1)'. Adding these corrections to the trial divisor, we have 
3a* — 6a' + 3a + 1 . Multiplying by — 1 and subtracting, there is no 
remainder. Hence, the cube root is a' — a — 1. 



RULE. 

Therefore, to extract the cube root of a polynomial, 

Arrange the terms according to the 'powers of some letter. 

Extract the cube root of the first term, write the result as the first 
term of the root, and subtract its cube from the polynomial. 

Divide the first term of the remainder by three times the square 
of the root already found, and ivrite the quotient fm- the next term 
of the root. 

Add to the trial divisoi' three times the product of the first and 
second terms of the root, and the square of the second term. 
MnUifply the complete divisor by the second term of the root, and 
>suhtract the product from the remainder. 
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To find the second trial divisor, repeat :7ie second correction, and 
add it to the sum of the preceding complete divisor and the first 
and second corrections. 

Continue in this manner until aU the terms of the root are found. 



EXAMPLES. 

3. Find the cube root of m* 4- 6m' - 40m» + 96m - 64. 



m« + 6m^ - 40m" + 96?n - 64 



m' 



m^ + 2m - 4, Ans. 



+ 4wi2 


6m*- 


40m» 




3wi* + 6m'» + 4/712 
4m* 


6m* + 12m* + 8m» 




3m* + 12m» H 12771* 

- 12m* - 24m 

+ 16 


- 12m* - 48m* + 96m - 

- 12m* - 487?i' + 96m - 


64 


3m* + 12m» - 24m + 16 


64 



Find the cube root of the following : 

4. a' - 3a'c + 3a> - c*. 

5. 1 - 6a; + 12x' - 8a:'. 

6. 27m' - 54m'^n + 36mn* - 8n'. 

7. a:«H-8a;^-5a^ + 3x-l. 

8. a« - 9a' + 33a* - 63a» + 66a' - 36a + 8. 

9. 27m« + 171m* - 54m^ - 188?ii' - 150/;i f 125 + 285m^ 
10. 1 - 9a; 4- 39ar^ - 993;* + 156a;* - 144x-^ 4 64a;«. 
.11. a^ Ga'"" -j- 21a*** — 44a'" + 63a'" - 54a" + 

IQ 

12. a' - 3a* + 9a - 13 + — 

a 

13. 27wi« - 54m'^ 4- 40m' - \hn - ff . 

14. 2/^ + 9y^ - ISby" + 729y - 729. 

15. «'-3a;«-f 6a;'-10/+12u;^ - 12x' + IQ^t? - ^7? ^ Zx - ^. 



27. 



18 12 8 
a a^ a' 
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CUBE ROOT OF NUMBERa 

172. Algebra also furnishes a very satisfactory explanation 
of the Cube Boot of Numbers. 

PRINCIPLE L 

The cube of a number consists of three times as many figures as 
the nuwhexj or three times as many less one or two. 

1» = 1. 10» - 1000. 
3» = 27. 30» = 27000. 
9» = 729. 99» = 970299. 

The cube of 1 , the smallest number of one figure, is 1 ; the cube of 3 is 
27, and the cube of 9, the largest number of one figure, is 729 ; hence, the 
cube of a number of one figure contains one, two, or three figures ; that is, 
three times as manyy or three times as many less one or two. 

In the same way we find the principle true for numbers of two figures ; 
hence, we infer that it is generally true. 

PRINCIPLE II. 

If a number be pointed off into periods of three figures each, be- 
ginning at the right, the number of full periods, together with the 
partial 'period on the left if there be one, will equal the number of 
figures in the root. This is evident from Prin. 1. 

PRINCIPLE III. 

The cube of a decimal contains three times as many figures as 
the decimal itself 

.1» = .001. .01» = .000001. 

.9' = .729. .998 = .970299. 

It is thus seen that the cube of a decimal of one figure contains three 
figures, and the cube of a decimal of two figures contains six figures; 
hence, we infer that the principle is generally true. 

PRINCIPLE IV. 

//" we represent the units by u, the tens by t, and the hundreds 
by h, we will have the following formulas : 

(^ + w)» = ^ + Si^u + Stu^ + w», 
\\ + t + uy - A» + ZhH + She-\-e + 3(A + tyu + 3(A + t)u* + ?^, 
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1. Find the cube root of 300763. 



<» + 3^M + Stu^ + w* 


= 


<»= 603 


= 


(3^ + Stu + u;^)u 


^ 


3<2 = 3 X 60* = 


10800 


+ 3<i* = 3 X 60 X 7 = 


1260 


+ w* = T' = 


49 



300^763 
216 000 



84 763 



60 

7 

67, Ans, 



(Ze + Stu + u^)u = 12109 X 7 = 84763 

Separating the number into periods of three figures, we find the root 
will contain two figures (Prin. 2) ; hence, the root will consist of tens and 
units, while the number consists of f + Sf^u + SM + w*. 

The greatest number of tens whose cube is contained in 300763 is 6 tens, 
or 60. Subtracting the cube of 60 from 300763, we have 84763 remaining, 
which equals Sf^u + 3tu^ + u\ 

Since 3^w is always greater than Ztu^ + w', 84763 consists principally 
of 3^w; hence, we can find the units by dividing 84763 by 'St\ or 10800. 
Dividing 84763 by 10800 gives 7, the unit's figure. The first correction is 
3^1* = 3 X 60 X 7 = 1260, and the second correction is w* = 7*. = 49 ; takr 
ing the sum, we have 12109. Multiplying by 7 and subtracting, there is 
no remainder. Hence, the cube root i» 60 + 7, or 67. 

In practice we omit the ciphers, and the root is written simply 67. 

2. Find the cube root of 95256152263. 





95^256^52^263 




64 


48 


31256 


60 




25 




5425 




(25) 


27125 


6075 


4131152 


810 




36 




615636 




(36) 


3693816 


623808 


437336268 


9576 




49 




62476609 


437336263 



4567, Ans, 



1 84 ALGEBRA. 

The firet two figures of the root are found as in Ex. 1. The second 
trial divihor, 6075, may be found by taking three times 45* ; but a more 
convenient way is to repeat the second correction (25), mod add it to the 
sum of the complete divisor and the two corrections, which gives 6075. 

Dividing 4131152 by 6075, omitting the last two figures, we find the next 
figure of the root to be 6. Adding the first correction, 3 x 6 x 45 = 810, 
and the second correction, 6' = 36, we have the complete divisor 615636. 
Multiplying by 6 and subtracting, we have 437336263. 

The thinl trial divisor is found by repeating the second correction (36), 
and adding it U) the last complete divisor and the first and second correc- 
tions, which gives 623808. Dividing 437336263 by 623808, omitting the 
la8t two figures, we find the next figure of the root to be 7. Adding the 
first and second corrections, multiplying the sum by 7, and subtracting, we 
have no remainder. Hence, the cube root is 4567. 

Therefore, to extract the cube root of a number, 

RULE. 

Separate the number into periods of three figures each, beginning 
with (he unWs place. 

Find the largest number whose cube is contained in the left-hand 
period^ and write it as the first figure of the root ; subtract its cube 
fr(/m the period, and bring down the next period for a new divi- 
dend. 

Divide the new dividend^ omitting the last two figures^ by three 
timea the square of the root already found, and write tKe quotient as 
the Hecond figure of the root. 

To the trial divisor add three tirnes the product of the last figure 
of the root and the part of the root previously found, written one 
figure to the right, and the square of the last figure of the root, 
written two figures to the right, for the complete divisor, 

Midtiply the complete divisor by the figure of the root last found, 
and sxibtract the product from the remainder. 

Thus continue until all the periods are used, 

EXAMPLES. 

Find the cube root of — 

3. 262144. 5. 778688. 7. 41063625. 

4. 571787. 6. 2097152. 8. 5545233. 



EVOLUTION. 
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9. 517781627. 12. 1371330631. 

10. 130323843. 13. 277167808. 

11. 60236288. 14. 1879080904. 



15. 80677568161. 

16. 706157817625. 

17. 12905114402816. 



If there is a remainder when the last period is used, the 
number has no exact cube root, but the process may be con- 
tinued by annexing periods of ciphers, and the approximate 
cube root can be found to any degree of accuracy desired. 

18. Find the cube root of 4. 





4.000 

1 


1.5873+, Arui 


3 
16 
25 


3000 




476 
25 


2376 


675 
360 
64 


625000 


71164 
64 


569312 


74892 
3318 
49 


55688000 


7522429 
49 


52657003 


7655707 
14283 
9 


3030997000 


755713539 


2267140617 



Find the cube root to four decimal places of— 

19. 1.728. 24. 3. 29. .27. 

20. 15.625. 25. 5. 30. .09. 

21. 2. 26. 6. 31. 6.4. 

22. 10.01. 27. .0081. 32. 189.5. 

23. 756.0657. 28. 64.345. 33. 5981.072. 
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173. The cube root of a fraction may be found by taking 
the cube root of its terms. 
The following method is preferred : 



\126 5' 



s 



\8 2 2 ' 

\4 \8 2 2 



Find the cube root to four decimal places of- 



4. t'sWs- 


8. f . 


12. |. 


16. 64^. 


»• t%V%-- 


"• "sV* 


18. A- 


17. 34H. 


6. HIM- 


10. if. 


14. f 


18. 3i. 


^^ Him- 


11- m- 


15. U- 


19. 17ii- 



THEORY OF EXPONENTS. 

174. Thus far we have considered only positive integral expo- 
nents; but the generalizations of algebra require, the use of 
fractional and of negative exponents. We will therefore pro- 
ceed to investigate their meaning and use. 

175. Positive integral exponents. 

By Art. 6, if n is a positive integer, a" equals the product 
obtained by using a as a factor n times. 

Thus, a "x a X a ton factors equals a*. 

By this definition, a^ = a'a*a torn factors. 

And a* '^ a^a'a to n factors. 

Hence : 

PRINCIPLE I. 

a"» X a* = a • a • a to (m + n) factors ; 

-= a"» + ♦» (Art. 71, Prin. 3). 
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PRINCIPLE n. 

Also, a-^^a^^ ^'^'^ torn factors . 

a' a' a ton factors 

» a* a- a to (m — n) factors ; 

- a"»~» (Art. 80, Piin. 2). 



PRINCIPLE III. 

Also, (a**)* = a^a^a^ to n factors ; 

= a'» + "» + "» tontermi; (Art. 71, Prin. 3). 

PRINCIPLE IV. 

Also, v^a"^ = ^aJ^a'^aJ^ to n factors ; 

=- a** (Art. 8). 

These principles will now be proved universally true. 

176. Fractional exponents. 

A fractional exponent arises from evolution by dividing 
the exponent of the power by the index of the root, when 
the former is not a multiple of the latter. 

Since by the definition of a" the exponent n means the 
number of times a is taken as a factor, such expressions as 

a^ and a"* 

have no meaning whatever, because we cannot write a 
i times or — n times. We must therefore either change the 
definition of an exponent, or put such a meaning into a 
fractional or a negative exponent as will harmonize with the 
definition; for it is very important that algebraic symbols 
always conform to the same laws. Let us therefore assume 
the definition of Art. 6 to be true, and see what meaning 
must be given to a fractional or a negative exponent, so that 
a** X a** = a"* "^ ** may always be true. 
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What is the meaning of a^? 

Since Prin. 1, Art. 175, is to hold universally, we must have 

That is, a' must be such a quantity that, when cubed, will produce a*. 
It is therefore evidently the cube root of a*; or a* = Vo*! 



m 



What is the meaning of a ** ? 
By Prin. 1, Art. 175, we have 



tn fit in 

a** xa" xa** ton factors 



J!L + ^ + ^ tontemu: (Art. 71, Prin. 3). 



= a** ** " 



— X n 



That is, a ** must be such a quantity that, when raised to the nth power, 
it will produce a"*. It is therefore evidently the nth root of a"*, or a " 

Hence, in a fractional exponent, 

The numerator denotes a power, and the denominator 
a root. 

EXAMPLES. 

Express the following with radical signs : 

9. 6m^. 13. (3a)* 

10. 4x^2/^. 14. 3a*. 

11 11 

11. 2m%^. 15. a7x^, 

12. 4x^y\ 16. x^yh^. 



1. 


a2. 


2. 


.i 


3. 


S 


A 


3ai 





1 


5. 


ax". 


6. 


a*6* 


7. 


1 1 
a"6". 


8. 


1 1 
a^x". 



33. 4^ 


37. 16^ 


34. 8* 


38. 4f 


35. 16^. 


39. 36^. 



THEORY OF EXPONENTS. 189 

Express the following with fractional exponents : 

17. Vx. 21. y'cir. 25. yxY- 29. y aP?. 

18. ya, 22. S^^S. 26. i/a^. 30. VaTt'^c: 

19. ym. 2S.a{/^\ 27.^x^2*. SI. y dW. 

20. y ¥. 24. yaV. 28. y dFy\ 32. mv/'mH'. 

Find the values of the following : 

41. 729* 45. (y\)^. 

42. 64^ 46. (If J^. 

43. (- 32)1 47. (7%%)*. 
36. (-27 A 40. (-8)*. 44. (—125)* 48. (-fjf)*. 

177. Zero exponent. 

A zero exponent arises from dividing a quantity with any 
exponent by the same quantity with the same exponent. 

Thus, a^ -i- a^ = a^-s = ^o^ 

What is th« meaning of a° ? 

Since Prin. 1, Art. 175, is to hold universally, we must have 

.'.a® = a** ^ a** = 1. 
Hence, any quantity whose exponent is eqicals 1. 

178. Negative exponents. 

A negative exponent arises by dividing a quantity with any 
exponent by the same quantity with a larger exponent. 

Thus, a* -^ a"^ == a^-'' ^ a-\ 



What is the meaning of a~"? 

Since Prin. 1, Art. 175, is to hold universally, we must have 

a" X a - ** = a° = 1. 



a * = — 



IS2 ALGEBRA. 

CUBE ROOT OP NUMBBRa 

172. Algebra also furnishes a very satisfactory explanation 
of the Cube Root of Numbers. 

PRINCIPLE I. 

The cube of a number consists of three times as many figures as 
the number J or three times as many less one or two. 

1» = 1. 10» = 1000. 
3» = 27. 30» = 27000. 
9» = 729. 99' = 970299. 

The cube of 1, the smallest number of one figure, is 1 ; the cube of 3 is 
27, and the cube of 9, the largest number of one figure, is 729 ; hence, the 
cube of a number of one figure contains one, two, or three figures ; that is, 
three times as many^ or three times as many less one or two. 

In the same way we find the principle true for numbers of two figures ; 
hence, we infer that it is generally true. 

PRINCIPLE II. 

7f a number be pointed off into periods of three figures each, be- 
ginning at the right, the number of full periods, together with the 
partial period on the left if there be one, will equal the number of 
figtires in the root This is evident from Prin. 1. 

PRINCIPLE III. 

The cube of a decimal contains three times as many figures as 
the decimal itself 

.1» = .001. .01» = .000001. 

.93 = .729. .993 = .970299. 

It is thus seen that the cube of a decimal of one figure contains three 
figures, and the cube of a decimal of two figures contains six figures; 
hence, we infer that the principle is generally true. 

PRINCIPLE IV. 

If we represent the units by u, the tens by t, and the hundreds 
by h, we will have the follounng formulas : 

(< + w)8 = ^ + 3^1^ + 3^^2 ^ ^s^ 

<A + < + ti)» - A» + ShH + 3A^ + <» + Z(h + t^u + Z(h + t)u'' + ?^» 



EVOLUTION. 
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1. Find the cube root of 300763. 

e + zeu + ZM + u» = 



(3<2 + Uu 


-f u*)u 


s=. 


se= 3x 


60* = 


10800 


+ 3<M = 3 X 


60x7 = 


1260 


+ ti« = 


7* = 


49 



300^763 
■216 000 



84 763 



60 

7 

67, Ans, 



(3<« + 3<u + u^)u = 12109 x 7 = 84763 

Separating the namber into periods of three figures, we find the root 
will contain two figares (Prin. 2) ; hence, the root will consist of tens and 
units, while the number consists of <* + 3^w + ZM + w'. 

The greatest number of tens whose cube is contained in 300763 is 6 ferw, 
or 60. Subtracting the cube of 60 from 300763, we have 84763 remaining, 
which equals 3€^u + 3<m* + u\ 

Since St^u is always greater than Stu^ + ti', 84763 consists principally 
of 3^w; hence, we can find the units by dividing 84763 by S^*, or 10800. 
Dividing 84763 by 10800 gives 7, the unit's figure. The first correction is 
3^u = 3 X 60 X 7 = 1260, and the second correction is u» = 7' = 49; takr 
ing the sum, we have 12109. Multiplying by 7 and subtracting, there is 
no remainder. Hence, the cube root i» 60 + 7, or 67. 

In practice we omit the ciphersy and the root is written simply 67. 

2. Find the cube root of 95256152263. 



I 95^256^52^263 
164 



4567, Ans, 



48 


31256 


60 




25 




5425 




(25) 


27125 


6075 


4131152 


810 




36 




615636 




(36) 


3693816 


623808 


437336268 


9576 




49 




62476609 


437336263 



192 ALGEBRA. 



t1 1 2 11. 

XI. l.l^^JLxvJ3.y±J „v + m^7i^ + n^ by m^ — n*. 

I 3*1 5 -I- ♦!.* 



1 ] 



— T/i^n* — T/i^n^ — n 



m • — w, ^Tw. 

Multiply the following : 

18. a^ Tf b^ by a^ + b^, 

19. a^-^Hy a^ + b^, 

2 112 11 

20. x^ — x^y^ + 2/^ by x^ H- 2/^. 

8 4 4 8 4 4 

21. a^ + a^6^ + b^ by a^ - 6». 

22. a* — a^a;^ -f a;^ by a^ + x^. 

23. a-*-a-'a;-* + a:-'by a-' + a;-*. 

fi_i 1 1 -3. 1 -1 

^^. ^ + a;^2/ + ^^2/ ^ + 2/ * by a;^ — 2/ *. 

25. m* + m* + 1 by 7H ~ * — m " ^ + 1. 

26. (x^ - y^) (x^ + yh (x^ + 2/^). 

27. (a* - 6^) (a* + b^) (J + 6^) (aJ H- 6^. 

182. To prove that a"* -^ a" = a"* ~ " is universally true. 

We have proved a"* x a-** = a**-" (Art. 181). 



a« 



But a"* X a - " = -— = «"• -5- a** = a' 



>m — » 



a 



n 




Hence, ^Ae exponential law in division is universally true^ 
ivhether m and n be positive or negative, integral or fradixmjoJL, 

Then a* ^ a-* = a* + 2 _ ^e 

a~i -5- a~* = a^i"*"^ = ai,etc. 
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Divide the following : 



5 . ^4 



1. a* H- or. 



2. a'-i-a*. 



3. a'-^-a-^ 



4. a* -5-a~*. 



5. a~' -^-a"^ 



EXAMPLES. 

6. a^ -5- a^. 

7. a* H-a~*. 

8. a~ H- a* 
o -*^ - 

10. m~^-^m~* 



11. y^-^y"". 

12. a:— •-^af*. 

13. z-^-^z—". 

1 i 

14. a" -Ha**, 



15. 6 '^-Hft^ 



16. Divide m + w by m^ + n* 

ft 






m' - m*n« + n*, ^liw. 



— m»n' + n 



m^n* + n. 



Divide — 

17. a - ft by a^ + ft^. 

18. X —y by «* — 3/^. 

19. a; -f 2/ by x^ + y*. 



20. a' + ft* by a^ + ft^. 

21. a* + ft* by a* + ft^. 

22. a-'"-ft-'"bya— ' — ft-*^. 



23. a;-» + 6-"bya:-'+ft-*. 

24. m* — ^ivfivfi + n^ by- m^ — n^. 

25. m* + 1 + m-* by m"* - m"' -h 1. 

26. rt^ + ah^ -f- 6^ by a^ - ah^ + ft^. 

27. a-\-Zah~^ -f Sa^ft"^ + ft~' by a^^-f- ft""^^' 



13 
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183. To prove that (a"*)" = a*"" is universally true. 

1. Let n be a positive fraction, as |. 

p mp p 

Then, (a"»)* = i^JaF^ = f a*^= oT^' ^ cT""^ . 

2. Let n be negative, as — 'p. 

Then, (a"»)-'' = — ^ =- -^ = a-**** = a"»^ <-*»>. 

Hence, the law relating to exponents in involution is universally 
true^ whether m and n be positive or negative, integral or frax;tional. 

Then, (a')-^ = a-«; 

\a » / = a, etc. 
EXAMPLES. 

Find the values of— 

1. (a'y\ 5. (m-l)-'. ^- {(a-')'}~'. 

2. (a-'/- 6. («-•)"". 10-{(a-*)~'j"'. 
8. (a-')"' 7. (v/S)-'. ll.{(^_,^-i}\ 
4. (ah^. 8. (« - i/ . 12. {(a- - .) - »}*, 

MISOEIiLANEOUS EXAMPLES. 

184. Multiply— 

n n n n 

1. x^ + y« by x^ — y\ 

2. m"t +m~i + 1 by m~i — 1. 

3. a ' - a^ + a^ - a^ + 1 by a^ + 1. 

4. a^ + a*6^ + a^^^ + b^ by a^ - 6*. 

1 6. x^ -\- x^y ^ -\- y ^ by a;^ - x^y ^ + y •• 
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Divide — 

6. a* — 6** by a» — 6* . 8. m» — n' by m» + n». 

7. a^ + b^hya^ + b^. 9. a + 6 by a^ + b^. 

10. a-* + a-'2/"' + y"*by a-'+a"^i/"^ + 2/~*. 
Expand — 

11. (J + b^y. 14. (a*-6)». 

12. (a* - ftV- 15. (a* - c^)*. 

13. (a* + 6*)». 16. (a"5' + 6^) (of - 6^). 

Resolve into two binomial factors — 

17. m-n. 19. x^-6i 21. a;"' — ft"'. 

18. m-^ — n-\ 20. a' — 6'. 22. m~' — n"'. 

Resolve into two trinomial factors — 

23. a + a*6* + b. 25. a^ + a*6^ + b^. 

24. a;-* + a;-»2/"' + 2/"*. 26. x'^ + x-^f'' + ^. 

Extract the square root of— 
27. x^ + 2x^y^ + y^. 28. dJ - 12aM + ic\ 

29. a* + 4ah^ + lOaM -f 12 J b + 96*. 

Extract the cube root of— 

30. 27m - 54?n^n^ 4- 36mM - 8n. 

31. a' + 3a*-5a + 3a*-l. 

32. a-3a*+9ai-13 + 18a~^-12a"* + 8a-*. 
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RADICALS. 

185. A Radical is an indicated root of an imperfect power; 
as, Va, Va+ 6, etc. 

A Rational Quantity is one which can be expressed without 
the radical sign or fractional exponent ; as, a, 1^8, etc. Ra- 
tional quantities can always be expressed in the radical form. 

Thus, 2 = V?, a = V^, etc. 
Radicals are also called Irrational Quantities, or Surds. 

186. The Degree of a radical is denoted by the index of 
the radical sign or by the denominator of the fractional 
exponent. 

Thus, l/o^and a^ are radicals of the second degree. 

8 -- 4 

va and a* are radicals of the third degree. 

m 

y^asind a ** are radicals of the nth degree. 

187. Similar Radicals are those which have a common 
index, and have the same quantity under the radical sign : as, 
ayi and —cvi. 

188. The Coefficient of a radical is the quantity or factor 
prefixed to it. 

Thus, in iVa, 4 is the coefficient 

REDUCTION OP RADICALS. 

189. The reduction of radicals depends upon the following 
important 

PRINCIPLE. 

Any root of the product of two or more quantities is equal to the 
product of the same roots of those quantities, 

1 1 
Demonstration. — ^ab = a*b^ (Art. 167). 

11 _ 
But a"6'* — V a X j!^. 
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190. To reduce a radical to its simplest form. 

A radical is in its simplest foim when the quantity under 
the radical sign contains no factor of which the given root 
can be taken; when it is integral; or when it cannot be 
•made a perfect power of the degree denoted by a factor of 
the index. 

Thus, VI^ l/{, and V^E are not in their simplest forms. 

CASE I. 

191. When the quantity \inder the radical siern contains 
a &ctor of which the given root can be taken. 

1. Reduce Vl2 to its simplest form. 

Vn = vTx^ = 1/? X 1/5 (Art. 189) = 21/5, Ana. 

2. Reduce l?'27a'6» - 27 a^b' to its simplest form. 

l^^a&6« - ^M^ = 1^27a»6»(a« - 6«) = l^^STo^ x i^a* - b^ (Art. 189) 

= 3a6^a' - b% Am, 

Hence the 

RULE. 

Resolve the qvxxntity under the radical sign into two factors, 
one of which is a perfect power of the given root; extract the 
required root of this factor, and prefix it as a coefficient to the 
indicated root of the other factor, 

EXAMPLES. 

Reduce the following to their simplest forms : 

3. 1/72. 8. 1?^^=^250: 13. 2i/a?-.a?y. 

4. V75. 9. 2VSaJ¥: 14. V¥(xTyy. 

5. 1/ID8. 10. 3l/98mV. 15. l^lGx* - 2ix\ 

6. l^M. 11. ev'STS^. 16. y'ix + 2/)V. 

7. 1^^128. 12. i/IOOS^. 17. ^W\W^. 
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18. l/4a' + Ha'b + 4al}\ 21. V^(a* + i*) (a -h 6)*. 

19. Via' - 60 (a - 6). 22. V'Ca; - a;" 7^ (ar»-a;-'). 

20. V(a' + 60 (a* - 6*). 23. VX^TYK^T^). 

24. (m + n) V Wn ~ 2?/in'' + n*. 

25. i/2a* - 6a*6 + 6a^6*^ - 2a6l 

26. v^s^t^ts^st'sisftmp: 

CASE II. 

192. When the quantity under the radical sign is frac- 
tional. 

1. Reduce V^ to its simplest form. 

\2 \2 X 4 \8 \8 2 

2. Reduce ^ r^ ^ ^^ simplest form. 

\5m 

Vlbmn, Ans. 



bm 
Hence the 



RULE. 



Multiply both terms of the fraction by such a qxwmtity as will 
make the denominator a perfect power of the required root ; then 
proceed as before, 

EXAMPLES. 

Reduce the following to their simplest forms : 

^4- =•^/!■ '•# 
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9.M. 11. a -/Z. 13.4./^. 

\ 8 \ b \ 3n' 



10. f J^. 



15. 



? '/'^. 12. « '/Z. 14. 'Z^- 

3 \3 b\ a \a'6- 

(m - n)^ h~" . 17. (3 +x )J?EI . 

\m + n y^ + x 



16.^J^±1. 18. (X + y) »/^^ . 

CASE III. 

193. When the quantity \inder the radical sigrn can be 
made a perfect power of the degree denoted by a &ctor 
of the index. 

1. Reduce i?i2S to its simplest form. 

2. Reduce y^^^ to its simplest form. 
Hence the 

RULE. 

Resolve the index of the root into two factors, one of which is the 
same as the degree of the quantity under the radical sign. Ex- 
tract this root of the quantity, and plnce the result under a radical 
wjiose index is the other factor. 

EXAMPLES. 

Reduce the following to their simplest form : 

3. ^M. 8. i^'SS^. 13. iT}. 
4.^'W. 9. iTSI^. 14. iTH- 

5. 1^^ 125. 10. 1^255. 15. "p/JV^ 

6. ^^. 11. v'^T25. 16. y^ia + b)^. 

7. i^SI. 12. V' 1728. 17. p'a' - 2ab -f b\ 

1 8. iTlGa' + 96ay 4- 144/. 20. ^ (?^=^/ {x + y)^. 

19. ^^' af + 2xy + 2/*. 21. yT a'^3a»5'+ 3a6' - 6^: 
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194 To reduce a rational quantity to the form of a 
radical. 

1. Reduce 3a^x to the form of the square root. 

V(3a*x)' = l/5a^, Ann. 

2. Introduce the coefficient of Sxy^ 2a under the radical 
sign. 

Hence the 

RULE. 

Raise the quantity to the required power^ and pla4:e the remU 
under the corresponding radical sign, 

EXAMPLES. 

Reduce the following to the form of the square root : 

3. 2am. b, a-\- x. 7. 3a; — 2y. 

4. 4x^2/. 6. a' — 2/. 8. ^ + B. 

Reduce the following to the form of the cube root : 
9. Zay. 11. a — a;. 13. {a~n)^. 

10. A^if. 12. a^2/^. 14. {x — yY. 

Express the following without a coefficient: 

15. 3av 2a. 18. AxVa — x. 21.(x~y)Vx^. 

16. I VSa^. 19. (x + y) V^, 22. (x + y)\/\x — yy. 

17. ba^mx. 20. 2xVx^ — y'. 23. m^n^Vm — n. 



24. (a - h)J-^, 26. (a + x)A ^ . 

\a-b \(a + xy 

25. (m - n)J. ^ . 27. !?L±!^ /^E^. 

195. To reduce radicals of different degrrees to equiva- 
lent radicals of the same degree. 
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1. Reduce l/2, i/'S, and yE to equivalent radicals of the 
same degree. 

Hence the 

RULE. 

Write the radicals with fractional exponents, reduce these ex^ 
ponents to a common denominator^ and express the resuUs in the 
radical form, 

EXAMPLES. 

Reduce the following to a common index : 

2. V2 and 1^5. 7. V'a, v'h, and V7. 

3. l/a, 1?'5, and 1?^. 8. V^a—h and l^a-\-b. 

4. V^g, 1^3, and i?'^. 9. V^^TF^and )^a'^=^. 

5. l^on, V^, and VJ, 10. l?'a^ v'fe', and 2l^c*. 

6. 21/2; Sl^'S; and Sl^'G. IL v^a, i/6; and ^7. 



12. l/a + ic, y' a — a;, and ya^ — «'. 

13. 1/m + n, V'm — n, and V^m^^Fr?. 

14. y^a + 6, y'a — X, and ya'* — a;*. 

ADDITION AND SUBTRACTION OP RADICALS. 

196. To add or subtract radicals, they should be reduced to 
their simplest forms. 

1. Find the sum of l/27 and v75. 

1/27 = VW^rS = 3l/r(ART. 188). 

81/3; ^rw. 




202 ALGEBRA. 

2. Subtract l/f from V^. 

1/8 = VT^"5 = 21/2"(Abt. 189) 
T/F= I/^IT^ ^ iV 2 

3. Simplify VU + l/f - 1^576. 

VM+Vf- 1^576"= l/^^rig + V^ir^- ^1/575" 

= 31/6^+ }V6"- 21/6" 

= ijT/e; ^iw. 

Hence, to add or subtract radicals, we have the following 

RULE. 

Reduce each radical to its simplest form, then unite the similar 
radicals, and indicate the addition or subtraction of the dissimilaf 
radicals. 

EXAMPLES. 

Simplify the following : 

4. V32+VW. 15. 1/15+1/SD+ vl55. 
6. i/i8 + i/IDS. 16. 1^ -f- 1^53 + 1^250. 

6. 1/15 + 1/80. 17. 21/32 + 31/5-41/2: 

7. i^lB+i^'a 18.31/72-51/8-21/18. 

8. i/?5 - 1/20. 19. VW+ VW- yJ^' 

9. 1/233-1/117. 20. 1/IJ + 81/T2- 11/108. 

10. 1^875 - v^ll8. 21. 5 v^ - vl28 + i?^250. 

11. Vi-Vl 22. iJ^H+v^ + ^i?^. 

12. |V^-3V7^. 23. i 1/18^ + J 1/128^. 
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26. 17=^5! - 1^3375 _. i?'g; 28. y^^ + vl^ + vf. 

27. l/fH- V f - 1 l>22S. 29. 1/12 + 5 v^ - 1 1^27. 

30. 2v75 + 31/147 + 41/213. 

31. iv'i^S + |v-'432 + |K'25D. 

\ x — y ^ X i- y x — y^x-\-y 



34. l/2a« 4- 4:d'b 4- 2a6'^ - l/2a» - id'b 4- 2aJl 

MULTIPLICATION OP RADICALS. 
197. To multiply radicals, they must be of the same degree. 

PRINCIPLE. 

The product of the same roots of two quantities is equal to the 
same root of their 'product 

By Art. 189, f a6 = fa x y^Z, 
Whence, x/d x f 5 = f a6'. 

1. Multiply 1/8 by t/SD. 

1/5 X 1/30 = 1/8 X 30 (Prin.) = 1/210"= 41/15; Ana. 

2. Multiply Va by 1?^. 

l/a = a^ = a^ = ^dF, 



.— _3. 



Then, l/a x 1/5 = 1/a^ x l/S^ = ^^^^2^ ^^. 
Hence, to multiply radicals, we have the following 

RULE. 

Reduce the radicals to a common index, if necessary. 

Multiply the coefficients together for the coefficient of the product, 
and the quantities under the radical sign for the radical part of the 
product, and simplify the result. 



i 
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EXAMPLES. 



Multiply the following 


• 
• 




3. 1/S^by Vh~. 




Ai. Va + feby Va — h 


4. Vd by Vx, 




12. 3|^^108 by 41^125. 


5. ^'a'x by ^7^. 




13. 2i/72 by 3^ 256. 


6. 3l/&by5l/T2. 




14. i/i by i?Vir. 


7. i^'i^by ^'W. 




15. V* i by v''t 


8. |/2 by 1?^ 5. 




16. 1^6 by i^ 


9. V'Sby V2, 




17. 1/2^ by 1^. 


10. 2l/aby 3 v'a. 




18. V'a by v'K 


Find the value of— 






19. iy2ab^ 


X i;'3a^6 X 1/ 9a6. 


20. V curX 1/^X V 


^S^. 


21. V2Xy^2Xy2, 


1 


22. v'lXi/fXl/f; 


t 


23. Va — 


6X 1/a-h 
71 X V^n 


hxVa'-h\ 


24. l/m + 


- nXy m^ — n\ 


25. Multiply 2+4 1/2 by 3 - 31/2: 




2+ 41/2 






3- 31/2^ 






6 + 121/2" 






- 61/2^ 


-24 



6 + 6VT- 24 = 6V2 - 18, ^nt. 

Multiply the following : 

26. 3+ l/3"by2-3l/S; 

27. 2 - l/^by 3 + VxT 

28. 3+ l/2~by 3+ 1/2: 

^. 1/2- 31/5^ by \/2- 2. VS. 
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80. 2VS+ l/5^by 2l/B- VW. 

31. V5+ VS- 1/2 by 1/5 + V^ 

32. 1/5 - V^- 1/2 by l/6 + 1/3 - l/2. 

33. a + VaS + 6 by a — VoS + 6. 

34. l/m— l/n- l/p by Vm-^- Vn+ Vp. 

DIVISION OF RADICALS. 
198. To divide radicals, they must be of the same degree. 

PRINCIPLE. 

The quotient of the same roots of two qtuiiUities is equal to the 
9ame root of their quotient. 

By Abt. 189, y^ab = v^a x J/'b 



n.— 



Whence, ^^ = l?a. 

1. Divide l/B" by 1^ 

1/2 Af2 ' / 

2. Divide \/ax by i^^a. 
Reducing the radicals to a common index, 

iJ'a = a* = a* - 1^^. 
Then, 1^ = ^^^^ = </^ = ^d^, Ans. 

Hence, to divide radicals we have the following 

RULE. 

Reduce the radicak to a common index^ if necessary. 

Divide the coefficients for the coefficient of the quotient^ and the 

quantities under the radical sign for the radical pari oj l>v.e c\jxcAK.wX*, 

and gimpl\fy the resvlU 
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EXAMPLES. 

Divide the following : 

3. VT2 by V^: 13. 8 by VB. 

4. 1/12 by l/e: 14. 5 by ^5. 

5. 8 1/45 by 2 l/l5. 15. j? IB by 4. 

6. 2i>^12 by 3i^ 4: 16. i/3 by ^A. 

7. 1/2 by 1/3; 17. 3i/7a by v 7a. 

8. VM by 21/g: 18. I?' a by Va. 

9. l/r=^ by l/rTo". 19. 1? 12 by I/8. 

10. I81/S8? by 91/3: 20. 1?/^ by i/^. 

11. 1/12 by iM2. 21. 1^/5 by i?^5. 

12. VW by V^g: 22. a^l?y^ by v'^. 

23. 1/a^ - 6^ by ^'iT+l^. 

24. l/IS - Vin by 1/5. 

25. 5 - 1/135 by l/5. 

26. 1/14-1/35 by 1/2-1/5. 

27. 1/T2 - 1/27 by V2 - 1/3. 

28. 3-i?^3 + |^3by 1/3. 

29. a — 6 by y^ a — v' 5. 

30. aVx— Vhx -\-aVy— VSy hy Vx+ Vy. 



ia-^ , /a 
''' V^T6 ^^ Va 



6 
32. a-i-b-c + 21/55 by l/a + l/5 - Vc. 

INVOLUTION OF RADICALS. 

199. It is convenient in finding any power of a radical to 
use fractional exponents. 

1. Raise i/x to the third power. 
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»/-g 



2. Raise |/'a^ to the fourth power. 

(^^ )4 == (a;*)* = a;* = f ^, Ans, 
Hence, to raise a radical to any power, we have the following 

RULE. 

Either divide the index of the root by the exponent of the power, 
or raise the quantity under the radical sign to tfie required power. 

Thus, (f/a)^= i/a. 

( f 18 )» = i/T8 = Zi/2, 
EXAMPLES. 

Find the values of the following : 

3. ( i' a )\ 8. (ai^ '? )\ 13. ( l/3 + V^ )\ 



4. (3 1? ax )' 9. (xx/a - x )-. 14. ( Va + VB )\ 

5. (2y a^x )♦. 10. (P18 )*. 15. (a + l/i )». 

6. (i? a^ )«. 11. (2j* T5^ /. 16. (^~2 - I? B )». 

7. 3/ /« J. 12. (2 4- V^ )^ 17.. {Vh-Vl )\ 

18. (3 + 1/2 )'. 21. (7 - 1/5 )'. 

19. (1/5 - 2 )'. 22. (1/7 + 1/3 )^ 

20. (v/6- 1/5)* 23. (V^ + 3)^ 

EVOLUTION OF RADICALS. 

200. It is convenient in finding any root of a radical to use 
fractional exponents. 

1. Extract the cube root of y'cF^, 
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2. Extract the cube root of y a*. 

(^/a" )* = (a^)i = a^ = i^a», Ana, 

Hence, to extract any root of a radical, we have the following 

RULE. 

Either extract the required root of the quantity under the radical 
sign, or multiply the index of the given root by the index of the 
required root. 

Thus, ( V^a )* = y^ = l^a. 

(t#-\'¥-VI-i'* 

EXAMPLES. 

Find the square root of— 

3.^ a. 6-25,j^2a. 9. 3v7. 

4. 1^^'. 7. 16vJ^i5f. 10. lOO^J'm 

5. v'a^. 8. 64,J'^5'. 11. a'lJ'SlmV. 

Find the value of — 

12. |/(|/2). 17. v'(i?'F+7). 22. (ay'^a^'). 

13. iJ'Cv/SIB ). 18. 1^' (2i/2 ). 23. i^'Ci?'^). 

14. 1^ (t/213 ). 19. iJ'Cav^a). 24. ;? (i?'(a-6)y). 

15. v^Cv'Biffl^ ). 20. v'-'CSi?'^ ). 25. l^d/ff-'Ca-ft)'). 




-^(y)-. -^(i<(i} 



27. |/( T?'a' + 2afc + 6' ). 30. l^( Va»(l + x)' ). 

28. V'C Vm\i - x)' ). 31. x/(.^ya*'(a - b)' ). 

29. y'd^af:^^). a2.V<^V'"o^'^^^^ 
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RATIONALIZATION. 

20L Rationalization is the process of reducing a radical to 
a rational quantity. 

202. To rationalize the denominator of a fraction. 

CASE I. 

When the denominator is a monomial. 

a 



1. Rationalize the denominator of 



v^W 



Multiplying both terms by V'ix, we have 

a aVix av\x aVix 



, Aru, 



From this example we derive the following 

RULE. 

Multiply both terms of the fraction by a factor that toiU render 
the denominator rational. 

EXAMPLES. 

Express the following with rational denominators : 

1 . m Zax 

2. — • 6. • 10. 



1/2 aVn C^Yl'^ 

2 5 m + n 

3. — -• 7. r-r— -• 11. 



4 2 VY^c 

4. • 8. -7 • 12. 



31/3 l^S? VTT^=^ 

a \ay ^{a + 6) 

CASE II. 

When the denominator is a binomial Bvxrd ot \2!cL<b ^^^oxl^ 
degree, 

14 
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2. Subtract vyfrom l/S! 

VS = vTx~2 = 21/2"(Abt. 189) 
\\V% Ans, 

3. Simplify VU + l/f - 1^575. 

= 3l/6"+ \V^- 21/6" 
Hence, to add or subtract radicals, we have the following 

RULE. 

Reduce each radical to its simplest form, then unite the similar 
radicals, and indicate the addition or subtractixm of the dissimilat 
radicals, 

EXAMPLES. 

Simplify the following : 

4. V^^Vm. 15. 1/35+ V^+ 1/125. 
6. 1/38 + 1/roS. 16. vTB + 1^53 + i!^25D. 

6. 1/35 + 1/8D. 17. 21/32 + 31/5-41/2: 

7. i?lB+v^5?. 18.31/72-51/8-21/18. 

8. 1/35 - 1/20. 19. VW+ yW- "^^I«^- 



9. 1/233-1/147. 20. l/Ii + 81/12 -|i/I08. 

10. v^S75 - 1^^338. 21. 5 v^ - vl28 + 1^250. 

11. l/f-i/}. 22. i^^H + v^ + ^i?^. 

12. |1?^-3V9^. 23. \Vm?y'^\VVS^. 

13. 2/- J?. 24.J^+#-.^. 

\c ^'3 ^'4 \81 \'16 

^ a — M a-^b ^w ^w ^•w' 
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Vr . S/- 



26. t7=^ - V'^^^STS- VW. 28. iTJ + 1?-^ + ^. 

27. l/|"+ Vf - ^ 1>225. 29. 1/12 + 5 1/?^ - 1 V^. 

30. 21/7S + 31/147 + 41/213. 

31. 1^128 + f v'iS^ + 1 V'SSD. 

• 32. J^±^+ J^Hy"_ J3/^ JZEF 

83.^^ + -!-+-^ 



MULTIPLICATION OF RADICALS. 
197. To multiply radicals, they must be of the same degree. 

PRINCIPLE. 

The product of the same roots of two quantities is equal to the 
same root of their product. 

By Art. 189, y^Hh = ^li x ^Z. 
Whence, ^a x f 5 = y^ab. 

1. Multiply 1/8 by l/SD. 

l/g X 1^30 = l/glTM (Prin.) = 1/51(7= 41/15; Ans. 

2. Multiply Va by V^. 

Then, Va x 1^6 = l>^a^ x iJ-g^ = 1^^^, ^n». 
Hence, to multiply radicals, we have the following 

RULE. 

Reduce the radicals to a common index, if necessary. 

Multiply the coefficients together for the coeffixdent of the product, 
and the quantities under the radical sign Jot tKeradxcoX -^cxtI o^ v^ve, 
product, and simplify the result. 
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EXAMPLES. 

Multiply the following : 

3. V^ by 1/5. 11- VaTb by Va^^H). 

4. Va by Vx, 12. Si^^TUS by 4|n"25. 

5. v'^^^by v?^?. 13. 2^/72 by 3v? 55B. 

6. 3 1/& by 5 1/T2. 14. ^/I by |? S- 

7. v?^S^by v'' a5^. 15. v i by v'^i 

8. 1/2 by I?' 3. 16. k'S'by V^ 

9. l^'Sby VI. 17. 1/2" by V^. 



S/ — 



10. 2l/a by 3 Va. 18. l/a by V'S: 

Find the value of — 

19. y^2ab*X^'Sc?FXy^aS. 

20. yax X Vox X v^ c??. 

21. l/2Xv^2Xv2. 

22. v''TXi/|Xl/f. 

23. l/a^=T> X VaTh X l/a'^^^. 

24. VraTn X Vm^ n X y W^^\ 

25. Multiply 2 -f 4l/2 by 3 - SVi. 

2+ 4V2 
3- 31/2" 



6 + 121/2 
- 61/2"- 24 

6 + 61/2"- 24 = 61/2^- 18, i4ni. 

Multiply the following : 

26. 3+ 1/3'by 2-31/g: 

27. 2 - V^by S+ Vx. 

28. 3+ 1/2 by 3+ 1/2: 

29. 1/2 -3 1/3^ by 1/2-21/3; 
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80. 2VS+ l/5^by 2l/B- V^. 

31. V5+ l/S'- 1/2 by V5+ VI. 

32. 1/5 - 1/3"- l/2"by l/6> l/3- i/2. 

33. a + VaS -\-bhy a— VaB + 6. 

34. l/m— l/n- l/p by Vin-^ Vn+ Vp. 

DIVISION OF RADICALS. 
198. To divide radicals, they must be of the same degree. 

PRINCIPLE. 

The quotient of the same roots of two qtutiUities is equal to the 
9ame root of their quotient. 

By Abt. 189, y^ab - v^a x l/'b 
Whence, ^^ - V^a. 

1. Divide l/B" by 1^ 

y^ = J^ (Prin.) = 1/5, Ans, 

2. Divide |/aS by i^'a. 
Reducing the radicals to a common index. 

Vox =- (ax)^ = (gw:)^ = i^a^. 
Then, 1^ = ?^^^ = ^/«^ = ^d^, Am. 



Hence, to divide radicals we have the following 



RULE. 



Reduce the radicals to a common index, if necessary. 

Divide the coefficients for the coeffi^nt of the quotient, and the 
quantities under the radical sign for the radical 'part of the quotient, 
and simplify the result. 
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EXAMPLES. 

Divide the following : 

3. VT2 by 1/3: 13. 8 by VB. 

4. 1/12 by 1/6: 14. 5 by pB. 

5. 8 1/45 by 2 1/15. 15. j? IB by 4. 

6. 2 1>^ 12 by Si;^ 4: 16. i/3 by v^'l. 

7. 1/2 by 1/3; 17. 3i/7a by v 7a. 

8. 1/54 by 2 l/g: 18. I?' a by l/a. 

9. Vr=^ by l/r+a. 19. y 12 by 1/8. 

10. 181/3S4 by 91/3: 20. i?^'^ by v^?^. 

11. V12 by iM2. 21. ^^x by |?^5. 

12. l/g" by V g: 22. a^f Sy by y''^. 

23. l^a^ - 6'^ by ^a~T15. 

24. l/lS - Vm by 1/5. 

25. 5 - 1/135 by l/5. 

26. V^ - 1/35 by 1/2-1/5. 

27. 1/T2 - 1/27 by v/2 - 1/3. 

28. 3 -1^3 + 1^3 by 1/3. 

29. a — 6 by y^a — y'S. 

30. al/^ — Vbx + al/y — l/Sy by Vx + Vy. 

\a + 6 -^ \a — 6 
32. a + 6 - c + 21/55 by Va+Vh— Vc. 

INVOLUTION OF RADICALS. 

199. It is convenient in finding any power of a radical to 
use fractional exponents. 

1. Raise -y/x to the third power. 
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n 

2. Raise Vo^ to the fourth power. 

(f ^ )* - (a;*)* = a;* = ^^, ^rw. 
Hence, to raise a radical to any power, we have the following 

RULE. 

Either divide the index of the root by the exponent of the power, 
w raise the quantity under the radical sign U) tfie required power. 

Thus, ( f/a )3 = /a. 
(^a)*= t^a\ 
( f 18 )» = i/l8 = 3v/2. 

EXAMPLES. 

Find the values of the follow^ing : 

3. (v a)l 8. {a^'x'y, 13. (l/3 + V5)\ 



4. (3 1.^' ai y 9. (ic i7^^^ )"». 14. ( Vd + l/6" )'. 

5. (2\? a^i )*. 10. (\5 48 )*. 15. (a + V^ )». 

6. (i? a^ )«. 11. (2v 1^^ )'. 16. (|;^2 - v' B )\ 

7. 3/ J^ J. 12. (2 H- V^ y. 17.. ( 1/a - VT> )\ 

18.(3+ 1/2)1 21.(7-1/5)'. 

19.(1/5-2)1 22.(1/7+ 1/3 )^ 

20. (1/8-1/5)' 23. (1/8 + 3)'. 

EVOLUTION OF RADICALS. 

200. It is convenient in finding any root of a radical to use 
fractional exponents. 

1. Extract the cube root of y"^. 



1 6 1 



= ,.!_ 



(f S» )' = (a')» = a^ = f a*, Ans. 
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2. Extract the cube root of ya*. 

Hence, to extract any root of a radical, we have the following 

RULE. 

Either extract the required root of the quantity under the radical 
sign, or multiply the index of the given root by the index of the 
required root. 

Thus, (l^a )* = V i?a = l^a. 



(f # ■ 4^ -^,-k^ 



EXAMPLES. 

Find the square root of— 

S.^a. 6. 25^^25. 9.31/7. 

4. i^^l 7. 16|^ IF. 10. lOOi^^. 

6. ^la^. 8. 64|J/S^. 11. aVSlmV. 

Find the value of— 

12. i/( |/2 ). 17. ■/(v'^+y" )• 22. (a y^i^^rt*^ ). 

13. i?^(]/2T6 ). 18. 1^X2^/2 ). 23. i^Ti^^). 

14. 1^ (i/233 ). 19. v^'Cai/a ). 24. yXy{a-b)y), 

15. v?^(|^64SW ). 20. ^'(S^^ ). 25. 1^( 1/S^"(«-^)")- 




-^(14. -^(1<(!} 



27. l/( iJ'a' + 2ai + 6* ). 30. l^( Va^l + x)' ). 

28. V'( l/m'(l - x)' ). 31. {/{v'a^Ca - b)' ). 

29. y'iv''a!^^r^yf). a2, V^v'"«^^^^^ 
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RATIONALIZATION. 

201. Rationalization is the process of reducing a radical to 
a rational quantity. 

202. To rationalize the denominator of a fraction. 

CASE I. 

When the denominator is a monomial. 
1. Rationalize the denominator of 



, Aru, 



Multiplying both terms by V'4a;, we have 

a ^ avix ^ aVAx ^ aVAx 

From this example we derive the following 

RULE. 

Multiply both terms of the fraction by a factor that toiU render 
the denominator rational, 

EXAMPLES. 

Express the following with rational denominators ; 

1 . m Sax 

2. • 6. 10. 



V2 aVn C^Yl^ 

2 5 m^-n 

3. -— • 7. r-v— -• 11. 



1/S VW(? vw^-^^^ 



u. 


aVn 


7. 


5 


8. 


2 


9. 


Aay 



4 2 VY^c 

4. • 8. -: • 12. 



31/3 178? y(X-cY 

a 4ay l^{a + 6) 

5. — i — • 9. . 13. — • 

CASE 11. 

When the denominator is a binomial svxrd ot \^^ «j^c:>otl^ 
degree, 

14 
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1. Rationalize the denominator of 



l/a+ Vb 
Multiplying both terms by l^a — VBy we have 

Va-Vb _ {Va-VBY _ (Va-VhY . 

Va^Vb {Va + Vb){v^a'-Vb) «-6 

From this example we derive the following 

RULE. 

Multiply both terrtis of the fraction by the denominator^ toith the 
sign between the terras changed, 

EXAMPLES. 

Express the following with rational denominators . 

4 t/7 + 2 x-V^ 

2. -• 6. -— • 10. -' 

3+V^ V^-2 x+Vy 

6 1/5 — 1 Vm—n — Vn 

3. -7Z • 7. -— • 11. =. 

1^3-1 1/5 + 1 l/m — n + l/n 

3-1/2 31/3 + 21/2 1/2-1/1^=1; 

4. • 8. 12. 

2-1/3 ZV^-2V2 l/2 + l/r=^ 

V^—V2 Vm+Vn a+ VaFT^ 

'1/3+1/2 ' Vm-Vn 'a- VWT2 

VaT2— Va VaTl — Va^b 

14. — -' 15. ' 

VaT2-\-Va Va^Fb+Va-~b 

l/?T"«+T+ l/P~==T+T 
16. _———-. 

Vx' + x + l- Vx' - a: + 1 
Note. — Pome binomial surds of higher degree than the second can be 
rationalized. Thus, the denominator of — — can be rationalized by 

<yd-^b 

multiplying both terms by Va^ Vv^db + i^C 

a _ a{ v'a ' -i- i /^db + i^ft^ ) ^ a(^d^-\- \^ab+ y'G'l 
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203. To find what factor will rationalize a binomial surd, 
divide the surd into any binomial that is rational, which will 
exactly contain the surd. 

Thus, if the denominator is ym + y w, divide m + w by mJ + n* 
(See Art. 182, Prob. 16.) 

Express the following with rational denominators : 

4 2-1^3 3 

1. -9— «— • 3. r- • 5. 



1^3+ ^2 ' 2+i?'3 ' Va-V'S 



I 



V'm-n V'i-V'^ y'^+v'h' 



IMAGINARY QUANTITIES. 

204. An Ima.grinary Quantity is an indicated even root of 
a negative quantity ; as, V— 2, or V^—a, 
All other quantities are called real quantities. 

PRINCIPLE. 

Every imaginary quantity may he reduced to the form of aV^^ 

In. i 

or ay — 1. 

Thus, 1/^::^^= Vx" x - 1 = i/jFx l/"-^ = ^xV~-^\ 
V^^^ = 1/3 X - 1 = VZ X V^^'y 



or, putting a for the coefl5cient, we have =t aV- 1. 
In all higher powers the form will be i ay^~T. 

Note. — This is evident, since if n equals 1, 2, 3, 4, etc., 2w will equal 2, 
4, 6, 8, etc. ; hence, 2n represents all even numbers. 

205. To add or subtract imaginary quantities. 

1. Add V-^ and l/^=T6. 

By Art. 190, 1/^=^ = 2V^^ 

6l/^nf, Arts, 



\ 
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Find the values of — 

2. V-4 -h V'-9. 6. l/^"49m* - V^Wrif. 

3. V^^^4 V -tod: 7. I/-- 300- l/=^T08. 

4. >/ "121 - 1/- 81. 8. v'-"32^*+al/-8. 

5. V ~a} - V- b\ 9. V -\W - c 1/-30." 

10. l/=^an57 + V'=^(cr=^)'. 

11. 1/- m* -f 2mn — n^ + 1/ — (m -f n)'. 

206. To multiply imaginctry quantitieB. 

PRINCIPLE. 

The product of two imnginary quantities is real^ xcith the sign 
before the result the reverse of that obUiined by the coinvion rule 
for multiplicatioii. 



Thus, V^^^^Wy V^=^^ = aV~^^\ x bV -^ = ab x - l = - ab 



- v^^^^~c? X i/"^=n5^ = - av - 1 X bV~^l ^ -ab X - 1 = ab. 

1. Multiply 21/"=^" by 3l/^=T. 

By Art. 190, 21/ ^=^ = 21/2 x v/^=n[ 

3V^^^ = 31/5 X i/"=:i 



6l/e X - 1 « - 61/^, ^rw. 
Multiply — 

2. l/-'2 by 1/=^. 6. 21/=^ by 3l/-T2. 

3. 1/- 3 by - l/=T5: 7. 1 + V~~l by 1 + V=^. 

4. -lA="l^ by -1/- 2. 8. 1 - 1/- 1 by 1 - 1/~1. 

5. -1/-^ by 1/=?. 9. 1 + 1^"=! by 1 - V=T.. 

10. Va + V^^6 by V^a — 1/=^. 

11. a-\-bV-'i by a-bV^=^. 

12. 1/=^ by V=^ X V^=^- 

13. (Va 4- l/^=~6 ) ( V-a + 1^6 ) by - V~-^^. 

14. 2 -f 3 1/~ 3 by 3 - 2 V"- 3. 
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Expand the following : 

16, (1 - 1/=^ )'. 19. (a - 1/=^ )'. 

16. ( |/=^ - V^^^ y. 20. ( 1/^^ + by. 

17. ( l/^=nr - 1/=^ )'. 21.(1/^=^-1/^=^)'. 

18. ( V^^T+ 1/2 )'. 22. ( 1/2 + 1/=^ )'. 

207. To divide iina.grin€try quantities. 

PRINCIPLE. 

The quotient of two wiaginary quantities is real, with the sign 
before the result the same as that obtained by the common rule 
Jot division. 



Thus, 



= Va. 



-V~=^^~a b _ - Vab x V^^ 
l/^n^ Vb X 1/^^ 



= -Va. 



= 21/3. 



1. Divide 10 1/=^ by 5 1/^^. 

1 0K~ B _ 101/6 X i/^:~I 
51/"^=^ 61/2 X l/^^ 

2. Divide 2l/=n by 1 + l/=l. 

21/^^ -^- 1 + i/:^ 21/^=^ 



1 + i/^^n 

Rationalizing the denominator, 



21/^^(1-1/^^1) _ 2l/'^I+2 _ J ^ ^^-j 
(l + l/^:n)(l-l/^:^) 2 



Divide- 



3. 3l/=TD by 1/=^. 7. i^=^'8 by v'^=^4 

4. 8l/=T5 by 1/=^. 8. 1^-48 by y =^. 
6. aV/=15^ by -V^^H). 9. 2 by 1 -l/=l. 

6. v^"^ by v'^=^2. 10. - 2 V^l b^ \ - V"=\. 



i 
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11. I lo by 1^=^. 13. a - 6 by Va-V^T. 

12. I 18 by I -2. 14. 1 by V^^ + v'^^. 

15. 24 + 5 V"^^ bv 2 -r SV^, 

16. 9 + 1/15 by V^=^ + V^^. 

PROPERTIES OF QUADRATIC SURDS. 

208. A Quadratic Surd is the indicated square root of an 
imperfect square, as V a, Vo, or Va -\- b, 

PRINCIPLE. 

A quadratic surd cannot equal the sum of a rational quantity 
and a quadratic surd. 

If possible, let V'a = 6 + l^c 
Squaring, a = 6* + 26 V^ + O 

Or, 2bVc ^^a-b^- c 

And, Vc = ^^ 

That is, a surd ^is equal to a rational quantity, which is impossible. 
Hence Va cannot equal 6 + V^. 

209. Tf a 1 1/6 = c + Vd, then a - c and Vb ^ Vd. 

If a does not equal c, let a = c ^ a:. 

Substituting, c=ta;+l/6 = c + 1/3 

Or, ± a; + V^6 = VR, 

which is impossible by Art. 208, Prin. 

Hence, a = c, and Vh = Vd. 



210. If Vsc+ Vy --Va^ Vb, then Vx-Vy = V'a — Vb. 



Squaring l/z + Vy = l/a + 1^5, we have, 

a; + 2Vx^ + y = a +1/5, 
By Art. 209, x -\^ y =^ a, 

And, 2Va:]/ = V5 

Subtracting, x — 2Vxy -\^ y =' a - Vh 



J2«4«icting the square root, 1/^ - Vy = Va — Vh. 
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SQUARE ROOT OP A BINOMIAL SURD. 

211. The preceding principles furnish an easy method of 
extracting the square root of binomial surds of the form 

a+ 1/6. 
1. Extract the square root of 7 + 41^3. 



Let V^a; + 1/y = V^7 + 41/5 (1) 

Then, by Art. 210, 1/5 - l/y = V7 - 4VE (2) 

Multiplying, x-y = 1/49 - 48 (3) 

Or, x-y = l (4) 

Squaring (1), x + 2Vs^ + y = 7 + 41/5 (5) 

By Art. 209, x + y =-7 (6) 

Adding (4) and (6), 2a; = 8 

a; = 4 
Subtracting (4) from (6), 2y = 6 

y = 3 

Substituting in (1), l/? + 4VE = 2 + 1/3, Ans. 

212. Examples like the above may be solved by inspection, 
by expressing them in the form 

x -f 2 Vxy +2/, 

in which the coefficient of the surd term is 2, and the rational 
term is separated into two parts whose product is equal to 
the quantity under the radical sign. Then extract the square 
root of these parts, and connect them by the sign of the surd. 

1. Extract the square root of 14 H- 6V5, 



VU + 61/5 = V'l4 + 21/15 

We separate 14 into two parts whose product is 45. These parts are 9 
and 5; hence. 



v'14 + 21/45 = 1/9 + 21/45 + 6 

= 3 + 1/5, Ana, g 
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2. Extract the square root of 28 -h lOl/S. 



V^28 + 101/3 = \/2S + 2V75 

We separate 28 into two parts whose product is 75. These parts are 25 
and 3; hence, 



/28 + 21/75 = V^25 + 21/76 + 3 
= 5 + 1/5, Ans. 

EXAMPLES. 

Extract the square root of — 

3. 11 +41/7. 12. 16+ 1/252. 21. 19-61/10. 

4. 10 + 41/6. 13. 28-4l/?8. 22. + l/^TT 

5. 14 + 4Vm. 14. 43 - 1/I8DD. 23. VIS - 4. 

6. 11-61/2. 15. 120 ~ 1/800D. 24. 31/6 + 2 i/I2. 

7. 29 + 121/5. 16. 12 - 1/ID8. 25. 4 1^6 + 6l/2. 

8. 14 - Vim, 17. 47 - 61/TD. 26. 3l/5 + 2l/ID. 

9. 5 + 1/24. 18. 28 - 1/3DD. 27. 3 1/3 - 2l/6. 
10.30-121/6. 19.7-61/^=^ 28. 6l/^n. 

11. 1+41/-B. 20. 16 + 41/7. 29. -4l/=^. 

30. a''-2a;l/?^=r?; 32. 2m - 2 l/m" - «*. 

31. 6 + 2al/6"-"S*. 33. 6 - m -4l/2 — m. 

RADICAL EQUATIONS. 

213. Radical Equations are those which contain the un- 
known quantity in the form of a radical. 

A radical equation is solved by rationalizing the terms 
containing the unknown quantity, and then determining its 
value. 

1. Solve the equation l/i + 5 = 14. 

Transposing, Vlc = 9 
Squaring, x « 81, Ans, 
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2. Solve the equation V2x + 5 + V2x — 3 = 4. 
Transposing, V2x + 5 = 4 - V2a; - 3 

Squaring, 2a; + 5 = 16 - 8l/2a; - 3 + 2a; - 3 

Transposing and uniting, 8V^2a; — 3 = - 8 

Or, V2x~=^ 1 

Squaring, 2a; - 3 = 1 

2a; = 4 
a; = 2, Am, 

V2x + 2 + l/2x — 2 

3. Solve the equation ,_ _ = 4. 

l/2a; + 2 - ■|/2x - 2 

Rationalizing the denominator, we have 

4a; -H 2V4Z' - 4 _ ^ 
4 

Or, 4a; + 2l/4a:' - 4 = 16 

Transposing 4x, and dividing by 2, 

l/4a;'^ - 4 = 8 - 2a; 

Squaring, 4a;* - 4 = 64 - 32a; + 4a;» 

Collecting, 32a; - 68 

X = 2i, -4.1W. 

. EXAMPLES. 

Solve the following equations : 

4. 1/^ + 2 = 8. 13. 2Vx-\-S= VAx + 11. 

5. l/3ar-Hr+ 1-5. 14. y^rz:-5^_iri()-:^ a; - 1. 

6. VixT^- 5=1. 15. ]/x^"T-|- i/"a;~T¥= 13. 

7. 6 = V'4i + 4. 16. l/a;"=Tr+ Va;T4 - 15. 

8. V2x+T= \/2x + 1. 17. l/i^=^2~0 = 10 - l/:c. 

9. VW^S = 2a; - 3. 18. l/i -T= 6 - l/:r"+ 4! 



10. l/ear' -20 - 3a; - 2. 1^- l/a;* +' 4 Va;^"IF - a; + 2. 

11. 5a; - 2 - l/25?"=^6. 20. Vw? Ti + V^m^- i' = 2n. 

12. vx-\-a-=^—z=' 21. == 

Vx + a 2\^ 3 
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22. Vx + b-h V^-^= V^cT'4. 
l/x + 5 Vx — 7 

23. --r =—z - 

Vx + 6 Vx-8 

^ 2 

24. x+ V^-x^ 



|/2^=^ 

l/a;-f25 l/i + 4 
25. = -^= 

l/a: -f 7 V^+ 1 

45 

26. Vix + l/2x +"9 - 



27. Vx- l/i"^^^=-— • 

Vx 

1 1 

28. — — = h 



Vx-l-\ VoT^l + 1 Vx^^ 

x — 4: ^ ^_ ^ 4v^ 

29. - = 2Vx-d + -K-' 

2-{- Vx 3 

n-^x n-\-x ^ ^_ . 

30. ^ -+— =z= - = 4Vnr+.a;. 

re* 
81. «- 6 = 



32. l/2 - l/r=? 



(1 + VYTx y 
1/5-1 



1/5^+ a + T/x — a 
33. ^ ^m. 

Vx-\-a— Vx — a 



\ a: - 2 ^ a; + 2 

x+T/5n^ iC-l/?TT ^^ 
85. =- H ^==;: = 14. 

x-v^-\-i x-\- i/FTI 



^^ + 1/4+1/^=2. 



37. 1 + 1/1 + « = V 2 + z + VTTx. 



Vm. QUADRATIC EQUATIONS. 

214 A Quadratic Equation is an equation of the second 

degree. 

Thus, a^ = 6, and oic* + 6a: = c. 

215. There are two classes of quadratic equations, (1) Pure^ 
or Incomplete^ quadratics and (2) Affected^ or Complete^ quad- 
ratics. 

216. A Pure Quadratic Equation is one which contains 
only the second power of the unknbwn quantity ; as, ax^ = h. 

217. An Affected Quadratic Equation is one which con- 
tains both the second and first powers of the unknown 
quantity ; as, ax^ -]rbx = c. 

PURE QUADRATIC EQUATIONS. 

218. The General Form of a pure quadratic equation is 

1. Solve the equation 3a:* — 5 = 22. 

Transposing, 3x* = 27 

Or, a:* = 9 

Extracting the square root, a; = ^ Z, Ans, 

,2. Solve the equation 4a;* H = 105. 

5 

Clearing of fractions, 20a;* + a:* = 525 

Uniting, 21ar» = 526 

Or, ar* = 25 

Extracting the square root, a; = =t 5, Am, 

EXAMPLES. 

Solve the following equations : 

3. x» - 5 = 59. 5. h^-\-1=-Z^-\- 34. 

4. 22^* - 5 = x' + 4. 6. {x f 5) {x - 5) = 24, 
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Find the values of — 

2. V-4 -h V- 9. 6. v^"49m* - l/=^25in?. 

3. V~^4 V-WG: 7. 1/--300- l/=T08. 

4. >/ T2i - l/-"81. 8. v'-32a'+ al/-8. 

5. V- ~a? - 1/ -- 5^ 9. V- iSb'-cV-W: 

10. i/-(a + bf + i/^(ar=^)*. 

11. V^"m* + 2win — n^ + l/ - (m 4- n)'. 
206. To multiply imaginary quantitieB. 

PRINCIPLE. 

Ti^ product of two imnginary quantities is real, with the sign 
before the result the reverse of that obtained by the common rule 
for multiplication. 

Thus, l/^=^a^x V"^=~5^ = al/^=n x 61/^1 = abx-l=-ab 



- v^^^^~c^ X l/"^=n5^ = - av"- 1 X 6l/~=n «-a6x -l = a6. 

1. Multiply 2l/-"^~ by 3l/^=T. 

By Art. 190, 21/^=^ = 21/2 x l^^^Hl 

SV^TTg = 31/5 X V^=~\ 



61/e X - 1 «= - 6V^, ^rw. 
Multiply — 

2. 1/- 2 by V-l. 6. 21/^^ by 31/-12. 

3. 1/- 3 by -1/=T5: 7. 1 + V~-\ by 1 + 1/=^. 

4. - l/="l^ by - V-'2. 8. 1 - 1/^ 1 by 1 - V" - L 

5. -1/-5 by l/-"5. 9. 1 + l/=^l by 1 - l/^=^. 

10. Va + V^=^ by Va — V^^. 
n. a-h6V=n by a — bV^^l, 

12. l/=^2 by 1/^=^ X 1/=^- 

13. (l/a 4- 1/"=^ ) ( V-a + 1^6 ) by - V-a\ 
14.2 + S 1/- 3 by 3 - 2 V ~^. 
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Expand the following : 

15. (1 - 1/=^ )^ 19. (a - 1/=^ )». 

16. ( V/^3 - 1/=^ )\ 20. ( 1/^^ + by. 

17. (1/=^-!/=^)'. 21. (v^^-v^y. 

18. (1/=^+ 1/2)'. 22. (1/2+ l/=^)». 

207. To divide ima.erin€try quantities. 

PRINCIPLE. 

The quotient of two imaginary quantities is reedy with the sign 
before the result the same as that obtained by the common rule 
for division. 

Thus, = = !/«• 



-V^~a b ^ - Vab x V^H. 
1. Divide 10 1/=^ by 5 V^=^. 



-Va, 



l OK^^ = 101^6 X V^n: _ 21/3 
51/"=^ 61/2 X 1/^=1: 

2. Divide 2l/=l by 1 + l/=l. 

1 + v/^n 

nationalizing the denominator, 



21/- 1(1-1/^^) _ 21/^=^+2 _ 



(1 + 1/^:^) (1-1/^:^) 
Divide — 



2 



= 1 + V^:^. 



3. 3l/=T0 by 1/=^. 7. iy=^'8 by v^^="4. 

4. 8l/=T2 by 1/=^. 8. i^~48 by y =^. 
6. aV/=T? bj - 1/=^. 9. iby \ -V^-V, 

e. y'-^ by i^^=~2. 10. - 2 V^=^ \i^ \ - V 
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11. V15 by 1/=^. 13. a -f 6 by Va-V^T. 

12. ViS by V-'2, 14. 1 by l/=^ + v'^^. 



16. 24 + 51/^=^ by 2 + 3l/^. 
16. 9 + 1/15 by 1/=^ + 1/=^. 

PROPERTIES OP QUADRATIC SURDS. 

208. A Quadratic Surd is the indicated square root of an 
imperfect square, as l/a, V5, or Va-j-b, 

PRINCIPLE. 

A quadratic surd cannot equal the sum of a rational quantity 
and a quadratic surd. 

If possible, let Va = 6 + V^ 
Squaring, a = 6* + 26 V^ + 

Or, 26l/c =^a-b^- c 

That is, a surd ^is equal to a rational quantity, which is impossible. 
Hence Va cannot equal b + 1/c. 

209. 7f a 1 1/6 = c + 1/5, <Aen a - c and Vh = l/S. 

If a does not equal e, let a =^ c ^ Xy 

Substituting, c ^ x -\^Vh = c -\^ VB, 

Or, ± a; + 1/5 = 1/3, 

which is impossible by Art. 208, Prin. 

Hence, a = c, and Vh = 1/3. 



210. If yS-f l/y - l/a + 1/6, then Vx-Vy ^ Va-Vb. 



Squaring l/^ + Vy = l/a + 1/5, we have, 

X + 2Ka^ + 3/ = a +1/5, 
By Art. 209, a; + y = a, 

And, 2Vxy = 1/5 

Subtracting, x — 2Vxy + y = a — 1/5 



Extracting tlie square root, 1/^ — 1/y =V a — Vh, 
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SQUARE ROOT OP A BINOMIAL SURD. 

211. The preceding principles furnish an easy method of 
extracting the square root of binomial surds of the form 

a+Vb. 
1. Extract the square root of 7 + 41^3. 



Let l/o; + Vy = 1/7 + 41/3 


(1) 


Then, by Art. 210, V»-V^=V7- 4VE 


(2) 


Multiplying, x-y = V49 - 48 


(3) 


Or, x — y = l 


(4) 


Squaring (1), x + 2Vxy + y = 7 + AVS 


(5) 


By Art. 209, a; + y = 7 


(6) 


Adding (4) and (6), 22; = 8 




a; = 4 




Subtracting (4) from (6), 2y = 6 




y = 3 




Substituting in (1), V7 + 4V^ =2 + 1/3, Ana, 





212. Examples like the above may be solved by inspection, 
by expressing them in the form 

05-1-2 Vxy -\-y, 

in which the coefficient of the surd term is 2, and the rational 
term is separated into two parts whose product is equal to 
the quantity under the radical sign. Then extract the square 
root of these parts, and connect them by the sign of the surd. 

1. Extract the square root of 14 -I- 61^5. 



V'14 + 6I/5 = 1^14 + 21/15 

We separate 14 into two parts whose product is 45. These parts are 9 
and 5; hence. 



V^14 + 21/45 = 1/9 + 21/45 + 5 
= 3 + 1/5, Ana. 
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2. Extract the square root of 28 + 10l/3. 



V2S + 101/3 = l/28 + 21/75 

We separate 28 into two parts whose product is 75. These parts are 25 
and 3 ; hence, 



/28 + 21/75 = 1^25 + 21/75 + 3 
= 5 + 1/5, Aru. 

EXAMPLES. 

Extract the square root of— 

3. 11 441/7. 12. 16+ 1/252. 2L 19-6vlD. 

4. 10 4-41/6. 13. 28-41/48. 22. 4- l/^TT 

5. 14 4-41/ro. 14. 43-1/iBDO. 23. 1/18-4. 

6. 11-61/2. 15. 120 - 1/800D. 24. 31/6 4-2 i/I2. 

7. 29 4- 12 1/5. 16. 12 - 1/T08. 25. 4 1/6 4- 6l/2. 

8. 14 - Vl80. 17. 47 - 61/TD. 26. 3V5 4- 2l/ID. 

9. 5 + 1/24. 18. 28 - 1/3DD. 27. 8 1/3 - 2l/5. 
10.30-121/6. 19. 7-6l/^=X 28. 6i/"=T:. 

11. 1+41/^^. 20. 16 4-41/7. 29. -4l/=^. 

30. a''-2a:l/?^=r?; 32. 2m - 2 1/m* - x*. 

31. 6 + 2al/6^"S'. 83. 6-m-4l/2"=^. 

RADICAL EQUATIONS. 

213. Radical Equations are those which contain the un- 
known quantity in the form of a radical. 

A radical equation is solved by rationalizing the terms 
containing the unknown quantity, and then determining its 
value. 

1. Solve the equation Vx + 5 = 14. 

Transposing, Vlc = 9 
Squaring, x = 81, An*. 
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2. Solve the equation V2x + 5 + V2z - 3 = 4. 
Transposing, V^~-f6 = 4 - l/2a; - S 

Squaring, 2a; + 5 = 16 - SV2z ^ 3 + 2a; - 3 

Transposing and uniting, 8V2a; — 3 »= — 8 

Or, V2X-3 1 

Squaring, 2a; — 3 = 1 

2a; = 4 
a; =» 2, An8, 

« 1 .i_ .. V^2a; + 2+ l/2?^=^ ^ 

3. Solve the equation _ _ = 4. 

V2x + 2 - 1/2X-2 

nationalizing the denominator, we have 

4a; + 2V4X' - 4 _ ^ 
4 

Or, 4a; + 2V4x' - 4 = 16 

Transposing 4x, and dividing by 2, 

l/4a;^ - 4 = 8 - 2a; 

Squaring, 4a;2 - 4 = 64 - 32a; + 4a;» 

Collecting, 32a; = 68 

X = 2i, -4.1W. 

. EXAMPLES. 

Solve the following equations : 

4. VBx f 2 - 8. 13. 2i/i -f 3 = VWTTT. 

5. l/3x +T+ 1-5. I'*- y:?~ SiTW- a; - 1. 

6. l/2xTT- 5 = 1. 15. Vx~"-T-\- Vx'+ 9 = 13. 

7. 6 = V^4a; + 4. 16. Va; -11"+ l^a;T4 - 15. 



8. V2x +3"= l/2a; + 1. 17. l/^^20 = 10 - V^^c. 

9. l/4ic*"- 3 - 2a; - 3. 18. Vx-~S'= 6 - Vx +'4. 

10. l/g?~ "2D - 3a; - 2. 19. i/"a:* -f4 V^'4- IS - a; + 2. 

11. 5a; - 2 - l/55a?"- 36. 20. V^m^ ■±x+ Vm^'-'x = 2n. 



Sot _ x + a 1/4 



12. l/g + g^ — ' 21. 



X 



Vx-ha ^Yx ^ 
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22. l/i-FS-f Vx-^= V^xT'L 

Vx + 5 Vz — 7 

23. -— = -— • • 

l/i + 6 1/5-8 

^ 2 

24. X + l/2^^= 



25. 



l/2-rc 

\/x + 25 __ 1/5'+ 4 

l/x + 7 V^+ 1 * 

45 



26. l/2a;+ l/2i+9 = 



l/2xT9 

27. V^- l/i^=^= • 

Vx 

1 1 

28. . + 



VsT^l - 1 VsT^l + 1 Vx~=^ 

X — 4 ^_ 4V^ 

2+ VT 3 

n + a; n + a; ^ ,_ . 

30. ^ -+ ^ : - = 4l/^+.x. 

"Kn + a; + l/n Vn + x — Vn 

81. x-6 = 



(1 + VYTi y 
1/5-1 



32. l/2 - i/4"=? = 



Vx + a-\- Vx — a 

83. ——=^ =m. 

Vx-\-a— Vx-^a 

\ X - 2 Al X + 2 

x+l/?TT x-l/?TT ^^ 
85. =-+ — — 7 = 14. 

X - >/? + 1" X -f v'x'^n 



^•^i+,;2T7f 



+ 1^4+ v^=2. 

37. 1 + yT+T= v^2 + x+ vTTx. 



Vm. QUADRATIC EQUATIONS. 

214 A Quadratic Equation is an equation of the second 

degree. 

Thus, ai? = 6, and a7? \hx = c, 

215. There are two classes of quadratic equations, (1) Pure^ 
or Incomplete, quadratics and (2) Affected, or Complete, quad- 
ratics. 

216. A Pure Quadratic Equation is one which contains 
only the second power of the unknbwn quantity ; as, ax^ = 6. 

217. An Affected Quadratic Equation is one which con- 
tains both the second and first powers of the unknown 
quantity ; as, ox* + 6a? = c. 

PURE QUADRATIC EQUATIONS. 

218. The General Form of a pure quadratic equation is 

1. Solve the equation 3a;* — 5 = 22. 

Transposing, 3a;' = 27 

Or, a;»= 9 

Extracting the square root, x = ^ 3, Ans, 

,2. Solve the equation 4a;* H = 105. 

Clearing of fractions, 20a;' + a;* =- 625 

Uniting, 21a;» = 626 

Or, a;* = 25 

Extracting the square root, a; = =t 6, Ana, 

EXAMPLES. 

Solve the following equations : 

3. a:* -5 = 59. 5. b'^ \1=-Z^ \%}^. 
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7. 2a: -f 6x- ' - 4x - 12x- '. 13. (x + 2/ -{- (x - 2)' = 5&c. 

a;' -10 2x^-10 . . a; + 8 9 

8. — - — = • 14. 



8 4 a:-8 

^x',, 3x^-1 .R« + ^ . x-5 ^. 

9. — + 4 = — 16. + — -— = 6^. 

3 6 x — 5x-i5 

10. + = 4. 16. Vx^^= 



2 — x 2-\-x Yx—n 

^^ x^' + lSx 5(x + 2) ^ ^ 4 

11. — :; — = ^ -' 17. VxT^ = 



6 2 ... r-. . . ^^__g 

12, v^T 44 -- 4 i/?"=n[. 18. V2x'-d = l^FTTB. 

19. (a: + 5y + 4 = 10x + 38. 

20. (a; + 4y + (x-2y = 92 + 4a:. 

21. (x-2)(a: + 3) + (x + 4)(x-2) -274 + 3X. 

22. (x + 3/4-(x-5)(a:4-4)=61 + oa:. 

23. (x -f 6)' + 32 - (x - 8)' + x' + 2&c. 



24. X + l/a;* - V17 - 4x = 1. 



25. 1/x + 4 = Vx + Vs?^^, 



26. v/i + ^ = v'a^+^ 

3 3 8 

27 . + + - = 0. 

x + VT+x" x-VWTx" X 

4x 4x 72 

28. ,, , + ; : =— + 4. 

1 + X + l/rr? 1 + a; - VT+? X 



29. l/x+ 1/?^^-. Va + ~x, 

AFFECTED QUADRATICS. 

219. An Affected Quadratic Equation is solved by adding 
such a quantity to both members of the equation as will make 
^ the first member a perfect square. TYvv^ ^xoeee^a Ss. ^"aXkad 
^^"hmpleting the Square, 
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There are several methods of completing the square. The 
two in general use are as follows: 

FIRST METHOD OP COMPLETING THE SQUARE. 

220. Every affected quadratic equation can be reduced to 
the form 

1. Solve the equation o^ -\-^x= 16. 

Since the square of a binomi<d is equal to the square of the first tefimfiy plus 
twice the product of the first term into the second, plus the square of the second, 
(Art. 86, Prin. 1), if we regard a:* + 6a: as the first two terms of the 
square of a binomial, the first term of the binomial will be the square root 
of x^, or X ; and ^x will be twice the first term into the second ; hence, the 
second term is %x divided by 2x or 3. Adding 3^ or 9 to the first member, 
to complete the square, and to the second member to preserve the equality, 
we have 

a;* + 6a; + 9 = 26 (1) 

Extracting the square root of both members, 

a; + 3 = ± 5 (2) 

Transposing, a;= — 3=t5 = 2or — 8, i4n«. 

Therefore, to solve an affected quadratic, we have the fol- 
lowing 

RULE. 

Reduce the equation to the form t? + ^px> = q. 
Add to both members the square of half the coefficient of x. 
Extract the square root of both member's, and solve the resulting 
simple equation. 

2. Solve the equation x^ + 10a: = 24. 

Completing the square by adding 5^, 

ar^ + 10a: + 25 = 49 
Extracting the square root, a: + 5 = ±7 

a; - - 5 :i= 7 = ^, ot - \*l> Atv*. 
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3. Solve the equation i^ — %a — 6)r = 4ai. 

Completiiig the square bj adding a — b^^ to both memben^ 

x= - 2 a - 6 x + ta - 6*' = a' -r 3a6 + 6« 

£xtnu:tiiig the sqomre root, 

X -r (a — 6; = =t (a -t- 6) 

X = - ^a - 6) ± (a + 6) = 26, or -2a, -4w. 



Solve the following equations : 

4. ar-i-ar = 16. 13. a^ + 22a:=-21. 

5. x'-Sx^a 14. x't-24x = -25. 

6. x»-f lOr^ll. 15. a;» + 28x = — 52. 

7. j:* -h 12x= 13. 16. x» - lOr = - 9. 

8. x»-14x = 51. 17. x»-4ar = -175. 

9. x'-16x = 17. 18. x»-60x = -500. 

10. a:* - 18a; = 19. 19. x» - 14a; = - 24. 

11. a;'~20x = 300. 20. x* + 100x = 204. 

12. a;' + 30x=-29. 21. x* - I2O2; = 1584. 

PraST METHOD OP WRITING THE RESULT BY 

PORMUIiA. 

221. In the equation a^ + 2pa5 = g, to which form every 
affected quadratic can be reduced (Art. 220), 

the Hquare is completed by adding J9^ to both members, 

7? + 2pa; + p' = g + p* 
Kxtra(;ting the square root, a; + jo = ± Vq +p' 

05 = - 1) ± Vq + p* (1) 

Using this result as a formvla^ the roots of an affected quadratic can be 
written without completing the square. Thus, 

1. Solve the equation, ^ -f 10a; = 56. 

In this case, p — 5, and 7 = 56 ; substituting these values in (1), 

X = - 6 i 1/56 \ ^5 = 4, or - \\, Aua. 
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2. Solve the equation ^ — 8a; = 20. 

In this case, p = 4, and g = 20 ; therefore, 

a; = 4 =t 1/20 + 16 = 10 or - 2, Am, 

3. Solve the equation re* — 2ax = 6. 

In this case, p = ay and q = b; therefore, 

z = a =^ Vb + a*, -irw. 

EXAMPLES. 

Write the roots to the following equations : 

4. 7? -Ax = 21. 13. X ->- ' ~ 2n =0. 

5. x' + 12a: = - 11. 14. Sx* + 40a; - 45 = 0. 

6. a;' - 14a; = - 13. 15. 7a;'-28a; = 7. 

7. a;*-h4a;=l. 16. aa;' + 4a''a; + a6 - 5a' = 0. 

8. a? — 2px = - q, 17. (x + 3)' + 2aa; = 6. 

9. x'-\-2nx = ni' — n\ 18. x" -^ 2{a - b)x = Aah, 

10. a;' + 2aa; + a' = 0. 19. a;' + 2(n + l)a; = - 4n. 

11. a;* -j- 2aa; = 6* + a'. 20. a;' + 2(m — n)a; = 4mn + 4w. 

12. X - 40a;-^ = - 6. 21. x^ - 2(a + b)x = Zd? -b^- 2ab. 

SECOND METHOD OP COMPLETING- THE SQUARE. 

222. If a quadratic of the form 

ax^ -\-bx = c 

be solved by the preceding method, it will involve fractions, 
which will make the process long and difficult. The follow- 
ing method is used to avoid fractions : 

1. Solve the equation a7? -}-bx = c. 

To complete the square without using fractions, the ^rat leTvtv tw\%\. Vsfc "^ 
perfect square^ and the second term must be dWisiVAeVi^ *i. ^^ «jcsisi\si^\^ 
this we multiply both members by 4a, wbieb gi^ea 



224 ALGEBRA. 

4a*;r* + iabx - Aac (1) 

Completing the square by Art. 220, 

4a»r' + 4abx + 6« = 4ftc + 6« (2) 

Extracting the square root, 2ax + 6 = i V'4ac + 6' (3) 

Transposing,. 2aa; = — 6 =t l/4ac + 6* 

And, ^^-6=^1/^1^^^^ 

2a ' 

Therefore, to solve an affected quadratic equation without 
using fractions, 

RULE. 

Reduce the equation to Uie form aa? -\-bx = e. 

Multiply the equation by 4 times the coefficient of ac^^ and add 
the square of the coefficient of ac to both members. 

Extract the square root, and find the value of oc in the resulting 
equation. 

2. Solve the equation 2a:' + 3a: = 5. 

Multiplying both members by 4 times 2, or 8, 

16a;2 + 24a; = 40, 
Adding to each member the square of 3, 

16a;« + 24a; + 9 = 49, 
Extracting the square root, 4a; + 3 = ± 7, 

Transposing, 4a; = — 3 =t 7 = 4, or — 10 

a; = 1, or — 2J, Ans, 

EXAMPLES. 

Solve the following equations by completing the square : 

3. 23:* - 3a: - 2. 10. 2a:' + 7a; = 22. 

4. Sa;* - 2a; = 21. 11. x'-Yx = 20. 

5. 4a;> + a; = 18. 12. a;' + 9a: = - 20. 

6. 2ar'-7a:=-6. 13. ea:* + 30a: = - 36. 

7. Sa;* - 3a: = 68. 14. 3a;' + 18a; = - 15. 

8. 3a;' - 20a; = - 25. 15. ^^ -Zx = 45. 

9. 43^-x = 150. 16. ^-V%x=^^. 
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17. 2a;' + 7a; = 9. 22. jt - (a -^b)x= - ah. 

18. aar' -h ir ; = m. 23. 2a;* + 3a; = 13. 
\^.%m3i?-\-mx = 'p. 24. 5a;' + 7a: = 9. 

20. a;' + (n + l)a; = m. 26. 3a;* + 2a; = 15. 

21. (a;-a)* + 6 = a*. 26. 2a;* + 5a; = 11. 

SECOND METHOD OP WRITINa THE RESULT BY 

FORMULA. 

223. It was shown in Art. 222 that if oa;* + 6a; = c, then 

— b± V4ac + 6* ... 

" = 2^ -• W 

Using this result as a formula^ the roots of a quadratic of 
the form a^ -{-bx — c can be written without completing the 
square. Thus, 

1. Solve the equation 2a;* — 3a; = 2. 

In this case, a = 2, 6 = — 3, and c = 2 ; substituting these values in (1), 

4 

2. Solve the equation Sa;* + a; = 18. 

In this ease, a = 5, 6 =» 1, and c = 18 ; thereforei 

EXAMPLES. 

Write the roots to the following equations : 

8. 2a;* - 6a; = 20. 9. 2a;* - 7a; = 4. 

4. 3a;* - 10a; = - 3. 10. ma;* + na; -- p. 

5. 5af - 6a; = 8. 11. a;* - 3(a -\- b)x = - 9aft. 

6. a;* + 3a; == 4. 12. (a; -f 3)* + 10(a; - 1)* = 35. 

7. ar» + 3.T = 5. 13. a:* - (2x - ^Y - -*I\. 
8.x'-3a: = 5. \\. {x \ K\f - (^x - a^ -->>• 

15 
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15. (a + b)3^ + 3(a + h)x = d? — b\ 

16. x^ — (wi — n + p)x = (n~ m)p, 

17. (x + 4)(a:~4)-(8a:-3) = -25. • 

18. - + - = 6. 24. 5a;- — = 4c + 2. 

a; 5 a; 

19. 1 — - — = 4. 25. H — = 8^. 

X 2x X — 7 4 

20. a; + — = a. 26. ' 



ca; x — 1 x — 2 a; — 3 

2 3 4 a; x + a 

x+l a;-f-2 x + 3 x — a x 

oo ^ a; _ 3 2a; + a , x^ — a^_ ba 

al. — — — • I/b» — 1 • — ' 

x — \ x — 2 X — 3 3 X X 

23.- + ^^ = 21. 29. l/x + -^ = 2i. 

8 — X X— 5 Vx 



MISCELLANEOUS EXAMPLES. 

224. The results to the following examples may be written 
by either of the preceding methods. The student should 
select the method best adapted to each equation. 

1. 4x=^-3x-:x' + 60. 6. (x + ay-(x-a)» = 3a'. 

2. -x' + x = -30. 7. (x + 3y-(x-3)»-504. 

3. x-15x-' = -2. 8. X*— (x-ha)' = 6. 

4. x''-4x-21=:0. 9. 5x + 2 = 3x'. 

5. ox' - Q^x = 1. 10. l/2x -h 15 -h t/x^=T= 6. 

11. (n' + l)x = nx^ + n. 

12. (ox - 1)' -h (x + aj = (a* - l)x. 

x' 

13. Vx + 1= • 

1/x-l 



QUADRATIC EQUATIONS. 227 

14. V2x + 13 -f- V'6x-2 = 9. 
ar*-l n-fl 



15. 



x' + l n-1 



16. --^- + ^-^ = 3i. 
4 —X X 

^^ « — 4 X 4 
17. = • 

X a; -|- 4 15 

18. x" + 2px = q, 24. a;" + ax = 6. 

19. a:* — 2px = ^. 26. a;^ — na; — ma; = mn. 

20. ar* + 2]5x = -g.. 26. x^ — 2px = q'-p\ 

21. a:'' - 2]9a: = - g. 27. a;* + 2?na; = m^ 

22. (x-2)(a;-3) = 30. 28. 5a;-* -2a: = -9. 

23. (a;-2y-(a;-3)'-19. 29. 2a;-4 = 70a;-\ 



5— a; 4 — X 3— a; 

9+a; 9-x ^^ 

a; — 2 z — 4 19 ./x — 2\ x + 2 13 

32. ^^^ ■ + - = — • 34. 4' ■'I . ••'T-i xo 



U + 2/ a; 



a; + 3 a; + 5 40 \« + 2/ a;-2 3 

33.? + 5 = ? + Z + l 3^_x + l a^ 



4a;6a;a? a; — 1 9 

36. VSx + 4 + V2xTT= V\2x + 1. 

37. a:* — 2(m — n + p)a; = 4(n — m)^. 

3 

38. a; + VlT^ = 



39. Vx^ - 2a; -[- 1 = 2(a; - 4). 

40. (m + n) V — (m^ — n^)a; = mn. 

41. (x - 1) (a; - 2) (a; - 3) = a;' - 58. 
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EQUATIONS IN QUADRATIC FORM. 

225. An equation is in the Quadratic Ponn when it con- 
tains only two powers of an unknown quantity, and the 
exponent of one power is twice that of the other ; as, 

a;* + 2a:2 _ 5^ 

a; + a&i = 4. 

(X - 3)» + (X - 3)* = 5. 

CASE I. 

226. When the unknown term of the quadratic is a 
monomial. 

1. Solve the equation a;* + 6x* = 40. ' 

Writing the result by Art. 221, 

a;'' = - 3 ± Vrnr^ = 4, or - 10, 
And a: = ± 2, or ± l/^^TU, Ans. 

2. Solve the equation a;"^ -f- a;* = 6. 
Writing the result by Art. 223, 

And a: = 8, or — 27, Ans, 

3. Solve the equation ax^'' -\-b7f = c. 
Writing the result by Art. 223, 

b ± Viae + 5* 



X 



n _ 



2a 

And ^ / -6^1^4-^[ ci:5l\^ 

\ 2a / 



EXAMPLES. 

Solve the following equations : 

4. a:*-8af^ = 9. 6. 3v^ + 2l?? = 2. 
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8. 


a;«_7ar» = 8. 




14. 


ax* — bx^ — c. 


9. 


x-\-Vi-=20. 




16. 


mx^ — y/tx* = n. 


10. 


2x* - 3x« = 20. 




16. 


a^-9a;* = 112. 


11. 


2x^ + 5x^ = 24. 




17. 


x"' 31x* - 32. 


12. 


3a,l + 2a:* = 14. 




18. 


2x' + 3x-'^-18^ 


13. 


2ar» + 5x* = 3. 




19. 


x^ -h i^x^ = 12. 




,o3V^ + 7 


Vi 


+ 5 





Vx + S Vx 

2v^-2 



21. x-\ = 



22. X -4 = 



xi 
8x-^6Vx 

X 



x-V^T^ , 
23. = (x- 4)*. 

x + V'a;' — 4 

a: a? 10 

Vx-^Vx^5 Vx-Vx — b Vx 
26. l/3x -f 1 -h 1/2^- r= l/9¥T^ 

CASE II. 

227. When the unknown term of the quadratic is a 
polynomial. 

In this case the polynomial may be regarded as a single 
quantity, and solved with reference to that quantity. 

i. Solve the equation {x - 2)' + 6(a; - 2) = 7. 

Writing the result by Art. 221, 

x-2 = -Z ±l/7T9 = l,ox -T, 
-^^4 a: = 3, or - 5, A'm, 
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EQUATIONS IN QUADRATIC FORM. 

225. An equation is in the Quadratic Form when it con- 
tains only two powers of an unknown quantity, and the 
exponent of one power is twice that of the other ; as, 

a; + a&i = 4. 

{X - 3)» + (x - 3)* = 5. 

CASE I. 

226. When the unknown term of the quadratic is a 
monomial. 

1. Solve the equation a;* + 6a;^ — 40. ' 

Writing the result by Art. 221, 

a:2 = - 3 ± i/|D"+^ = 4, or - 10, 
And a; = =t 2, or ± 1/^=^~1U, Ans, 

2. Solve the equation x* -f- x* = 6. 
Writing the result by Art. 223, 

And a: = 8, or - 27, Ans, 

3. Solve the equation ax^" + 6a^ = c. 
Writing the result by Art. 223, 

- b ± VAac + 5* 



a;' 



2a 



And :, JilA±}^^cT:^Y 

\ 2a / 



EXAMPLES. 

Solve the following equations : 

4. x'-Sx' = 9. 6. 3v^ + 2l?? = 2. 
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n 

8. a;" - 7ar* = 8. 14. ax* - 6a:' = c. 

9. a: + l/i = 20. 16. 7nx^ — mx^ = rf. 

10. 2a;* - 3x» = 20. 16. a:* - 9x* = 1 12. 

11. 2a:i + bx^ = 24. 17. a;»» - 31ar^ - 32. 

12. 3xi + 2a;^ = 14. 18. 2a:» + 3x-' = 18f 

13. 2ar» + bx^ = 3. 19. a;^ -h y^? = 12. 

__ 3VX + 7 Vx^-b 
V^ + 3 1/i 

2v^-2 



21. a? - 1 = 



22. a; -4 = 



3x + 6v^ 

X 



a;-l/?^=^ , 

23. = (x- 4)*. 

aj + l/a;" — 4 

X a; 10 

l/i + l/x — 6" l/i - l/x^^T Vx 
26. l/3x + 1 + l/Zt^- i = l/9"xT4: 

CASE II. 

227. When the unknown term of the quadratic is a 
polynomial. 

In this case the polynomial may be regarded as a single 
quantity, and solved with reference to that quantity. 

1. Solve the equation {x - 2)' + 6(a; - 2) = 7. 

Writing the result by Art. 221, 

2r - 2 = - 3 ± VT^ 9 = 1, or -T, 
-^^4 a: = 3, or - 5, Am, 
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3. Solve the equation o^ + 2(a — 6)a; = 4a6. 

Completing the square by adding (a — 6)^ to both members, 

a:^ + 2(a - h)x ■¥ (a - hf = a" + 2ah -\- b^ 

Extracting the square root, 

a; + (a - 6) = ± (a + 6) 

a; = - (a - 6) ± (a + 6) = 26, or —2a, .Aw. 

EXAMPLES. 

Solve the following equations : 

4. x^ + ^x = 16. 13. cc* + 22a: = - 21. 

5. x^ + 8a; = 9. 14. a;' + 24a; = - 25. 

6. a;' -h 10a; = 11. 15. a:* + 28x = -52. 

7. a:^ + 12x=13. 16. a:'-10a; = -9. 

S. a?- Ux = 51. 17. x^ -40x = - 175. 

9. a;'-16a; = 17. 18. «* - 60a; = - 500. 

10. x' - 18a; = 19. 19. a;* - 14a; = - 24. 

11. x^ - 20x = 300. 20. a:* + 100a; = 204. 

12. a;* + 30a; = - 29. 21. a;* - 120a; = 1584. 

FIRST METHOD OP T^RITING- THE RESULT BY 

FORMULA. 

221. In the equation x^ + 2/w5 = g, to which form every 
affected quadratic can be reduced (Art. 220), 

the square is completed by adding jo* to both members, 

x^ + 2px + p^ = q + jy^ 
Extracting the square root, a; + jo = =t l^q + p' 

x= -p ^Vq+p' (1) 

Using this result as a formvla, the roots of an affected quadratic can be 
written without completing the square. Thus, 

1. Solve the equation, a;* -f 10a; = 56. 

In this case, p = 5, and 7 = 56 ; substituting these values in (1), 

a; = - 5 i V56 -V 1h = 4, or - \4, A-wa. 
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2. Solve the equation ^ — 8x = 20. 

In this case, p = 4, and g = 20 ; therefore, 

a: = 4 ± 1/20 + 16 = 10 or - 2, Am. 

3. Solve the equation »* — 2ax = 6. 

In this case, Jt> = a, and Q' = 6 ; therefore, 

a; = a =>= 1/6 + a'*, -4n«. 

EXAMPLES. 

Write the roots to the following equations : 

4. ic' -4x = 21. 13. a;-/a;-*-2n=0. 
6. a:' + 12x = -ll. 14. Sx* + 40a; - 45 = 0. 

6. a;' - 14a; = - 13. 15. 7a:'-28a; = 7. 

7. a;'' + 4a;=l. 16. aa:' + 4a'a; + a6 - 5a' = 0. 

8. :^ -2px = - q. 17. (a? + 3)'' + 2aa: = 6. 

9. x^ + 2na; = m' - nl 18. ar* + 2(a - 6)a; = 4a6. 

10. a:' + 2aa; + a' = 0. 19. a:' + 2(n + l)a? = - 4n. 

11. a;' + 2ax = 6* + a'. 20. x^ + 2(m — n)x = Amn + 4n. 

12. X - 40a;-^ = - 6. 21. ar' - 2(a + 6)a; = 3a' - // - 2a6. 

SECOND METHOD OP COMPLETING- THE SQUARE. 

222. If a quadratic of the form 

ax^ -\-bx = c 

be solved by the preceding method, it will involve fractions, 
which will make the process long and difficult. The follow- 
ing method is used to avoid fractions : 

1. Solve the equation aar* + 6a; =^ c. 

To complete the square without using fractions, the first teruv Twa&\. Vsfc "^ 
perfect sqimrBf and the second term must be dvv \s\\Ae Xi'j ^. ^^ ^^iSiovcL^v^ 
this we multiply both members by 4a, whieh givea 



ifi; :^l-.22:i.r. 









T;,.*T*d'j5*- V/ ♦o-jT-r tz: iffea?ii c"iirrLSi- tsi^iitikc: whL-r'T:: 

RULE. 

J/'//i?</>fy t-^-f-^ ^{'AfjiMfjh by 4 tlv^^ Vii ^;#(7vifft; c/ jr*. flj*d add 
tMr^ui 0^, i^pmr^ r^M. arui Jifid tM raL*^ if x ts ihe retidtiug 

MnHiplylnf; U4fa mttahtn bf 4 umcs 2^ or S^ 

16ur* ^ 24r = 40^ 
A'Mtntf *o *r»t:h ut^mhtr the tquaR; of 3, 

lOr* -^ 24z - 9 = 49, 
KxirwiiUtt; th«««|uiu« mc4y 4z - 3 » :t 7, 

'trumptmuif, 4ac =» — 3 ^ 7 = 4, or — 10 

X = 1, or - 2J, ^M. 

EXAMPLES. 

Kolvo the following ef|uations by completing the square: 

'4. 2x» - ;k 2. 10. 2x' + 7:c = 22. 

4, »«» 2;c- 21 11. aj* + X = 20. 

A. 4u^ \ X 18. 12. ic' + 9a;=-20. 

0.23:" 7x -6. 18. 6a? + 3ftc = - 36. 

7. A^ Ih 68. 14. 3a? + 18a: = - 15. 

H. .V 2()a? 25. 15. 6a? - 3a: = 45. 
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17. 2a:* -f 7a; = 9. 22. x- - (a -f 6)a: = - ab. 

18. ax" -h dij = m. 23. 2a;* + 3a: = 13. 
I9.%7ru^ -{- mx = p, 24. 5a;* + 7a: = 9. 

20. a;* + (w + l)a; = m. 26. 3a;* + 2a: = 15. 

21. (a:-a)* + 6 = a*. 26. 2a:* + 5a: = 11. 

SECOND METHOD OP WRITINQ THE RESULT BY 

FORMULA. 

223. It was shown in Art. 222 that if aa;* + 6a; = c, then 

— 6zb V^ac 4- 6* ... 

a, = ^- (1) 

Using this result as a formula, the roots of a quadratic of 
the form aa? -{-bx = c can be written without completing the 
square. Thus, 

1. Solve the equation 2a:^ — 3a: = 2. 

In this case, a = 2, 6 = — 3, and c = 2 ; substituting these values in (1), 

X = = 2, or — J, Am, 

4 

2. Solve the equation 5a;* + a: = 18. 

In this case, a = 5, 6 = 1, and c = 18 ; therefore, 

a: =- j^ = If, or -2, ^n«. 

EXAMPLES. 

Write the roots to the following equations : 

3. 2a:*-6a; = 20. 9. 2a:*-7a: = 4. 

4. 3a:* - 10a; = - 3. 10. ma:* + na; = p. 

5. 53^^-63: = 8. 11. a:' - 3(a + 6)a: = - 9aft. 

6. a;' + 3a: = 4. 12. {x -h 3}* + 10(a: - 1)* = 35. 

7. ^ -f- 3.i: = 5. 13. a;* - (2a: - 3)* - - 24. 

8. x'-Sx = 5. 14. (x -V 1x7 - ^* - ^^' ""^' 

15 
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15. (a + b)x^ + 3(a + b)z = a?- h\ 

16. 7? -~(m~n-{- p)x = (n — m)p, 

17. (x + 4)(a;-4)-(8a;-3) = -25. • 

5 X 24 

18. - + ~ = 6. 24. 5a;- — = 4c + 2. 
a; 5 a; 

19. ^^^ + ^±^ = 4. 25.-^ + ^+I = 8J. 

a; 2x x — 7 4 

20. X H = a. 26. 



ex x — 1 x — 2 « — 3 

2 3 4 a;x + a, 

21. - + — ^1- = -^-. 27. :iLl_^.= 6. 

a;+l x-\-2 a; + 3 a; — a a; 

oo ^ a; _ 3 __ 2a; + a , a^ — a^ da 

a; — 1 x — 2 a; — 3 3 x x 

23. + -^ = 21. 29. Vi+-^ = ^' 

o — x. x—0 Vx 



MISCELLANEOUS EXAMPLES. 

224. The results to the following examples may be written 
by either of the preceding methods. The student should 
select the method best adapted to each equation. 

1. 43:^ - 3a; -X* + 60. 6. {x + a)* - (x - of = 3a'. 

2. -x* + x = -30. 7. (x + 3)» - (x - 3)» - 504. 

3. x-15x-» = -2. 8. 7?-(x-\-ay=--b. 

4. x'-4x-21=0. 9. 5x + 2 = 3x'. 



6. ox* - a*x = 1. 10. V2x + 15 + i/x^=T= 6. 

11. (n* + l)x = nx* + n. 

12. (ox - 1)' + (x + ay = (a* - l)x. 

13. l/i+l = -^ 



Vx^l 
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14. V2x + 13 + VSx - 2 - 9. 






a^' + l 


n + 1 
n-1 






16. -7^— 4 

4:—X 


X 






X — 4 
17. 

X 


X 4 






x + 4 15 




18. 


x^ + 2px = q. 


24. o^^ + ax 6. 




19. 


^ — 2px = q. 


26. x^ — nx — mx — mn. 




20. 


a^-\-2px— q,. 


26. x^-2px-q'-p\ 




21. 


x^ — 2px = — q. 


27. ar* + 27)ia; — m^ 




22. 


(x-2)(a;-3)-30. 


28. 5x-*-2a;--9. 




23. 

1 


(x 2y (x Sf-- 


19. 29. 2a;-4-70a;-\ 






4 

30. + 

o—x 


3 2 

4-x 3-x 






9 X 
31. ^— ^ - 
9+a; 


9 x~ ^• 




32. 


x-2 x-4 19 
a; + 3 X + 5 40 


. 34.4/^ 2\ .4-2 
\a; + 2/ a;-2 


.13 
3 


33. 


X 5 X 7,5 
"T — H~ H~ • 

4 X & X X 


jc-l 9 





36. VSx 4- 4 + l/2a; 4- 1 = vT^^T"!. 

37. x* — 2(m — w 4- p)^ = 4(n — m)2). 

, , 3 

38. a; 4- VTT^ = 



l/TT? 



39. Vx' - 2a: 4- 1 = 2{x - 4). 

40. (m + n) V — (m^ — n^)a; = mn. 

41. (x - 1) (x - 2) (^x -Z)^':^ -h%. 
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EQUATIONS IN QUADRATIC FORM. 

225. An equation is in the Quadratic Form when it con- 
tains only two powers of an unknown quantity, and the 
exponent of one power is twice that of the other ; as, 

a:* + 2a;2 = 5. 
a; + ac.^ = 4. 

{x - 3)» + (a; - 3)* = 6. 

CASE I. 

226. When the unknown term of the quadratic is a 
monomial. 

1. Solve the equation x* -j- 6x^ — 40. ' 

Writing the result by Art. 221, 

a;« = - 3 i 1/40T 9 = 4, or - 10, 
And a: = ± 2, or ± l/^=nU, Ans. 

2. Solve the equation x* + x* = 6. 
Writing the result by Art. 223, 

And a: = 8, or — 27, Ans, 

3. Solve the equation dx^'' + 6af* = c. 

Writing the result by Art. 223, 

^ = -f>^ Viae + 6* 
2a ' 

And ^J-b^V4^cT^Y 

EXAMPLES. 

Solve the following equations : 

4. x*-Sx' = 9. 6. 3v^ + 2l?? = 2. 
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n 

8. x* - 7ar* = 8. 14. aoS" - hx" = c. 

9. a; + Vx = 20. 15. ma;* — mx* = n*. 

10. 2a;* - Sx' = 20. 16. x* - 9x* = 112. 

11. 2x* + 5a;* = 24. 17. x^"" - ZW = 32. 

12. 3xi + 2a;* = 14. 18. 2x' + Sx"* = 18^. 

13. 2ar^ + 5x* = 3. 19. x^ + ^x^ ■= 12. 

^ 3l/x4-7 l/x + 5 

20. = — . 

Vx + 3 Vx 

2Vx-2 



21. X - 1 = 



22. x-4 = 



3x + 6Vx 

- - ■■ -■ — -— — a 

X 



x-1/?^^ , 

23. = (x-4)'. 

x + l^x^^^ 

X X 10 

24. _| =r • 

Vx-\-Vx — 5 Vx-Vx — b Vx 

26. vWHrr+ vw-\ = v/9x"-f4; 

CASE II. 

227. When the unknown term of the quadratic is a 
polynomial. 

In this case the polynomial may be regarded as a single 
quantity, and solved with reference to that quantity. 

1. Solve the equation (x - 2)' + 6(x - 2) = 7. 

Writing the result by Art. 221, 

X - 2 = - 3 ± VT"4 9 = 1, ot -T, 
^od, ar =- 3, or - 5, An*. 
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2. Solve. the equation (ar^ - Sx)' - 4(ix' - Sx) = 60. 

Writing the result by Art. 221, 

ar« - 3a: = 2 ± VMT^ = 10, or -6. 
Taking a;* — 3a: = 10, and writing the result, 

X — • = 5, or — 2, Ans, 

2 ' ' 

And taking a:* — 3a: = — 6, and writing the result, 



^^ 3=fcV-24+ _9 ^ 3iK::J5^ ^^_ 



EXAMPLES. 

Solve the following equations : 

3. (a:* + 4)» - 4(a;^ + 4) = 32. 

4. (a:^ - 16/ - 10(a:^ - 16) = 200. 

5. (x' ~ 3a:)*-8(a;^ - 3a:) = 20. 

6. {2x' - Sxf - 3(2a:^ - 3a;) = - 2. 

7. (ar' - 6x)* + 5ix' - 6x)^ = 14. 

».(5 + .)'-(5+J.so. 

9. j3+I+^ + «-6. 

^ a; \ a; 

10. 2(3a,-* - 2a: - 60)'- 4(3a:' - 2a; - 60) = 30. 

11. (a:' - 7)' + 6ar' = 58. 

12. («» + 5)' - 7a:' = 133. 

13. 2(a:' + a; - 6)' - 33;" - 3x = 390. 

14. a:' + 5a: - Vx" + 5x + 14 = 42. 



16. 2x' + 7a; + l/2? + 3a: + 9 - 33 + 4a:. 

16. 5(a;' + 3a:) - 3 VV + 3x - 1 = 41. 

17. a;* + 10af» -f 22x' - 15a; - 504 = 0. 

Suggestion. — x* + lOa;* + 25x* - Zj? - 15x = 504. 

Or (x* -V hxf - ^^x^ ^ ^x>) = t>^. 
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18. 8x*-24e' + 12j:» + 9x-135 = 0. 

20. V{x - 2/ + V(x - 2)' = 12 V(z - 2). 

21. 3x*-l&c» + 23a^ + 12a;-32 = 0. 

22. (a;' + 4a;-7)'-3x*-12x = 529. 

23. (a;'+x + 2)(x + l)=2. 

24. 7? + — = m-\-—' 



PROBLEMS PRODUCING- APPBOTBD QUADRATICS. 

228. — 1. The sum of two numbers is 14, and their product 
is 40 ; what are the numbers ? 

Let X = one number. 

Then, 14 — a: = the other number, 

By the condition, a:(14 — a;) = 40. 

Expanding, 14a; — a;* = 40 

And oc^ — 14a; = - 40. 

Writing the result, a; = 7 i 1/49 - 40 = 10, or 4, Ans. 

And 14 — a; = 4, or 10, Am. 

2. Find two numbers whose sum is 24, and whose product 
is 140. 

3. Find two numbers whose difference is 2, and whose 
product is 24. 

4. Divide 32 into two such parts that their product will be 
240. 

5. Find a number which, being increased by six times its 
square root, equals 27. 

6. The sum of two numbers is 10, and the sum of their 
squares is 160; find the numbers. 

7. The difference of two numbers is 0, and the sum of their 
squares is 90; find the numbers. 
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4a^x^ + 4abx - 4ac (1) 

Completing the square by Art. 220, 

Aa^x^ + 4abx + 6» = 4ac + b^ (2) 

Extracting the square root, 2ax + 6 = i l/4ac + 6' (3) 

Transposing,. 2aa; = — 6 ± l/4ac + 6* 

And, a:=-^=^^^^^,^na. 

Therefore, to solve an affected quadratic equation without 
using fractions, 

RULE. 

Reduce the equation to ilie form aoi? + 6a5 = c. 

Multiply the equation by 4 tinus the coefficient of a^, and add 
the square of the coeffi^dent of oc to both members. 

Extract the square root, and find the value of oc in the resulting 
equation, 

2. Solve the equation 2a;* + 3x = 5. 

Multiplying both members by 4 times 2, or 8, 

16a:* + 24a; = 40, 
Adding to each member the square of 3, 

16a;« + 24a; + 9 = 49, 
Extracting the square root, 4a; + 3 = =t 7, 

Transposing, 4a; = — 3 ± 7 = 4, or — 10 

a; = 1, or — 2J, Aiis, 

EXAMPLES. 

Solve the following equations by completing the square : 

3. ^^-Zx^ 2. 10. 2a:' + 7a; = 22. 

4. 3a;» - 2a; = 21. 11. a;* + x = 20. 

6. 4a;' + « = 18. 12. a;* + 9a;= -20. 

6. 2a:'-7x = ~6. 13. Ba;* + SQx = - 36. 

7. 5a;* - 3a; = 68. 14. 3a;' + 18a; = - 15. 

8. 33;* - 20a; = - 25. 15. 6ar'-3a; = 45. 
9. 4x'-x = 150. 16. ^-V^=^. 
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17. 2a:' + 7a; = 9. 22. x' - (a -^b)x= - ah, 

18. aa:' + ii; = m. 23. 2a;* + 3x = 13. 
\^.%mi^ -{-mx = 'p, 24. 5a;* + 7a; = 9. 

20. a;* + (n + l)a; = m. 26. 3a;* + 2a; = 15. 

21. {x-ay-\-h = a\ 26. 2a;» + 5a; = ll. 

SECOND METHOD OP WRITING- THE RESULT BY 

FORMULA. 

223. It was shown in Art. 222 that if aa;* + 6x = c, then 

— 6 it VAac + 6* ,.. 

a, = ^- (1) 

Using this result as a formula^ the roots of a quadratic of 
the form a7? -\-hx = c can be written without completing the 
square. Thus, 

1. Solve the equation 2x^ — 3a; = 2. 

In this case, a = 2, 6 = — 3, and c = 2 ; substituting these values in (1), 

^ ^ 3±J^T01 = 2, OP - 1, 4«.. 
4 

2. Solve the equation 5a;* + a; = 18. 

In this case, a = 5, 6 = 1, and c = 18 ; therefore, 

^ - 1 =fc T /360 + 1 14 „ . 

a; ^— — = If, or -2, ^n«. 

EXAMPLES. 

Write the roots to the following equations : 

3. 2a;* - 6a; = 20. 9. 2a;» - 7a; = 4. 

4. 3a;* - 10a; = - 3. 10. m3i?-^nx = 'p. 

5. Saf* - 6a; = 8. 11. a;* - 3(a + 6)a; -= - %ah, 

6. a;* + 3a; ^ 4. 12. (a; -h 3/ + 10(a; - 1)* = 35. 

7. a:* + 3.r = 5. 13. ^ - (2x - 3)* -= - 24. 

8. x'~3a: = 5. 14. Qx ^ ix? - ^x - a^^ -->>« 

13 
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15. (a + b)x^ + 3(a + b)z - a' - b\ 

16. x^ — (m — n-\- p)x = (n — m)p. 

17. (x + 4)(a;~4)-(8a:-3) = -25. • 

18. - + ^ = 6. 24. 5a;- — = 4c + 2. 

a; 5 a; 

a: 2a; « — 7 4 

n^ . ^ o. 1 2 5 

20. X H = a. 26. 



ca; x — 1 a; — 2 « — 3 

21. -H - = -• 27. = b, 

x-{-l x-\-2 x-{-o x — a X 

oo ^ ^ ^ oo 2a; + a , x^ — a^ 5a 

ZZ, — — = — • zo. — 1 • = 

a; — 1 x — 2 x — S 3 x x 

r %r 1 

23. + -^ = 21. 29. Vc?+:;7= = 2i. 

8 — a;, x—o Vx 



MISCELLANEOUS EXAMPLES. 

224. The results to the following examples may be written 
by either of the preceding methods. The student should 
select the method best adapted to each equation. 

1. 43:^ - 3a; = a:^ + 60. 6. (a: + a)' - (a; - a)' = 3a'. 

2. -a;' + a: = -30. 7. (x + 3/ -(x - 3/ -504. 

3. X — 15a;-* = -2. 8. x* — (a; + a)' ^ 6. 

4. x'-4x-21=0. 9. 5x + 2 = 3x*. 



6. ox' - a*x = 1. 10. l/2x + 15 + l/^^=T= 6. 

11. (n' + l)a; = na;' + n. 

12. (ox - 1)' + (x + of = (a* - l)x. 

x" 

13. Vx + 1 = • 

Vi-1 
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14. VWTIS'-^ VSx-2 = 9. 
a^-1 n+l 



15. 



a;' + l n-1 



16. --^ + i-^ = 3i. 
4— X X 

% 

X — 4 a; 4 

X X+4: 15 

18. x' + 2px = q, 24. x' + ax = b. 

19. ai^ — 2px = q, 26. a^~nx — mx = mn. 

20. ic' + 2pa; = -^.. 26. x^ — 2px = ^-'p\ 

21. a;' — 2pa; = ~ r/. 27. a;^ + 27)ia; = m\ 

22. (a;-2)(a;-3) = 30. 28. 6x-'-2x = -9. 

23. (a; - 2)* - (a; - 3/ = 19. 29. 2x-4 = 70a;-\ 

o. 4 , 3 2 

30. h 



b—x 4 — X 3— a; 

3^ 9-._9+.^_ 
9+x 9-a; ^* 

„^ a;-2 , a;-4 19 ^, ./a;-2\ . a; + 2 13 

32. H = - • 34. 



U + 2/ a; 



x + Z x + b 40 \a; + 2/ a;-2 3 

4x6xx x — 1 9 

36. l/3x + 4> VWTY= vlSaT+l. 

37. x* — 2(m — w + p)a; = 4(n — m)j9. 

3 

38. X + vTT? = 



39. Vx'^ - 2x -[- 1 = 2{x - 4). 

40. (m + n) V — (m^ — vf)x = mu. 

41. Ca?-l)(a;~2)(x-a) = a?-b'i. 
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EQUATIONS IN QUADRATIC FORM. 

225. An equation is in the Quadratic Form when it con- 
tains only two powers of an unknown quantity, and the 
exponent of one power is twice that of the other ; as, 

a; + ac? = 4. 

{X - 3)» + (a; - 3)* = 6. 

CASE I. 

226. When the unknown term of the quadratic is a 
monomial. 

1. Solve the equation x* -\- 6x^ == 40. ' 

Writing the result by Art. 221 , 

a;2 = - 3 i VWT^ = 4, or - 10, 
And a: = ± 2, or ± 1/^^TO, Arts, 

2. Solve the equation x* + x* = 6. 
Writing the result by Art. 223, 

2 

And a: = 8, or - 27, Ana, 

3. Solve the equation dx^'' + 6af* = c. 

Writing the result by Art. 223, 

^n - 6 ± l/4ac + 6' 

X — 1 

2a 
And ^ J^b_±ViacZ^Y 

EXAMPLES. 

Solve the following equations : 

4. X*- 8x^ = 9. 6. 3v^ + 2Vx» = 2. 
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n 

8. x* - 7ar* = 8. 14. avT - bx^ = c\ 

9. X -\- Vx = 20. 15. mx^ — tox^ = n*. 



10. 2x* - 3x» = 20. 16. 7?-9x'=- 112. 

11. 2x^ + 5a;* = 24. 17. a;»° - 31x* = 32. 

12. 8x^ -\-2x^ = 14. 18. 2a;' + 3a;-* = 18^. 

13. 2ar^ + 5x^ = 3. 19. x'^i-^¥'-= 12. 

^ 3l/x + 7 l/i + 5 

20. = — , 

1/5 + 3 Vx 

2^5"- 2 



21. «-! = 



22. x—A = 



3a; + 61/5 

X 



a;-l/?^^ 

23. = (x- A)\ 

x + V^r=^ 

X a; 10 

24, ■ -j- =r • 

Vx-\-l/x — S Vx — Vx — d Vx 
26. l/3xTT+ l/2i"- 1 - V/95T4; 

CASE II. 

227. When the unknown term of the quadratic is a 
polynomial. 

In this case the polynomial may be regarded as a single 
quantity, and solved with reference to that quantity. 

1. Solve the equation (x - 2)' + 6(a: - 2) = 7. 
Writing the result by Art. 221, 

^''^ ar = 3, or - 5, An». 
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2. Solve.the equation (a^ - Sx)' - iix' - Zx) = 60. 
Writing the result by Art. 221, 



ar« - 3a; = 2 ± ^60 -Tl = 10, or -6. 
Taking a;* — 3a; = 10, and writing the result, 

^ 3 ^V WT^ ^ r.r. 9 Ar,. 

X =« = O, or — Z, ATiS, 

2 ' ' 

And taking a;* — 3a; = — 6, and writing the result, 



^^ 3^V-24^_9 ^ 2^V:^^ ^^. 



EXAMPLES. 

Solve the following equations : 

3. {p^ + 4)* - ^(7? + 4) = 32. 

4. (jj^ ~ Vof - 10(af^ - 16) = 200. 

5. (x' - 3a;)*-8(a;* - 3a;) = 20. 

6. (2a;'^ - 3a;)' - 3(2a;' - 3a;) = - 2. 

7. (a;' - ^i^ + 5(a;' - 6a;)i = 14. 

^ X \ a; 

10. 2(3a.-* - 2a; - 60)'- 4(33;* - 2x - 60) = 30. 

11. (a;' - 7)' + 6af' = 58. 

12. (a;' + 5)' - 73;^ = 133. 

13. 2(a;' + X - 6)' - 33;^ - 3x = 390. 

14. a;' -h 5a; - l/?"+5xH-14 = 42. 

15. 2x' + 7a; + l/2x' + 3a; + 9 = 33 + 4a;. 

16. 5(a;' + 3a;) - 3 vV + 3a; - r= 41. 

17. a:* -f lOc* -h 22a;' - 15a; - 504 = 0. 

Suggestion.— a;* + 10r'» \ 25x^ - ^3(? - \T)x = f>^. 

Or (x* -V 5xy - ^i,x^ ^ ^x^ = ^^\. 
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18. 8a;* - 24ar» + 12a;' + 9x - 135 = 0. 

- (^J- (^) - ^- 

20. V^(x - 2/ + V(x - 2)' = 12 T/(x - 2). 

21. 3x* - 18a;» + 23a;' + 12x - 32 = 0. 

22. (a;' + 4a; - 7)' - 3a;' - 12x = 529. 

23. (a;' + x + 2)(a; + l)=2. 

24. a?-^ — = m + — 



PROBLEMS PRODUCING APPBOTED QUADRATICS. 

228. — 1. The sum of two numbers is 14, and their product 
is 40 ; what are the numbers ? 

Let , X = one number. 

Then, 14 -- a; = the other number, 

By the condition, a;(14 — a;) = 40. 

Expanding, 14a: — a;* = 40 

And a;* - 14a: = - 40. 

Writing the result, a: = 7 =t 1/49 - 40 = 10, or 4, Ana, 

And 14 — a: = 4, or 10, Ans. 

2. Find two numbers whose sum is 24, and whose product 
is 140. 

3. Find two numbers whose difference is 2, and whose 
product is 24. 

4. Divide 32 into two such parts that their product will be 
240. 

5. Find a number which, being increased by six times its 
square root, equals 27. 

6. The sum of two numbers is 16, and the sum of their 
squares is 160; find the numbers. 

7. The difference of two numbers is 6, aivA. \)cv^ ^vicov Qi*Qc\fc\x. 
squares is 90; 5nd the numbers. 
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8. A man sold a cow for $24, and gained as many per 
cent, as the cow cost him dollars; find the cost of the 
cow. 

9. A distributed $120 among a number of persons : if each 
person had received $2 more, he would have received as 
many dollars as there were persons; how many persons 
were there? 

10. A number of persons hired a pleasure-boat for $60 : if 
there had been 5 more persons, the number of dollars each 
would have then paid would have been 6 less than the 
number of persons; how many persons were there? 

11. If 10 be subtracted from a number, the difference 
between the remainder and its square will be 30; find the 
number. 

12. A flower bed is 8 feet wide and 10 feet long ; how wide 
must a walk around the outside of it be to contain as many 
square feet as the bed ? 

13. A yard is 10 feet wide and 12 feet long : a walk is made 
halfway around, which contains ^ of the entire area; how 
wide is the walk? 

14. A nian sold his horse for $144, and gained as many 
per cent, as the horse cost him dollars ; what was the cost 
of the horse? 

15. The number of square inches in the surface of a cubical 
block exceeds the number of linear inches in the sum of its 
edges by 288; what is its volume? 

16. Three times the square of a number increased by 5, 
exceeds five times the number by 177 ; what is the number 
required ? 

17. A traveled 150 miles : if he had gone 5 miles more an 
hour, he would have performed the journey in 5 hours less 
time. Required the rate per hour. 

18. If a bar of iron weighing 60 pounds be drawn out 3 
feet longer, it will weigh one pound less per linear foot. 

How long is it? 
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19. A and B have a distance of 100 miles to travel : A, who 
travels a mile more an hour than B, starts 2 hours later and 
arrives 3 hours earlier than B. Required the rate of each per 
hour. 

20. A set out from M to N ; B at the same time from N to 
M. A arrived at N 3 hours and B arrived at M 12 hours after 
they had met. In what time did each complete the journey? 

21. A ladder whose foot is in the street reaches a window 
on one side 40 feet high, and on the other side a window 30 
feet high. What is the width of the street, and what the 
length of the ladder, if the two positions of the ladder are 
at right angles with each other? 

22. The hypotenuse of a right triangle is 100 feet, and the 
area of the triangle is 2,400 square feet ; find the length of 
the other two sides. 

23. A sold goods for $24, and lost as many per cent, as the 
goods cost him dollars. Find the cost of the goods. 

24. A rectangular farm is three times as long as it is wide. 
If it is made 20 rods wider and 40 rods longer, its area will 
be doubled. Find the area of the farm. 

25. There is a number consisting of two digits, whose sum 
is 12 and the sum of whose squares is 74. Find the number. 

26. M and N start at the same time to travel 120 miles ; M 
travels 2 miles an hour faster than N, and arrives two hours 
earlier ; at what rate per hour did each travel ? 

27. The product of four consecutive numbers is 360. Find 
the numbers. 

28. What will be the price of eggs per dozen, when 3 less 
for 12 cents raises the price 8 cents per dozen? 

29. What number is that whose cube added to its square 
equals 16 times the next higher number? 

30. What number is that which if diminished bv 7 will 
equal 6 divided by the square root of the number? 

31. How much are eggs per dozen if 6 dozen cost as ixvaw'^ 
cents as the number of eggs you can buy fox ^ c^wXs*'^ 



234 ALGEBRA. 

QUADRATIC EQUATIONS CONTAINING T^WO UN- 

KNO^WN QUANTITIES. 

229. The Degree of an equation containing two or more 
unknown quantities is determined by the greatest sum of the 
exponents of the unknown quantities in any term. 

Thus, xy = 4fisa.n equation of the 2d degree. 

Qc^ -^ xy = 6, is an equation of the 3d degree. 

230. A Homogreneous equation is one in which the sum 
of the exponents of the unknown quantities in each term is 
the same; as, 

xy + y'^ 20 

iK* + 2/' = 24 

231. Quadratic Equations containing two unknown quan- 
tities can be solved by the ordinary rules for quadratics, if 
they fall under one of the following cases : 

CASE I. 

232. When one equation is simple and the other quad- 
ratic. 

Equations of this case can always be solved by finding the 
value of one of the unknown quantities from the simple 
equation, and then substituting the result in the other equa- 
tion. 



1. Solve the equations ] 



3x-f2/ = 9. (1) 

a?-\-y' = 13. (2) 



From (1), y = 9-Sx (3) 

Substituting in (2), a:» + 81 - 54a; + 9a;« = 13 (4) 

Collecting, 10a;» - 54a; - - 68 (5) 

Or 5a;* - 27a; = - 34 (6) 

Writing the result, x = ^7 ^ ^^^^0T^29 
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EXAMPLES. 

Solve the following equations : 






4a;» + 3y'=611, 
3a^ + 23/» = 62. " (3a; + 2y = 27. 



3.)" + ^-«-.. 6. 



■•{ 



3x' 4- 2^ = 60. 



^ 2a? + , = 24. ^^ 






+ 2y = 7. 



' a: + 2/ = 4. 
X* -f- lOy = 19. 

2x'-3xy = S5, 
.&c + 2y = 27. 



An excellent method, when possible, is to find the value 
of X 4- 2/ and a: — y, or a similar expression, and then find the 
value of X by addition and the value of y by subtraction. 
Thus, 



( x + 
8. Solve the equations < 



y = 12. (1) 

y' = 24. (2) 



Dividing (2) by (1), x-y = 2 (3) 

Adding (1) and (3), 2a; = 14 

a; = 7, An8, 
Subtracting (3) from (1), 2y = 10 

y = 5, Ans, 

9. Solve the equations \ ^ . ' 

^ {xy = 2A. (2) 

Squaring (1), x' -\- 2xy + y^ = 121 (3) 

Subtracting 4 times (2), 4a^ = 96 (4) 

a^ - 2ay + y« = 25 (6)* 

Extracting the square root, a; — y = =t 5 (6) 

Adding (l)" and (6) a; + y = 11 

2a; = 16, or 6 
a: == 8, or 3, Am, 



Subtracting (6) from (1), 2y = 6, or \^ 

2/ = ^, or ^, Aitt. 



1 



236 



ALGEBRA. 



10. 



11. 



12. 



a; - 2/ = 2. 
' x-\-y = 6. 



' x + y=7. 
. xy = 12. 

x-y = 2. 



13. f^-2/- 
[xy = 8. 



14. 



x + y = 9. 



15. 1^-2^ = 1- 

U« + v^ = i 



2/^ = 25. 



x' + bxy + f^ 79. 



18. f^+^^2/-^ 
U + 2/=7. 



19. -I 



16 25 



20. 



21. 



22. 



23. 



■ a; + y = 9. 
. a;» + 3/* = 351. 

a; - 3/ = 2. 
a;»-j^=98. 

x-y = l. 
x'-y'--- 61(x - y). 

^1+1=^5. 
X y 



16. 



17 



2x-y = 10. 
la:2/-12. 

2a;-2/=l. 



r 1 1 



24. -I 



= 4. 



X y 



26 



i-^-24. 



(x-2y = l. 



CASE II. 

233. When the equations are homogreneous and quad- 
ratic. 

Equations in this case are most conveniently solved by 
letting y ^- vx. 
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1. Solve the equations 

Let 

Substituting in (1), 
Substituting in (2), 

From (3), 
From (4), 



( x'-^xy = 12. 
[xy-f = 2, 
y == vx 
x^ + VT^ = 12 

12 



7? = 



1 + u 



a;2 = 



V — v^ 



12 



Equating, or comparing, (5) and (6), 

1 + v V — 'ir 

Dividing by 2 and clearing of fractions, 

6v - 6v2 = 1 -f v 
Solving this equation, 

Substituting these values in (5), 



V = hoT\ 



(1) 
(2) 

(3) 
(4) 

(5) 
(6) 
(7) 

(8) 
(9) 



2 12 12 

x^ = or 



Since 
Or 



1 + i 1 + i 
a;2 = 8 or 9 

a; = ± 21/2 or i 3, Am. 
y = vx^y = \oi i 21/2 = i 1/2, Ans, 
y = }of i3-±l, ^rw. 



EXAMPLES. 



2. 



3. 



4. 



5. 



6. 



7?~Zxy = - 20. 
7? — xy = 48. 

xy-\^y^-= 20. 

2X-' + 3a:t/ = 126. 
3y' - 2a:y = - 9. 

r a;* + 33/^ - 52. 
l2a;»+52/'^-19. 

a;* - xy — 5. 

ar* 4- a;2/ + 2.v' = 77. 






8. 



9. 



10. 



11. 



12. 



13. 



x^^-'lzy-Zf-=9^, 
Z^ - Sxy + 2/' = 13. 

' 3x7/ - a;* = 20. 

. 5x^ - Sxy 4- f - 89. 

a;'^ - 2x7 I 27/^ - 2. 

' x^+2xy-Sf^l2, 
. 3a;'-5a:7/ + 2/'' -13. 

x^ -{-xy —y^ = 11. 
^x^-xy-^f^- 16. 

o;^ -r xy — i/ = ll. 
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CASE III. 

234. When the equations are S3niimetrical with respect 
to X and y. 

An equation is symmetrical when the unknown quantities 
are similarly involved, or when the unknown quantities can 
change places without destroying the equation. 

a^ + 2/' = 25, a;* — a;2/ + 3/" = 12, and x'^ + i/' + cc + y =4 

are symmetrical equations. 

But x — 2y = Z is not symmetrical ; for on interchanging x 
and y it becomes 205 — y = 3, which is a different equation. 

There is no general method for the solution of equations 
in this case, but the aim should be to find the values of the 
sum and the difference of the unknown quantities (Art. 232, 
Ex. 8-25). 

Frequently examples of this case can be solved by substi- 
tuting for the unknown quantities the sum and the difference 
of two other unknown quantities. 

1. Solve the equations i , , ^^^ 

^ U* 4- 2/* = 272. (2) 

Let X = u + V, and y = u — v. 

Then, from (1), (u -\- v) -\- (u - v) = 6 (3) 

And from (2), (u + v)* + (w - v)* = 272 ' (4) 

Collecting (3), 2m = 6 

M = 3 (5) 

Expanding (4), 2u* + 12mV + 2i;* = 272 (6) 

Or u* + 6mV + t;* = 136 (7) 

Substituting the value of u from (5) in (7), 

v" + 54v^ = 55 (8) 

Writing the result, v* = - 27 i V56TW 

v^^ 1 
And V = =b 1 

Therefore, a:««w + v-=3=i: 1 = 4 or 2, Ans. 

[ 
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X 



3 



o O 1 XL. X. I " -2/^=117. (1) 

2. Solve the equations i „ . ^ 

^ I or^ + 0^ + 2/' =39. (2) 

Dividing (1) by (2), a: - y - 3 (3) 

Squaring, , a:* ~ 2a^ + y^ = 9 (4) 

Subtracting (4) from (2), Zxy = 30 

Or xy •-= 10 (5) 

Adding (2) and (5), a;' -H 2a^ + y^ = 49 

Whence, a; + y = =t 7 (6) 

Adding (3) and (6), 2a; = 3 ± 7 = 10, or - 4 

a; = 5, or — 2, -47w. 
Subtracting (3) from (6), 2y = - 3 i 7 = 4, or - 10 

y = 2, or — 6, Atvi, 



3. Solve the equations 



'ar»4-2/' = 126. (1) 

\:^y^-xy^ = Z{). (2) 

Multiplying (2) by 3, and adding the result to (1), 

7? + Zj(?y + Zxy^ + y' = 216 (3) 

Extracting the cube root of (3), a; + y = 6 (4) 

Dividing (2) by (4), a^ = 5 (5) 

Squaring (4), ar» + 2a^ + y« = 36 (6) 

Subtracting 4 times (5) from (6), 

a;2 - 2a^ + y2 = 16 (7) 

Extracting the square root, a; — y = i 4 (8) 

Adding (4) and (8), 2a; = 10, or 6 

a: = 5, or 3, Am, 
Subtracting (4) from (8), 2y = 6, or 10 

y = 3, or 5, Am, 



EXAMPLES. 

Solve the following equations : 

^ fa^-18. fx + y=8. 

• U^' + y'^^S. ' l^» + 2/* = 224. 
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* U* + .jfy' +v^ = 91. 



9. 



10. ] 



11. 



12. 



13. 



X* + 2/' - 104. 
x*-^y'^ 10,016. 

a:»H-2/^ = 9. 
+ a:t/* = 6. 

xy — 8. 

a:3 4_ 2^ _ 35. 
^ — xy -{■ y^ = 7, 



= 54. 



14. 



15. 



16. 



17. 



18. 



19. 



X 



x + y — 5, 
a;* + 2/* = 97. 

x-\-y = S. 
r^ + 2/" == 33. 

x'i-y' = 29, 
x-i-y-i-xy = 17. 

x" 4- 2/* — 2a;2/ — ^• 
x*-\-y' = 706. 

a;'' + y* H- X2/ ^ 28. 
X* + 2/* + a;y = 336. 

f a:» + 2/^ = 344. 
. a; + y = 8. 



1. Solve the equations 
Dividing (1) by (2), 



MISOBIiLANBOUS EXAMPLES. 

235. Many examples, which cannot be classified under 
any of the cases just considered, can be solved by special 
artifices. The student can become familiar with these only 
by practice. 

af' + 2/* = 9a;2/- (1) 

\x-{-y = 6, (2) 

x^ - xy + y^ = ixy (3) 

. • . a^ - ^xy + y* = (4) 

Subtracting (4) from the square of (2), 

fay = 36 
. • . Jay = 4 (6) 

Adding (4) and (5), and extracting the square root, 

a; -y = i 2 
a; + y = 6 
2a: = 8, or 4 
a; = 4, or 2, Ana, 
2y - 4, or 8 
2/ = ^, OT \, Ai». 
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2. Solve the equations \ 



x' + y'^lS. (1) 

x-\-xy-]-y = ll. (2) 

Multiplying (2) by 2, 2x + 2x^ + 2y = 22 (3) 

Adding (1) and (3), 

ar* + 2xy + y» + 2a: + 2y = 35 
Or {x + yy + 2(a; + y) = 36 (4) 

Solving (4) for a; + y, 

a; + y - - 1 ± 6 = 5, or - 7 (5) 

Squaring (5), ar» + 2a^ + y^ = 25, or 49 (6) 

Subtracting (1) from (6), 2a^ = 12, or 36 (7) 

Subtracting (7) from (1), 

a:* ~ 2a;y + y' = 1, or - 23 (8) 

Whence, a; - y = i 1, or ± V^^~^ (9) 

Adding (5) and (9), 2a; = 5=tl,or-7±V -""23: 

a; = 3, 2, or i ( - 7 =t V'^~^, Ans. 
Subtracting (9) from (6), 2y = 5 =f 1, or - 7 =p V^^ 

y = 8, 3, or i( - 7 =f l/^="23), Atis, 

^ o 1 ., .. ( x-Vxy-\-y = 7. (1) 

3. Solve the equations < ^ o ^- 

^ lx* + X2/ + 2/ -91. (2) 

Dividing (2) by (1)/ a;+l/^ + y = 13 (3) 

Subtracting (1) from (3), 2Vxy = 6 

Vxy = 3 (4) 

Adding (4) to (1), a; + y = 10 (5) 

Squaring (4), a:3^ = 9 (6) 

Subtracting 3 times (6) from (2), x^ - 2xy + y* = 64 

Whence, a; - y = =*= 8 (7) 

Adding (5) and (7), 2a; = 18, or 2 

a; = 9, or 1, Ana. 

Subtracting (7) from (5), ^y = ^, ox \% 

2/ = \, OT ^, Aua. 
16 
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4. Solve the equations \ ' 



x'y + xy' = 30. (1) 

f-\-2^y*=A68. (2) 



Subtracting (2) from the square of (1), 

2ar»^ = 432 
Whence, 0:3/ = 6 (3) 

Dividing (1) by (3), a: + y = 6 (4) 

Dividing (2) by the square of (3), ar' + y» = 13 (6) 

Subtracting 2 times (3) from (5), 

a^ — 2xy + y ' = 1 
Whence, a: - y = ± 1 (6) 

Adding (4) and (6), 2a: = 6, or 4 

a; = 3, or 2, Ans. 
Subtracting (6) from (4), 2y = 4, or 6 

y = 2, or 3, Ana. 

EXAMPLES. 

Solve the following equations : 

xy + f = 24. lx — y = 7. 

3?-y'=98. j2 f K' + a^ + 3/' = 39. 

x-y = 2. ' Xa^ + x'f +y*=7il. 

fix 1 



„ ( x-y=8. 



X y 6 
3? f 36 



g f a!* + y* + 2a; = 19. ^^ ( 3> + f +x + y = 62. 

' \ xy + y — S. \ xy=14. 

9. 1^ + 2^ = 10- 15. \' + y = ^- 

lxy — x—y = — l. ( x* + 2/* = 17. 

10. f(^ + 3/)' + 4(xty)=117. jg^ p + y' = 37. 

U — y = 7. * \xy + y'=7. 
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"•{ 



18. -1 



19 



20 



^^ + y^ = lSB. 
TO 
xy 

y 

X + Vxy + 2/ = 7. 



x + y = 



21 



22 



f 3x^2/' + ^^ 
1 X — i/ = 4. 

■{ 

•{ 

•{ 
•{ 



y? + Ty + f = 2\. 
x* + a^'j/' + 2/* = 651. 

x + y = 5. 



ar^ + 2/' = 275. 

x'-^y' = 5, 
a;« + y» = 65. 

x-]-2y = 11. 
U' = 61-43/'. 

r ar*3/ = 84 + in/*. 
26. ^ 2a:2/ = 2a26* 



23 



24. \ 



25 



27. 



28. 



[x* + y* = a^ + b\ 

x—y = Vx-\r Vy. 
xy = A. 

f^ + 2/' = A(^ + y)'. 
xy = 12. 



x + y + \/x-{-y = 12. 
x — y + Vx — y — 2. 



29. I 

f a: + 2/ = 6. 

30. i , , ^„^ 
U* + i/* = 272. 

31. I 

{af* 



3/' = 

x*-2/^ = 21. 
x'y + xt/' = 290. 

sc^y-{-x= 14. 
2/'+x» = 148. 



33. 



X 6l/i 

- + — =1 = 16. 

y Vy 



34 



a; -f 3/ = 6. 

(^y-\-xy' = 7. 
* Uy+ar^y* = 25. 

I x't/' + a* = 10. 



. =97. 

+y-'=if. 



|x' + y = 

•{ 



40. 



x» + 2/^ = 28. 
2/^ = 730. 

a;^ + a;^ =-- 20. 
ie» -f 2/» = 65. 

«* + 2/* 



6. 



I x^ + 2/^ = 126. 



41. I ^^ + 2/ 
i an/ = 4. 



2a; + 2/ = 23 - 5 V2x + y + l. 
xy 



244 ALGEBRA. 

PROBLEMS. 

236. 1. The sum of two numbers is 12, and their product 
is 20; what are the numbers? 

2. The sum of two numbers multiplied by the less is 24, 
and their difference multiplied by their sum is 16; what are 
the numbers? 

3. The sum of two numbers is 12, and the sum of their 
cubes is 468; what are the numbers? 

4. The product of two numbers is six times their sum, 
and the sum of their squares is 325; what are the num- 
bers? 

5. The sum of two numbers is 6, and the sum of their 
fourth powers is 257; what are the numbers? 

6. The difference of two numbers is 2, and the dif- 
ference of their fifth powers is 242; what are the num- 
bers? 

7. The sum of two numbers is a, and the sum of their cube 
roots is^^a; what are the numbers? 

8. The sum of the areas of two square fields i^ 2,000 
square rods, and it takes 240 rods of fence to inclose them ; 
what is the length of each side? 

9. A has two cubical boxes : the difference of their con- 
tents is 342 cubic inches, and the difference of their edges is 
6 inches ; what is the length of each box ? 

10. Find a number containing two digits, such that the 
sum of the squares of the digits increased by one half their 
product equals the number; and if 18 be added to the 
number, the digits will be inverted. 

11. A has three pieces of land: the first and second are 
unequal squares, and the third is as wide as the first and as 
long as the second. The area of the three pieces is 61 square 
rods, and three times the area of the smaller square increased 
by the area of the third is 68 square rods. Find the dimen- 
sions of each piece of land. 
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12. The fore wheel of a carriage makes 10 revolutions more 
than the hind wheel in going 120 yards ; but if the circum- 
ference of each is increased 1 yard, the fore wheel will make 
only 6 more revolutions than the hind wheel in the same 
distance. Required the circumference of each wheel.^ 

13. There are two cubical bins : the larger one contains 296 
cubic inches more than the smaller one; and if 96 cubic 
inches be divided by the product of the edges, the quotient 
will be equal to the difference of the edges. What are the 
dimensions of the bins? 

14. A regiment of 1,125 men was marching in two unequal 
squares ; a detachment of 450 men was sent away, and the 
remainder was formed into a rectangular division whose 
front was equal to the side of the smaller square, and whose 
length was equal to the sum of the lengths of the two squares. 
Find the side of each square. 

15. In a purse containing 15 coins each gold coin is worth 
as many dollars as there are silver coins, each silver coin is 
worth as many cents as there are gold coins, and the entire 
value of the coins is $50.50; how many coins are there of 
each sort? 

16. A and B start at the same time from two different 
points, and travel toward each other; when they meet, it 
appears that A has traveled 18 miles more than B. It also 
appears that it would take A 4 days to travel the distance 
B has come, and B 9 days to travel the distance A has come. 
How far apart were they when they started? 

17. A and B run a race around a three-mile course : in the 
first heat A reaches the winning post 3 minutes before B ; in 
the second heat B increases his speed 3 miles per hour, and A 
diminishes his as much ; and B then arrives at the winning 
post 3 minutes before A. Find at what rate each man ran in 
the first heat. 

18. M and N run a race : M, who runs slower than N by 2 
miles in 3 hours, starts first by 6 minutes, and they get to the 
6-mile post together ; what is the rate of each per hour ? 
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THEORY OP QUADRATIC EQUATIONS. 

237. Every quadratic equation may be reduced to the form 
of ^ + ^px> = g, in which p and q may be either positive or 
negative, integral or fractional. 

PRINCIPLE I. 

Every quadratic equation has two roots^ and only two. 

The general form of a quadratic is 

z^ + 2px = q 
Writing the result (Art. 221), x = - p -\- Vp^ + q 

X = — p- Vp^ + q 
Which proves the principle. 

PRINCIPLE II. 

The sum of the two roots of a quadratic equation of the form 
x^ + 2px -qis equal to the coefficient of x with its sign changed. 

Let rj and r, denote the roots of the quadratic equation 7? + 2px = q ; 
then, by Prin. I., 

ri = — p -\- Vp^ + q 

r, = — p — Vp^ + q 



The mm == ri-\- r^= — 2p 

Which proves the principle. 

PRINCIPLE III. 

The 'product of the two roots of a quadratic equation of the form 
x^ -\r 2px = qis equal to the known term with its sign changed. 

Let r, and r, denote the roots of the quadratic equation x^ + 2px = q ; 
then, by Prin. I., 

^1 = — p -^ V^p^q 
r, = — p - l^p' + q 



p^ — p\/p^l^ 

-\-pVp^-\^q - (p^ + q ) 

The product = rjr, = p* — {p^ + Q') — - q 
Which proves the principle. 
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1. What are the sum and the product of the roots of the 
equation or^ + 6a; = 27 ? 

By Prin. II., the sum of the roots is — 6 ; and by Prin. III., the product 
of the roots is — 27. 

We can also determine the roots of the equation by knowing that their 
product is — 27 and their sum — 6. The only two numbers whose product 
is - 27 and whose sum is — 6 are +9 and — 3. Hence, the roots of the 
equation a;'' + 6a; = 27 are +9 and —3. 

EXAMPLES. 

Find by inspection the sum and the product of the roots of— 

2. a;' + 8a; = 20. 7. a;' + 2aa; = 6. 

3. a:* -12a; = 13. 8. a;* -20a; = 21. 

4. a;* + 14a; = — 40. 9. x* — ttm; = n. 

5. a;'-16x = -60. 10. 8ar'-24a; = 8. 

6. «» + lOar = 11. 11. 33;* + 9a; = - 18. 

12. Form the equation whose roots are — 7 and 4. 

By Prin. II. and III., the equation is 

a;^- (-7 + 4)a;= -4(-7) 
Or, a;* + 3a; = 28 

Form the equations whose roots are — 

13. 2 and 3. 18. a + b and a — 6. 

14. 4 and — 5. 19. a+ Vh and a—Vt. 

15. —8 and 7. 20. m + V^^a,ndm — V^^. 

16. — 4 and — 6. 21. — a and — n. 

17. a and b. 22. 6 and — f . 

Find by inspection the roots of— 

23. a;* + 18a; = 19. 26. x' -8x = 33. 

24. a;* - 12a; = 28. 27. a;»-24x = 25. 
^. a;' + 2ax = m'-'a\ 28. a?-\Ox=?>^. 
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29. a;»-20x = 44. 31. a;»-16x = 105. 

30. ^-1nx = tr^-n^. 32. x' + 22x = — 21. 

PRINCrPLE IV. 

A quadratic equation of the form x^ + 2|k» = q may be re- 
solved into two binomial factors, of which the first term in each is 
X and the second term the roots with their signs changed. 

Let rj and rj be the roots of the equation ic* + 2px = q ; then, by Prin. 
II. and III., we have 

a^ — (ri + r^x = — r^^ 
Or a;' — (r, + r^x + r^^ = 

Factoring, (x — r^ {x — r,) = 

Which proves the principle. 

This principle is frequently used in solving equations of 
any degriee. 



1. Solve the equation {x — 4) (a; — 5) = 0. 

Placing the factors separately equal to zero, 

a: — 4 = 0, or a; 
a; — 5 = 0, or a: 



\ Am. 
= 5) 



2. Solve the equation {x -!)(«- 2) (a; — 3) = 0. 

Placing the factors separately equal to zero, 

a:— 1 = 0, ora; = l 
a: — 2 = 0, ora; = 2 - Am, 
a; — 3 = 0, ora; = 3^ 

3. Solve the equation ar* = 1. 

Transposing, a;* — 1 = 

Factoring, (a; - 1) (a:* + a; + 1) = 

Placing the factors separately equal to zero, 

a; — 1 = 0, or a; = 1, 



*' + * + 1 = 0, or X .- =±±yZ3. r A^ 
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4. Solve the equation a:* = 1. 

Transposing and factoring, 

(ar» + 1) (a; + 1) (a; - 1) = 
Placing the factors separately equal to zero, 

a;--l = 0, ora: = l 1 

a!:+l = 0, ora;=— 1 V Ans. 

a;2 + 1 = 0, or a; = i 1/=T J 

These examples illustrate that every equation has as many 
roots as there are units in its degree. 

EXAMPLES. 

Solve the following equations by factoring : 

5. (x -a)(x- 6) =0. 17. 5x» - 125a; = 0. 

6. a^ = S, 18. (x-a)(7?-2ax + b) = 0. 

7. a;* = 16. 19. a? ^Zx" -2x — 6 = 0. 
S.af' = l. 20. x'-57?-x + 5-=0. 
9. 3a^-a; = 0. 21. a^ - 3a;* + 3a;' - 1 = 0. 

10. (ic* - 9) (ar' - 16) = 0. 22. a;* + a;' + l=0. 

11. 8ar'-32a; = 0. 23. a;* + aV + a* = 0. 

12. a;*-10a; = ll. 24. a;* = 4. 

13. ar* +a;» + a; + l=0. 25. (a; + 3) (ar' + 7a; + 12) = 0. 

14. a;» + 1 =0. 26. 4a;' + 16a; + 12 = 0. 

15. a;*-8a;=-9. 27. a;*-a; = 0. 

16. a;' = 64. 28. a;«-16a;' = 0. 

In the general equation of the second degree, a^ + 2px = q, 
p and q may be either positive or negative. This will give 
rise to four distinct forms, as follows: 

(1.) a^-{-2px = q. 
(2.) a;* - 2j9a; = q. 
(3.) a;' + 2px = -q. 

(4.) x^ — 2]px ~ — q,. 
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